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1 Introduction

For context and motivation see [1].

There are in this document two treatments of well-foundedness and the recursion theorem which
differ primarily only in the type of the relations which they deal with.

Actually, they don’t look different at all. Must check out whether there are any differences!

They were at one time in separate documents but have now been brought together in the one
document as a step towards rationalisation.

The material on transitive closure is common to both.

2 Transitive Closure

Elementary results about transitive relations and transitive closure.

The new theory tc is first created.

SML
‘open_theory "hol",
‘force-new-theory "te";

‘set_pc "hol",;

2.1 Definitions

There is in hol4 a theory of relations in which transitive closure is defined in the obvious way,
similar to the way in which it is defined here. There is also a package providing support for defining
relations using rules, and an example in which a Church-Rosser result for the pure combinatory logic
is obtained very concisely by using a definition of reflexive transitive relation through that package
instead of the one in the theory of relations. The main advantage of this alternative approach is that
it gives automatically induction principles for reasoning about reflexive transitive closures which are
not available in the theory of relations.

The following development begins in a similar vein to the hol4 theory of relations but then continues
to obtain the results delivered by defining reflexive transitive closure using the hol4 relation definition
package. Of these the most important are the induction principles, but I have replicated the other
principles which are automatically obtained in hol4.

The results below which involve decomposition of transitive closure into a path of direct reductions
represent a more cumbersome approach to proofs about transitive closures which demand some kind
of induction. It may be best in considering such proofs, first to look at the induction principles which
follow these decompositions.

HOL Constant

trans: ('a — 'a — BOOL) — BOOL

Vre trans r &V stuerstANrtu=rsu



HOL Constant

te: 'la —'a — BOOL) = ('a —'a — BOOL)

Vre tc r = X\ s te Vire trans tr AN (Vv ue r v u = tr v u) = tr st

2.2 Theorems

tran_tc_thm =
F Vre trans (tc r)

tran_tc_thm2 =
FYraozyzetcraxzyAitcryz
= tcrzz
tc_incr_thm =
FVYrzyeraxzy
= tcrzy

tc_decomp_thm =
FYrozyetcrazy AN-nrazy
= dzetcraxzzArzy
tc_decomp_thm?2 =
FYrazcyetcraozcy
= 3Ffnexz=f0Ny=fnANVMmem<n=r(fm)({f (m+1)))
tc_decomp_thm3 =
FYrzcyetcraocy
= 3fnexz=f0ANy=Ff(n+1)
AN mem<n=r(fm)(f (m+1)))
tc_decomp_thm4 =
FVYrazye (I fnex=f0ANy=fn+1)ANNVmem<n=r1r(fm)({f (m+1)))
=tcrzy
tc_decomp_thmb5 =
FYrazyeotcrxyAN-rzy
= (JzerxzzANtcr zy)
tc.&_thm =
FYrazyetcrazcy
S @fnec=fO0Ay=Ff(n+)A(Fmem<n=r(m(f(m+1)

tc_mono_thm =
FYrl r2e Nz yorl zy= r2zxy)
= NVzyetcrl zy=tcr2zy)
tc_p_-thm =
FYrpe(Vzxyerzy=px)
= NVzyeotcrzy=puz)




tc_induced_thm =
FYruzetc(Azyer (fz)(fy)us
= ter (f u) (f =)
tran_tc_id_thm =

FVretrans r = tcr =r

tc_.decomp_thm6 =
FVYrazyetcrzy=raxyV (JzetcrzzArzy)
tc_decomp_thm7 =

FVYrazyetcrzy=raxyV (3zerzzAtcrzy)

tc_ind0 =
FYRreNxyoerzy=Rzy) N(NVzyze Rz yANRyz= Rz 2)
= Vzyotcrzy=Rzy)

tc_indl =
FYRre(WNxyoerzy=Rzy) N(NVeyze Rz yAryz= Ruz2z)
= Vzyotcrzy=Rzy)

tc_ind2 =
FYRre(Nzyerzy=Raxy) N\WezyzerzyARyz=Ruzz)
= Vzyotcrzy=Rzy)

HOL Constant

rte: 'a —'a - BOOL) —» ('a — 'a — BOOL)

Vrertcr =Xstes=tVicrst

tran_rte_.thm =

F Vre trans (rtc r)

tran_rtc_.thm?2 =

FVYrstuoericrstArtcrtu= rtcr s u

rtc_incr_thm =
FVYreyerxzyVae=y=rtcrzxy

rtc_.decomp_thm =

FY R a0 ale rtc R a0 al = al = a0 V (3 ye R al y A rtc R y al)
rtc_decomp_thm2 =

FVY R a0 ale rtc R a0 al = al = a0 V R a0 al V (3 ye R a0 y N tc Ry al)
rtc_decomp_thm3 =

FY R a0 ale rtc R a0 al = al = a0 V R a0 al V (3 ye tc R a0 y AN Ry al)




rtc.mono_-thm =
FYrlr2e (Vo yerl zy=122xy)
= Vaxyertcrl xy= rtc 12 = y)

rtc_ind0 =
FYRre(Nzyerzy=Rzy) N(VzeRuzuz)
ANNVzyzeRzxyANRyz= Rz z)
= NVzyertcrzy=Rzy)

rtc_indl =
FYRre(Nze Rzaz)N(Naexyze RzyAryz= Rz 2)
= Vzxzyeortcrzy=Ruzy)

rtc_ind =
FYrRe(VzeRzax)AN(VNaexyzerzyANRyz= Rz 2)
= Vzxyortcrzy=Ruzy)

rtc_rules =
FYre(VNaertcrzax) NVzyzerzyArtcryz=rtcrz z)

We are now able to obtain a stronger induction principle.

rtc_strongind =
FY ororic’e (V ze rtc’ x x)
ANNVNzyzerzyArtcryzAridyz= rtd z 2)
= (V a0 ale rtc r a0 al = rtc’ a0 al)

2.3 Induction Tactics
SML
fun rel_induction_tac (thm : THM): TACTIC =
( let fun bad_thm thm = thm_fail "REL_INDUCTION_T" 29021 [thm];
val ([r,rtc], body) = (strip_¥ (concl thm))
handle Fail - => bad_thm thm,;
val (prem, conc) = dest_= body
handle Fail - => bad_thm thm;
fun match tm = simple_ho_match [| tm conc
handle Fail - => bad_thm thm;
in fn (asms, tm) =>
let wval (tys, tms) = match tm;
val nth = (conv_rule (MAP_C [_conv) (inst_term_rule tms
(inst_type_rule tys (all_-V_elim thm))));
in be_tac [nth] (asms, tm)
end

end




SML
val rte_ind_tac = rel_induction_tac rtc_ind;

val rte_strongind_tac = rel_induction_tac rtc_strongind;

rtc_cases =
FY R a0 ale rtc R a0 al < al = a0 V (3 ye R al y A rtc R y al)

3 Well Founded Relations (I)

SML

‘open_theory "te";
‘force-new-theory "wfrel";
‘set_pc "hol";

Definition of well-founded and transitive-well-founded and proof that the transitive closure of a

well-founded relation is transitive-well-founded.
HOL Constant

well_founded: ('a — 'a - BOOL) — BOOL

Vre well_founded r <V seoe VNreoeNyoeryr=sy) =sz)=Vresux

HOL Constant

twfp: a - 'a - BOOL) — BOOL

Vre twfp r < well_founded r A trans r

The first thing I need to prove here is that the transitive closure of a well-founded relation is also
well-founded. This provides a form of induction with a stronger induction hypothesis.

Naturally we would expect this to be proven inductively and the question is therefore what property
to use in the inductive proof, the observation that the transitive closure of a relation is well-founded
is not explicitly the ascription of a property to the field of the relation. The obvious method is to
relativise the required result to the transitive closure of a set, giving a property of sets, and then to
prove that this property is hereditary if the relation is well-founded.
tcwf_lemmal =
FV s re well_founded r
= Veze Vystcryaz = (Vzetcrzy=52z2) =sy)
= NMyotcryz=sy))

wf_lemma =
FV re well_founded m = (V so (V te (Vuerut=su) =st)=(Veose))

tcwf_lemma2 =
F V re well_founded r

= (Vse(Vie(Vuestcrut=su) =st)= (Veeose))

wf_tc.wf_thm = F VY re well_founded r = well_founded (tc r)




Now we prove that if the transitive closure of a relation is well-founded then so must be the relation.

‘tc_'wf_'wf_thm =k V re well_founded (tc r) = well_founded r

3.1 Induction Tactics etc.

We here define a general tactic for performing induction using some well-founded relation. The
following function (I think these things are called "THM-TACTICAL”s) must be given a theorem
which asserts that some relation is well-founded, and then a THM-TACTIC (which determines what
is done with the induction assumption), and then a term which is the variable to induct over, and
will then facilitate an inductive proof of the current goal using that theorem.

SML
fun WF_INDUCTION_T2 (thm : THM) (ttac : THM —> TACTIC) : TERM —> TACTIC =
let fun bad_thm thm = thm_fail "WF_INDUCTION_T2" 29021 [thm];
val (wf, r) = (dest_app (concl thm))
handle Fail - => bad_thm thm;
val sthm = V_elim r wf_lemma
handle Fail - => bad_thm thm;
val ithm = =_elim sthm thm
handle Fail - => bad_thm thm;
in GEN_INDUCTION_T ithm ttac
end;

fun WFCV_INDUCTION_T (thm : THM) (ttac : THM —> TACTIC) : TERM —> TACTIC =
let fun bad_thm thm = thm_fail "WFCV _INDUCTION_T" 29021 [thm];
val (wf, r) = (dest_app (concl thm))
handle Fail _ => bad_thm thm;
val sthm = V_elim r tcwf_lemma2
handle Fail - => bad_thm thm;
val ithm = =_elim sthm thm
handle Fail _ => bad_thm thm;
in GEN_INDUCTION_T ithm ttac
end;

And now we make a tactic out of that (basically by saying ”strip the induction hypothesis into the
assumptions”).

SML
fun wf_induction_tac (thm : THM) : TERM —> TACTIC = (
let val ttac = (WF_INDUCTION_T2 thm strip_asm_tac)
handle ex => reraise ex "wf_induction_tac";
mn
fn tm =>
let val tac = (ttac tm) handle ex => reraise ex "wf_induction_tac",
in fn gl => ((tac gl) handle ex => reraise ex "wf_induction_tac")

end




end

);

fun wfev_induction_tac (thm : THM) : TERM —> TACTIC = (
let val ttac = (WFCV_INDUCTION_T thm strip_asm_tac)
handle ex => reraise ex "wfcv_induction_tac";
m
fm tm =>
let val tac = (ttac tm) handle ex => reraise ex "wfcv_induction_tac";
in fn gl => ((tac gl) handle ex => reraise ex "wfcv_induction_tac")
end
end

3.2 Well-foundedness and Induction

The following proof shows how the above induction tactic can be used. The theorem can be para-
phrased loosely along the lines that there are no bottomless descending chains in a well-founded
relation. We think of a bottomless descending chain as a non-empty set (represented by a property
called "p”) every element of which is preceded by an element under the transitive closure of r.

Now a shorter formulation of bottomless pits.
Next we prove the converse, that the lack of bottomless pits entails well-foundedness.
Now with second order foundation.

Try a weaker hypothesis.

3.3 Bottomless Pits and Minimal Elements

The following theorem states something like that if there are no unending downward chains then
every ”set” has a minimal element.

A second order version with the weaker bottomless pits can be formulated as follows:

It follows that all non-empty collections of predecessors under a well-founded relation have minimal
elements.

But the converse does not hold.

3.4 Restrictions of Well-Founded Relations

In this section we show that a restriction of a well-founded relation is well-founded.

3.5 Well Founded Recursion

I have already proved a recursion theorem fairly closely following the formulation and proof devised
by Tobias Nipkow for Isabelle-HOL. There are two reasons for my wanting a different version of this
result. The Nipkow derived version works with relations rather than functions, and in my version



the relations are ProofPower sets of pairs (I think in the original they were probably properties of
pairs). This is probably all easily modded into one which works directly with functions but I though
it should be possible also to do a neater proof (the "proof” of the recursion theorem in Kunen is just
a couple of lines).

The end result certainly looks nicer, we’ll have to see whether it works out well in practice. In
particular the fixpoint operator simply takes a functional as an argument and delivers the fixed
point as a result. The functional which you give it as an argument, in the simple cases, is just what
you get by abstracting the right hand side of a recursive definition on the name of the function (more
complicated of course if a pattern matching definition is used). The relation with respect to which
the recursion is well-founded need only be mentioned when attempting to prove that this does yield
a fixed point.

Another minor improvement is that I do not require the relation to be transitive.

This is the end result:
‘f’imp_thml = Vf re well_founded r N f respects 1 = dge f g = ¢

The proof is shorter than (my version of) the original, but by less than 20 percent. I'm sure there’s
lots of scope for improvement. (The isabelle version is much shorter than either.)

3.5.1 Defining the Fixed Point Operator

The main part of this is the proof that functionals which are well-founded with respect to some
well-founded relation have fixed points. This done, the operator “fix” is defined, which yields such a
fixed point.

SML

‘ declare_infix (240, "respects");

HOL Constant

$respects: (('a — 'b) = ("a — b)) — (la -+ "'a — BOOL) — BOOL

V' fref respects < Vg h ze (Vye (tcr)yar=gy=hy)=>fgez=fhcx

HOL Constant

fized_below: (('a — 'b) — (la - 'b)) - (la - 'a - BOOL) = ("a — 'b) — 'a — BOOL

Vf r g xe fized_below f r gz & Vyetcryx =fgy=g9gy

HOL Constant

fized_at: (((a —'b) - (a —»'b)) - (a = 'a - BOOL) — ("a — 'b) — "a — BOOL

Vfrgaxe fixted_at f r g x & fized_below f rgaz ANfgax =gz

HOL Constant

fiz: ((a = ') - (la = "b)) =>'a —"b

Vf re well_founded r A f respects r = f (fix f) = fix f

10



3.5.2 Partial Functions

Having reformulated the recursion theorem to work with total functions in HOL rather than relations,
I later decided that I needed a version which supported the definition of functions over a subset of

a type.

The application I am thinking of here is as follows.

A new type is to be defined. The carrier is defined using induction. One of the primitive operators
over the new type must be defined inductively. If it weren’t primitive it could be defined by well
founded induction over the new type, but given that it is primitive it has to be defined over the
representation set. I'm guessing a function is still required rather than a relation (it probably doesn’t
make much difference) but either way it will only be nicely behaved over the representation set.

I’'m not sure that I have an example of that kind, but here is a better example. If you want to code
something into some membership structure, e.g. “godelising” the syntax of a language to prove a
Tarski-like definability result, you don’t want to make a new type of this inductively defined set, but
you will need to define functions by recursion over the set.

There are some other things I want to try out at the same time.

They are:

e recovering the “well-founded” relation from the functor which is required to respect it, i.e.
recovering the relation which it respects.

e taking a fixed point which is a function not defined over the whole type, not even defined
over some specified subset, but which is defined over the well-founded part of the dependency
relation of the defining functor.

The possibility has arisen to take a fixpoint of this kind without consideration of well-foundedness,
but taking a closure of the empty set under some functor derived from the defining functor. I haven’t
yet got a very clear idea on this one, and don’t know how closely this material comes to it.

Anyway, for starters I will try to formulate the revised fixedpoint conjecture.

3.5.3 Extracting a Minimal Respected Relation

HOL Constant

ResRelO f Functor: (('a — 'a) = ('la = 'a)) —» (a — 'a — BOOL)

Vf x ye ResRelOfFunctor f © y <
dgve - fgy=/f(Azeif 2 =x then velse g z)y

3.5.4 The Well-founded Part of a Relation

HOL Constant

W fDomOf: ('la —'a - BOOL) — ('a — BOOL)

Vre WfDomOf r =
(A ze Vpe (Yve (Ywe r w v = p w) = p v) = p )

11



HOL Constant

W fPartOf: (a - 'a — BOOL) = ('a — 'a — BOOL)

Vre WfPartOf r = (Az ye r = y A WfDomOf r y)

Now we want a conjecture to the effect that any functor has a partial fixed point, i.e. a function
whose behaviour over the well-founded part of its respected relation is fixed under the functor.

However, there is no point in doing that without checking that these definitions work.
SML

‘Ual ResRelOfFunctor_def = get_spec " ResRelOfFunctor™,

‘val WfPartOf _def = get_spec " WfPartOf ™,

‘val WfDomOf _def = get_spec " WfDomOf ™,

3.5.5 Respect Theorems

Some theorems which help to prove that functions respect relations.

My first applications of the recursion theorem are in set theory, typically involving recursion which
respects membership or its transitive closure.

3.5.6 The Inverse of a Relation

The following function takes a relation and a function and returns a function which maps each
element in the domain of the relation to the relation which holds between a predecessor of that
element and its value under the function. i.e. it maps the function over the predecessors of the
element and returns the result as a relation. It may therefore be used to rephrase primitive recursive
definitions, and so the result which follows may be used to establish the existence of functions defined
by primitive recursion.

HOL Constant

relmap : ('a —'a - BOOL) = ('a = 'b) = ("a = (a — 'b — BOOL))

Vr ferelmapr f =Xz yzeryz ANz=Ffuy

4 Well-Founded Relations (II)

This is a transcription of the treatment of well-foundedness on which ”galactic” set theory was based
(from rbjpub/pp/x002.xml).

One of the principle well-founded relations of interest in this application is € 4, which has type

‘F:GS — GS — BOOL"

so I would like a version of ”well-founded” which has type:

"_:(’a —'a — BOOL) — BOOL"

12



The new theory wf_relp is first created.

SML

‘open_theory "hol";
‘force-new-theory "wf_relp";
‘new-parent "te"s

4.1 Well-Founded Relations

Definition of well-founded and transitive-well-founded and proof that the transitive closure of a
well-founded relation is transitive-well-founded.
HOL Constant

well_founded: ('a — 'a — BOOL) — BOOL

Vre well_founded r <V se (NVzxeo (Vyeryzr=sy) =sz)=>Vresc

HOL Constant

twfp: (a - 'a - BOOL) - BOOL

Vre twfp r < well_founded r N trans r

The first thing I need to prove here is that the transitive closure of a well-founded relation is also
well-founded. This provides a form of induction with a stronger induction hypothesis. Naturally we
would expect this to be proven inductively and the question is therefore what property to use in
the inductive proof, the observation that the transitive closure of a relation is well-founded is not
explicitly the ascription of a property to the field of the relation. The obvious method is to relativise
the required result to the transitive closure of a set, giving a property of sets, and then to prove that
this property is hereditary if the relation is well-founded.
tcwf_lemmal =
F Vs re well_founded r
= Vze Vye tcr yxz = (Vzetcrzy=3s2z)=sy)
= Vye tcryxz = sy)
wf_lemma2 =
FV re well_founded r = (V so (V te (Vuerut=su)=st)= (Veese))
tcwf_lemma2 =
F Vre well_founded r
= Vse (Vte (VYue tcr ut = s u) = s t)
= (Vee s ¢€)
wf_tcwf_thm =
- Vre well_founded (tc r) = well_founded r

Now we prove that if the transitive closure of a relation is well-founded then so must be the relation.
tc.wf_wf_thm =
- Vre well_founded (tc r) = well_founded r

tc.wf twf_thm =
F Vre well_founded r = twfp (tc r)

13



We here define a general tactic for performing induction using some well-founded relation.

The following function (I think these things are called “THM-TACTICAL”s) must be given a theorem
which asserts that some relation is well-founded, and then a THM-TACTIC (which determines what
is done with the induction assumption), and then a term which is the variable to induct over, and
will then facilitate an inductive proof of the current goal using that theorem.

SML
fun WEF_INDUCTION_T (thm : THM) (ttac : THM —> TACTIC) : TERM —> TACTIC =
( let fun bad_thm thm = thm_fail "WF_INDUCTION_T" 29021 [thm];
val (wf, r) = (dest_app (concl thm))
handle Fail - => bad_thm thm;
val sthm = V_elim r wf_lemma?2
handle Fail - => bad_thm thm;
val ithm = =_elim sthm thm
handle Fail - => bad_thm thm;
in GEN_INDUCTION_T ithm ttac
end

);

fun WFCV_INDUCTION_T (thm : THM) (ttac : THM —> TACTIC) : TERM —> TACTIC =
( let fun bad_thm thm = thm_fail "WFCV_INDUCTION_T" 29021 [thm];
val (wf, r) = (dest_app (concl thm))
handle Fail - => bad_thm thm;
val sthm = V_elim r tcwf_lemma2
handle Fail - => bad_thm thm,;
val ithm = =_elim sthm thm
handle Fail - => bad_thm thm;
in GEN_INDUCTION_T ithm ttac
end

);

And now we make a tactic out of that (basically by saying ”strip the induction hypothesis into the
assumptions”).

SML
fun wf_induction_tac (thm : THM) : TERM —> TACTIC = (
let wal ttac = (WF_INDUCTION_T thm strip_asm_tac)
handle ex => reraise ex "wf_induction_tac";
m
fn tm =>
let val tac = (ttac tm) handle ex => reraise ex "wf_induction_tac";
in fn gl => ((tac gl) handle ex => reraise ex "wf_induction_tac")
end
end

);

fun wfcv_induction_tac (thm : THM) : TERM —> TACTIC = (

14



let val ttac = (WFCV_INDUCTION_T thm strip_asm_tac)
handle ex => reraise ex "wfcv_induction_tac";
m
fm tm =>
let val tac = (ttac tm) handle ex => reraise ex "wfcv_induction_tac";

in fn gl => ((tac gl) handle ex => reraise ex "wfcv_induction_tac")
end

end

4.1.1 Well-foundedness and Induction

The following proof shows how the above induction tactic can be used. The theorem can be para-
phrased loosely along the lines that there are no bottomless descending chains in a well-founded
relation. We think of a bottomless descending chain as a non-empty set (represented by a property
called ”p”) every element of which is preceded by an element under the transitive closure of r.

‘wf_nochain_thm =
‘ F Vre well_founded r
‘ = Vre ~dpvepuv AVyepy=tcryz ANJzepzAr2zy

Now a shorter formulation of bottomless pits.
wf_wf_thm =
F Vre well_founded r
= -dpvepuv AVyepy=dzepzArzy

nochain_wf_thm =

- Vre (Vze —dp ve p v AVyepy = tcryxz AJzepzAr2zy)
= well_founded r

wf_&_nochain_thm =
F Vre well_founded r

S NVzea(Tpvepov ANNMyepy=tcryzA(TzepzArzuy))))

Now with second order foundation.

‘wf_induct_thm =
‘ F(—-3p vepv AVye py= TzepzAr 2y
‘ = well_founded r

Try a weaker hypothesis.

‘nochain_wf_thmZ =
‘ F Vre (Vxe —=3p ve p v AVye p y = Jzep z A1 2z y)
‘ = well_founded r

15



4.1.2 Bottomless Pits and Minimal Elements

The following theorem states something like that if there are no unending downward chains then
every ”set” has a minimal element.

‘nochain_min_thm =
‘ FVre(Vze =Ip ve p v AVye py =tcryxz AJzepzArzy)
‘ = Vze (Jye r y ) = Jzerzz AN -JvervzAruvz

A second order version with the weaker bottomless pits can be formulated as follows:

‘nocha’in_min_thmZ =
‘ F Vre(Vze —=Ip ve p v AVye p y = Jzep z A1z y)
‘ = Vpe (Jye p y) = Jze p 2z A ~Jve r v z Apw

It follows that all non-empty collections of predecessors under a well-founded relation have minimal
elements.

‘wf_min_thm =
‘ F Vre well_founded r
‘ = Vre (Jye r y x) = Jzer zz AN -JvervzAruvz

But the converse does not hold.

‘minr-not_wf_thm =

|+ 3r: BOOL—BOOL—BOOLe

‘ (Vze (Jye r y ) = Jzer zx A ~Jver vz AT v
‘ A = well_founded r

4.2 Some Consequences of Well Foundedness

"wf_not_refl_thm =
‘ FV re well_founded r = — (3 ze r x x)

4.3 Ways of Constructing Well Founded Relations

In this section we show that a restriction of a well-founded relation is well-founded.

wf_restrict.wf_thm =
F Vre well_founded r = Vr2e well_founded (A\x yo r2 z y A r x y)

wf_image_ wf_thm =
F Vre well_founded r = Vfe well_founded (Az yo v (f z) (f vy))

4.4 Proof Context

In this section I will create a decent proof context for recursive definitions, eventually.
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4.4.1 Proof Context

SML
n/

‘(* commit_pc "“'wf _relp"; x)

4.5 Recursion Theorem

SML
‘open_theory "wf _relp";
‘force-new-theory "wf _recp";

4.5.1 Defining the Fixed Point Operator

The main part of this is the proof that functionals which are well-founded with respect to some
well-founded relation have fixed points. This done, the operator ”fix” is defined, which yields such a
fixed point.

SML

‘ declare_infix (240, "respects");

HOL Constant

$respects: (('a — 'b) = (‘a = 'b)) = (‘a = 'a - BOOL) — BOOL

Vfref respects < Vg h ze (Vye (tcr)yzr =gy=hy)=>fgz=fhcx

HOL Constant

fized_below: ("a — 'b) — ("a — 'b)) = (‘a - 'a — BOOL) = ("a — 'b) — "a — BOOL

Vf r g ze fized_below f r gz & Vyetcryx=fgy=g9gvy

HOL Constant

fized_at: ((a —'b) = (a —»'b)) =» (a = 'a - BOOL) = ("a = 'b) —» "a — BOOL

Vf r g xe fized_at f r g v < firted_below f rgx Nfgrx =gz

HOL Constant

fiz: ((a = '0) - (la—="b)) =>"'a—"b

\
|
‘ Vf re well_founded r A f respects r = f (fix f) = fix f
4.5.2 The Inverse of a Relation

The following function takes a relation and a function and returns a function which maps each
element in the domain of the relation to the relation which holds between a predecessor of that
element and its value under the function. i.e. it maps the function over the predecessors of the

17



element and returns the result as a relation. It may therefore be used to rephrase primitive recursive
definitions, and so the result which follows may be used to establish the existence of functions defined
by primitive recursion.

HOL Constant

relmap : ('a - 'a - BOOL) = ('a - 'b) —» ('la —» ('la - 'b — BOOL))

Vr ferelmap r f = Az yzeryax Nz=Ffy

4.5.3 Proof Context

SML
n/

‘(* commit_pc "“'wf _relp"; *)

18



5 The Theory tc

5.1 Parents

hol

5.2 Children

wf_relp  wfrel

5.3 Constants

trans (la = 'a - BOOL) — BOOL
tc (la = 'a — BOOL) - 'a —'a — BOOL
rtc (la - 'a — BOOL) - 'a —'a — BOOL

5.4 Definitions

trans FVYretransr < (VstuerstArtu=rsu)
tc FVr
e icr
=Ast
oV tr
o trans tr N (Vv ue rvu= trvu) =trst)
rtc FVrertcr=(\stes=1tViterst)

5.5 Theorems

tran_tc_.thm VY re trans (tc r)
tran_tc.thm2 FVraxyzetcraxyANtcryz=tcrzcz
tc_incr_thm FVYroyeraxzy=tdcrazy
tc_decomp_thm
FYrzyetcrzyAN-ray= (JzetcrzzArzy)
tc_decomp_thm?2
FVYraxy
eicrzuy
= 3fn
ezx=/f10
ANy=1fn
ANV mem<n=r(fm)({f(m+1)))
tc_decomp_thm3
FYraxy
eilcrzxzy
= 3fn
ey =f10
Ny=Ff(n+1)
A mem<n=r(fm(f(m+ 1)
tc_decomp_thm4
FYrazuy
e (I fn
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ey =f10
Ny=Ff(n+1)
A mem <n=r(fm)(f (m+ 1)
= tcrzy
tc_.&_thm FYraxuy
eilcrzxzy
S 3fn
ez =f10
Ny=f(n+1)
A mem <n=r(fm) (f (m+ 1)
tc_decomp_thmb
FVYrozyetcrzyAN-rzy= (JzerzzAtcr zy)
tc.mono_thm +V rl r2
e Vzyerl zy=r2zxy)
= NVzyetcrl zy=tcr2zy)

tc_p-thm FYrpe Vezyerzy=pz)= NVzyetcrzy=pz)
tc_induced_thm
FYrucz

ctlcQayer(fa)(fy)us=ter(fu)(fa)
tran_tc_id_thm

FYretrans r = tcr =r
tc_decomp_thm6
FVYrozyetcrzy=rzyV (JzetcrazzArzy)
tc_decomp_thm7
FVYraozyetcrzy=rzyV (JzerxzzANtcr zy)
tc_ind0 FYRr
e Vzyerzy= Ruzy)
ANNVzyzeRzxyANRyz= Ruzxz)
= Vzyetcrzy=Rzxy)
tc_indl FYRr
e Vzyerzy=Ruzy)
ANNVzyzeRzyANryz=Ruzx2)
= Vzyetcrzy=Rzy)
tc_ind2 FYRr
e Vzyerzy=Ruzy)
ANNVzyzerzyARyz=Ruz2)
= Vzyetcrzy=Rzy)
tran_rtc_.thm VY re trans (rtc r)
tran_rtc_thm?2
FVYrstuericrstArtcrtu=rtcrsu
rtc_incr-thm FVYraxzyerzyVaoe=y=rtcrzy
rtc_decomp_thm
FY R a0 al
e rtc R a0 al = al = a0 V (3 ye R al y A rtc R y al)
rtc_decomp_thm?2
FY R a0 al
e rtc R a0 al
= al =a0 V R a0 al V (Fye Ral y AN tc Ry al)
rtc_.decomp_thm3
FY R a0 al
e rtc R a0 al
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= al =a0 V R a0 al V (T yetc Ral y \NR vy al)
rtc.mono_thm +V rl r2
e Nz yerl zy=r2zxy)
= Vz yertcrl z y= rtcr2 xz y)
rtc_ind0 FYRr
e Vzyerzy= Ruzy)
A (Y ze Rz x)
ANNVzyzeRzyANRyz=Ruzxz)
= NVzyertcrzy=Ruzy)
rtc_indl FYRr
e(WVrze Rzaz) NNz yze RzyANryz= Rz 2)
= NVzyertcrzy=Ruzy)
rtc_ind FVrR
e Vze Rzz)ANVzyzerzyANRyz= Rz 2)
= NVzyertcrzy=Rzy)
rtc_rules FVYor
o (Vze ricrx x)
ANNVzyzerxzyArtcryz=rtcrzz)
rtc_strongind
Y orortd
o (V zo rtc’ z 1)
ANNVzyz
erxyANrtcryzAridyz=rtd z2)
= (V a0 ale rtc r a0 al = rtc’ a0 al)
rtc_cases FV R a0 al
e rtc Ral al < al = a0V (Fye R al y A rtc Ry al)
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6 The Theory wfrel

6.1 Parents

tc

6.2 Constants

well_founded ('a —'a — BOOL) — BOOL
twfp (la - 'a - BOOL) — BOOL
$respects (la —-'b) - 'a—"b) - (‘a - "a — BOOL) — BOOL
fized_below  ((a —'b) —'a —'b)

— ("a = 'a — BOOL)

— ("a = 'b)

—'a

— BOOL
fixzed_at ("la —="b) = "a = 'b)

— ("a - 'a — BOOL)

— ("a = 'b)

—'a

— BOOL
fix (la —="b) = "a—="b) = "a—"b
ResRelO f Functor

(la —-'a) »'a - "'a) »'a - 'a - BOOL
WfDomOf ('a - 'a - BOOL) = 'a — BOOL
W fPartOf (la - 'a — BOOL) - 'a —'a — BOOL
relmap (la —='a — BOOL) = (la - 'b) = 'a = 'a - 'b - BOOL

6.3 Fixity

Right Infix 240:
respects

6.4 Definitions

well_founded +V r
o well_founded r

< (Vs
o (Vze Vysryz =sy)=sz)= (Vzesuz))
twfp FV re twfp r < well_founded r A trans r
respects FYfr
o f respects r
& VMgha

e Vyostcryx=gy=hy) =fgax=fhz
fixzed below FYVYfrgz
o fized_below f rgaz < NVyetcryxz=fgy=gy)
fixed_at FYfrgeo
o fired_at fr gz
& fived_below frgx Nfgarx=gzx
fix = ConstSpec
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(X fiz!
oV fr
o well_founded r A f respects r
= f (fie' f) = fir' f)
fix
ResRelO f Functor
FYfxuy
e ResRelOfFunctor f x y
& 3gvw
e - fgy=f(\zeif z=ux then v else g z) y)
W fDomO f FVYor
o WfDomOf r
==z
eV pe (Vve (Vwerwuv=pw)=pv)=pzr)
W fPartOf FV re WfPartOf r = (A = yo r x y A WfDomOf r y)
relmap FVYrferedmaprf=MNzyzeryazAz=fy)

6.5 Theorems

tcwf_lemmal FV sr
o well_founded r
= (Vuz
e Vyoetcryr = (Vzetcrzy=sz)=sy)
= NVyeotcryz=sy))
wf_lemma FVor
o well_founded r
= (Vs
o (Vie(Vuerut=su) =st)= (Veose))
tcwf_lemma2 +V r
o well_founded r
= (Vs
o (Vie(Vuetcrut=su) = st)
= (V eo s €))
wf_tc.wf_thm F VYV re well_founded r = well_founded (tc r)
tcwf wf_thm =V re well_founded (tc r) = well_founded r
tc.wf_twf_thm
FV re well_founded r = twfp (tc r)
wf_nochain_thm
FVYor
e well_founded r
= (Vz
® (3 pv
[} p v
A (Y y
epy=tcryxzA(TzepzArzy))))
wf_wf_thm FVr
o well_founded r
=-(dpuw
epuvANMyepy=(FzepzArzy))
nochain_wf_thm
FVr
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o (Vuz
® (3 pv
[ ] p v
A (Y y
epy=tcryxzA(TzepzArzy))))
= well_founded r
wf_induct_thm
F-3pvepvA(NMyepy= (FzepzArzy))
= well_founded r
nochain_wf_thm?2
FVor
o (Vuz
® (3 pv
epv A(Nyepy=(IzepzArzy))))
= well_founded T
nochain_min_thm
FVr
o (Vuz
e (Ipuw
[ p v
A (Y y
epy=tcryxzA(TzepzArzy))))
= (Vz
e (Jyeryux)
= (JzerzazA-(JuvervzAruvuz)))
nochain_min_thm2
FVr
o (Vuz
® (3 pv
epv A(Vyepy=(3zepzArzy)))
= (Vp
e (Jyepy = (FzepzA-(FverwvzApuv)))
wf_min_thm +Vr
o well_founded r
= Vuz
e (Jyeryux)
= (JzerzzAN-(FJveruvzAruvz)))
minr_not_wf_thm
Fdr
o (Vuz
e (Jyeryux)
= (FzerzazAN-(JvervzAruvuz)))
A = well_founded r
wf_restrict_wf_thm
FVr
e well_founded r
= (V r2e well_founded (A z yo r2 z y AN r x y))
fixzed_below_lemmal
EYfr
o well_founded r N f respects r
= Vzgy
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o fived_below f rgax Ntcryax
= fized_below f r g y)
fixed_at_lemmal
FYfr
o well_founded r A f respects r
= Vzyg
o fized_below f r g v = fized_at f r (f g) x)
fixed_at_lemma?2
FYfr
o well_founded r A f respects r
= Vzxyg
e fized_below f r g x
= Vyetcryx= fizxed_at f r gy))
fixzed_at_lemma3
FYfr
o well_founded r A f respects r
= Vzyg
o (Vyetcryax= fixed_at frgy)
= fized_below f r g )
fixed_below_lemma?2
FYfr
o well_founded r A f respects r
= Vzgh
o fized_below f r g x N fized_below f r h x
= Vzetcrzaoz=hz=g2z))
fixed_at_lemma4
FYfr
o well_founded r A f respects r
= Mgz
e fizted_at f r gz
= Vyetcryaz= fizxed_at f r g y))
fixed_at_lemmab
FYfr
o well_founded r A f respects r
= NVghz
o fited_at f r g x A fized_at f r h x
=gz =hz)
fixzed_below_lemma3
FYfr
o well_founded r A f respects r
= (Vuz
o (Vyetcryz= (3 ge fited_at [ r g y))
= (3 ge fized_below f r g z))
fixzed_below_lemma4
FYorf
e well_founded r A f respects r
= (V ze 3 ge fized_below f r g z)
fixed_at_lemma6
EYfr
o well_founded r N f respects r
= (V ze 3 ge fized_at f r g x)

25



fixzed_lemmal F VY f r
o well_founded r A f respects r
= (Vz
e fized_at
f

r
(X ze (¢ he fized_at f r h z) x)
x
)
fixp_thml F VY f re well_founded v A f respects r = (3 go f g = g)
relmap_respect_thm
FVY r ge () feg orelmap r f) respects r
mono_respects_thm
FYfrlr2
o f respects 11 NV z yo rl z y = 122 y)
= f respects r2
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7 The Theory wf_relp

7.1 Parents

tc hol

7.2 Children
fixp gst—ax wf _recp
7.3 Constants

well_founded ('a —'a — BOOL) — BOOL
twfp ('a —»'a - BOOL) — BOOL

7.4 Definitions

well_founded +V r
o well_founded r
< (Vs
eWVze Vyoryz=sy) =sz) = (Vresuz))
twfp FV re twfp r < well_founded r A trans r

7.5 Theorems

tcwf_lemmal FV sr
e well_founded r
= (Vux
o (Vyostcryas = (Vzetcrzy=sz)=5sy)
= NVyeotcryz=sy))
wf_lemma2 +FVr
e well_founded r
= (Vs
o (Vie(NVuerut=su) =st)= (Veose))
tcwf_lemma2 +V r
o well_founded r
= (Vs
o (Vie(Vuetcrut=su) = st)
= (V eo s €))
wf_tc.wf_thm F VYV re well_founded r = well_founded (tc r)
tcwf wf_thm =V re well_founded (tc r) = well_founded r
tc.wf_twf_thm
FV re well_founded r = twfp (tc r)
wf_nochain_thm
FVr
o well_founded r
= (Vz
® (3 pv
[ ] p v
A (VY
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epy=tcryzA(FzepzArzy)))
wf_wf_thm FVYor
o well_founded r
=-(3pw
epuv ANNMyoepy= (FzepzArzy)))
nochain_wf_thm
FVYor
o (Vuz
® (3 pv
.p v
A (Y y
epy=tcryzA(FzepzArzy))))
= well_founded T
wf_&_nochain_thm
FVYor
o well_founded r
< (Vo
® (3 pv
.p v
A(Yy
epy=tcryxzA(TzepzArzuy))))
wf_induct_thm
F-FpvepuvANMyepy= (FzepzArzy)))
= well_founded r
nochain_wf_thm2
FVYor
o (Vuz
e - (Ipuw
epuvANMyepy= (zepzArzy))))
= well_founded r
nochain_min_thm
FVr
o (Vuz
e - (dpuw
.p v
AV y
epy=tcryxzA(TzepzArzuy))))
= Vz
o (Jyeryux)
= (FzerzazA-(JvervzAruvuz)))
nochain_min_thm?2
FVYor
o (Vuz
® (3 pv
epv A(Vyepy= (FzepzArzy)))
= Vp
e (Jyepy) = (FzepzA-(FverwvzApuv)))
wf_min_thm +FVr
o well_founded r
= (Vuz
o (Jyeryux)
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= (Jzerzaz A~ (JuvervzAruvuz)))
minr_not_wf_thm
F3dr
o (Vuz
e (Jyeryux)
= (JzerzazA-(JvervzAruvuz))
A = well_founded r
wf_not_refl_thm
FV re well_founded r = — (3 ze r z x)
wf_restrict_.wf_thm
FVor
o well_founded r
= (V r2e well_founded (A z yo r2 z y A r x y))
wf_tmage_wf_thm
FVr
o well_founded r
= (V fo well_founded (X =z yo r (f z) (f v)))
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8 The Theory wf_recp

8.1 Parents

wf _relp

8.2 Children
gst—ax
8.3 Constants
$respects (la —-'b) »'a = ") - ("a - "'a - BOOL) - BOOL

fized_below  (("a — 'b) — 'a = 'b)
— (la —» "a — BOOL)

— ("a = 'b)

—'a

— BOOL
fized_at ("la = "b) = "a —"d)

— ("a = 'a — BOOL)

— ("a = 'b)

—'a

— BOOL
fix (la—="0) = "a—="b) ="a—="b
relmap (la —'a - BOOL) = ('la - 'b) - 'a — "a - 'b — BOOL
8.4 Fixity
Right Infix 240:

respects

8.5 Definitions

respects FYfr
o f respects r
& NVMgha
e Vyotcryz=gy=hy =fgax=fhz
fixed_below FVY frgz
o fited_below f rgz < NVyotcryaxz=fgy=gy)
fixed_at FYfrgso
o fized_at f r g x
& fized_below f rgac Nfger =gz

fix FYfr
o well_founded r A f respects v = f (fix f) = fix f
relmap EVYorferedmaprf=NzyzeryzAz=fy)
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8.6 Theorems

fixzed_below_lemmal
EYfr
e well_founded r A f respects r
= Vzgy
e fixed_below f r gx Ntcryx
= fized_below f r g y)
fixed_at_lemmal
FYfr
o well_founded r A f respects r
= Vzyg
o fized_below f r g v = fized_at f r (f g) x)
fixed_at_lemma?2
FYfr
o well_founded r N f respects r
= Vzg
e fixed_below f r g x
= Vyetcryx= fizxed_at f r g y))
fixed_at_lemma3
FYfr
o well_founded r A f respects r
= Vzyg
e (Vyetcryx= fixed_at f r gy)
= fized_below f r g )
fixzed_below_lemma?2
FEY fr
e well_founded r A f respects r
= Vzgh
e fized_below f r g x N fized_below f r h x
= (Vzetcrzae=hz=yg2z)
fixed_at_lemma4
FYfr
o well_founded r N f respects r
= Vgux
e firted_at f r gz
= Vyetcryx= fixed_at f r gy))
fixed_at_lemmab
FYfr
o well_founded r A f respects r
= NVghz
e fixed_at f r g x N fixed_at f r h x
=gz =huz)
fixed_below_lemma3
FYfr
o well_founded r A f respects r
= (Vuz
o (Vyetcryxz= (3ge firxed_at f 7 g y))
= (3 ge fized_below f r g z))
fixed_below_lemma4d
EVYrf
o well_founded r A f respects r
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= (V ze 3 ge fized_below f r g z)
fixzed_at_lemma6
FYfr
e well_founded r N f respects r
= (V ze 3 ge fized_at f r g x)
fixed_lemmal RV f r
o well_founded r A f respects r
= (Vz
e fixed_at
f

"
(X zo (¢ he fizred_at f r h x) x)

z)
fixp_thml FV f re well_founded r A f respects m = (3 go f g = g)
relmap_respect_thm
EY r ge (X fegorelmap r f) respects r
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