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1 The Theory rbjmisc

For context and motivation see [2].

All the theorems are placed in the one temporary location, which therefore must have as ancestors

all the theories which are being extended.

There is one section in this document, following this one, for each theory to which an addition is

being made so new parents may be added in those sections, or new proof contexts used.

SML

open PreConsisProof;


http://www.rbjones.com/rbjpub/pp/doc/t000.pdf

SML
open_theory " cache’rbjhol";
force_new_theory "rbjmisc";

val - = let open ReaderWriterSupport.PrettyNames;
in add_new_symbols | (["sqsubseteq2"]|, Value "E", Simple) |
end
handle - => ();

new_parent "analysis";

new_parent "equiv_rel";

force_new_pc "’

n/

rbjmisc";

n/

merge_pcs [" prove_3_=_conv", " savedthm_cs_3_proof"] "'rbjmisc";

set_merge_pcs ["basic_holl", "'sets_alg", ""R", "'rbjmisc"];

open UnifyForwardChain; open RbjTacticsl;

2 Combinators

HOL Constant

$CombC: ('a - 'b > '¢c) - (b - 'a > '¢)

\
|
‘VfOCombCf—)\xyOfyx

‘combc-thmzl—foyo CombC fzxy=fuyx

HOL Constant

BinComp : ('la - 'b - 'c) - ('d »>'a) > (e > 'b) - (d > 'e - '¢)

Y f g he BinComp f g h =Xz ye f (g x) (hy)
‘combc-thmzl—foyo CombC frxy=fyx

3 Predicate Calculus

There is probably a better way of doing this (or a better thing to be doing).

In some circumstances V_ A _out_lemma can be used to avoid or postpone a case split.

V_n_-lemma =
VY pe$V p<e (Ve pux)

V_a_out_lemma =

FYpqgeSVp AV ges Vezepa aquo)



3.0.1 ManyOne

The relations used in replacement must be “ManyOne” relations, otherwise the image may be larger
than the domain, and Russell’s paradox would reappear.

HOL Constant

ManyOne : (a - 'b - BOOL) - BOOL

Vre ManyOne r & Vr y ze r 2 y AT T 2 =y = 2

4 Type Definition Lemmas

type_lemmas_thm2 =
— V pred
e (3 fe TypeDefn pred f)
= (3 abs rep
o (V ae abs (rep a) = a)
A (VY re pred r < rep (abs ) = 1)
A OneOne rep)

type_defn_lemmal =
"Vfg'(VUU'f(gw)Zx):(nyogac:gy:x:y)

type_defn_lemma2 =

FVpfyg
e(Vazeprz=>f(gz)=a)=NVazysprApy=gr=gy=1x=y)

type_defn_lemma3 =
F (3 fe TypeDefn (\ ze T) f)
= (3 abs repe (¥ ae abs (rep a) = a) A (V re rep (abs r) = r))

type_defn_lemmad =
F V pred
e (3 fe TypeDefn pred f)

= (3 abs rep

o (V ae abs (rep a) = a)
A (V re pred r < rep (abs ) = 1)
A OneOne rep
A (Y ae pred (rep a)))

oneone_contrapos_lemma =
= OneOne f = Vzyoe ~z=y=—-fzx=7Ffy)




5 Sets

5.1 Pairwise Disjointness

Here is a definition of “Pairwise disjoint”.

HOL Constant

$PDisj:'a SET SET — BOOL

\
|
‘VSSOPDiSjSS(i)_'EItUO{t;u}ESS/\—'t=u/\_'tﬁu={}
5.2 Transitivity of Inclusion
‘E_trans_thmzl—VABCOAEB/\BEC:>A§C

5.3 Singleton Subsets

‘singleton_subset_lemma =
‘ FVYzove{z} S VeoreV

5.4 Image of a Set under a Function

HOL Constant

FunImage: ("a — 'b) — 'a SET —'b SET

Vf Ae Funlmage f A = {b| Jae a € A A f a = b}

FunImage_o_thm =
Y A f ge Funlmage (f o g) A = FunImage f (Funlmage g A)

FunImage_mono_thm =
Y ABfe AcZ B = Funlmage f A < Funlmage [ B

5.5 Set Displays

The following are introduced to facilitate reasoning about sets of truth values below.

insert_.com_thm =

=V xy ze Insert z (Insert y z) = Insert y (Insert z z)

insert_twice_thm =

VY x ye Insert x (Insert x y) = Insert z y

e_disp_.=_thm =

VYp dse (Veeeelnsert ds=pe)<pdarVeeeecs=pe



A conversion to apply e_disp-=_thm (because we don’t have higher order rewriting).
SML
val €_disp_.=_conv:CONV = fn t =>
let val (e, body) = dest_V t;
val (lh, rh) = dest_= body;
val (-, |vare, ins]|) = strip_app lh;
val (-, [d, s]) = strip_app ins
val p = mk_\ (vare, Th);
val equiv = conv_rule (LEFT_C(SIMPLE_BINDER_C(RIGHT_C [(_conv))) (list_V_elim [p, d,
in equiv

end handle _ => fail_conv t;

val €_disp_=_tac = conv_tac (MAP_C e_disp_=>_conv);

5.6 NESET - A Type of Non-Empty Sets

SML

‘new_type_defn (["NESET"], "NESET", ["a"],

‘ tac_proof (([], "3z:'a Pe (Aye ze 2 € y) z7),

‘ 3_tac "{ex'ae T} THEN rewrite_tac [| THEN 3_tac "ex:'ae T THEN rewrite_tacl]) );

HOL Constant
NeSet :'a P — 'a NESET;
PeSet : 'a NESET — 'a P

(Vze Jye y € PeSet 1)
A (Vx yo x = y <& Vze z € PeSet x < z € PeSet y)
A (Vx yo x € y = PeSet (NeSet y) = y)
A (VYye NeSet (PeSet y) = y)

NeSet_ne_thm =
-V xze 3 ye y € PeSet x
NeSet_ext_thm =
FYzyer=y< (Vze z€ PeSet © < z € PeSet y)
NeSet_fc_thm =
Yz ye zey= PeSet (NeSet y) =y
NeSet_PeSet_thm =
-V ye NeSet (PeSet y) =y

PeSet_Insert_thm =
-V x ye PeSet (NeSet (Insert x y)) = Insert x y




HOL Constant

MemOf :'a NESET — 'a

Vze MemOf © = eye y € PeSet x

MemOf_memof_thm =
VYV ze MemOf x € PeSet x
MemOf_NeSet_unit_thm =
-V ze MemOf (NeSet {z}) =z

SML
‘add-pc-thmsl "rhjmisc" [NeSet_ne_thml;
‘add-pc-thms "rhjmisc" [NeSet_PeSet_thm, MemOf_memof _thm, PeSet_Insert_thm, MemOf_NeSet_un

5.7 Cantor’s Theorem

Presumably there is a proof of this somewhere but here is another.

The following is a record of a proof session with ProofPower in which the Cantor’s theorem is proven.
The logic is very close to that of Principia Mathematica[4], being based on Church’s formulation|[1]
of the Simple Theory of Types (which is more or less equivalent to Russell’s Theory of Types [3]
once the ramifications have been neutralised by the axiom of reducibility).

The interactive proof tool effectively checks a formal proof which it has constructed behind the scenes
following instructions from the user of the system, but does not display the full details of the proof
(complete automation is the ideal, which we approach from afar). The user gives his instructions
in a language called ‘Standard ML’ (in the passages headed ‘SML’) in which the ‘ML’ stands for
‘Meta-Language’, the sections marked ‘ProofPower output’ show the output from the proof tool.
The proof is conducted using a ‘goal package’ (a bit of software written in SML) which supports a
backward proof idiom in which the proof begins with the conjecture to be proven, and simplifies this
conjecture by reverse application of rules until we reach axiomatic premises. Behind the scenes the
proof tool verifies the existence of a forward proof from axioms to the desired theorem.

The proof is begun by stating the goal (conjecture) to be proven, which is that there does not exist
a function from a type ":’a™ onto the type ":’a SET™ (in which ’a is a type variable).

SML

‘set_goal([], T—3f’'a — 'a SETe Vs:''a SETe Je’'ae f e = s7);

ProofPower output
‘(* sk Goal "" ks k)
‘(*?I—*) T (3 feVseTeofe=3s)"

By the most routine transformations:

SML

‘ a (REPEAT strip_tac);

we get (showing some intermediate steps):



ProofPower output

(# 7= %) "V foe = (V se Jeoe fe=s3s)"
(# 7= %) T=(VsoeJeofe=s)"

(* 7= %) T3 se = (Feo fe=s)"

Which is asking for a counterexample to the supposition that f is a surjection.

The required counterexample is supplied thus:
SML

‘a (3-tac {z |~z e fa}T);

and we then have to prove that it is indeed a counterexample:

ProofPower output

(7 %) "= @ esfe={almaefa))

which again involves first some routine inferences:
SML

‘ a (REPEAT strip_tac);

which goes:

ProofPower output
‘(*?I—*) Veoe = fe={z|-zefa}’
‘(*?l—*) = fe={z|-zefa}

To progress this proof we now must use extensionality of sets transforming the equation into an
equivalence by rewriting.
SML

‘a (rewrite_tac |sets_ext_clauses]);

Which gives:

ProofPower output

‘(*?l—*) T~ NVzezxefeeo —zefur)

which is too obvious for us to care how it is discharged!
SML

‘ a (prove_tac []);

ProofPower output
‘Tactz’c produced 0 subgoals:

‘Current and main goal achieved

We now have a theorem, which we can save in our theory:
SML

‘Ual cantors_thm = save_pop_thm "cantors_thm";

ProofPower output

‘val cantors_thm = = — (3 fe V se J ee f e =) : THM



6 Type OPT

SML

‘set-merge-pcs ["holl™, " rbjmisc"];

‘new_type_defn (["OPT"], "OPT", ["a"],
‘ tac_proof (([], "3z'a+ONFEe (AyeT) z7), 3_tac "InR One™ THEN rewrite_tac []) );

To make use of the type abbreviation ‘OPT’ more readable the following constants are introduced:
HOL Constant

Value : 'a —» 'a OPT;

Undefined : 'a OPT

OneOne Value
A (Vze = Value © = Undefined)
A (Vye y = Undefined v (3ze y = Value 2))

opt_cases_thm =
-V ze z = Undefined v (3 yo z = Value y)

value_not_undefined_lemma =
F V ze = Value x = Undefined A — Undefined = Value z

HOL Constant

ValueOf :'a OPT — 'a

Vve ValueOf (Value v) = v

HOL Constant

IsDefined : 'a OPT — BOOL

Yve IsDefined v < — v = Undefined

6.1 Proof Contexts

SML
‘add-pc-thms "rhjmisc" (map get_spec ["IsDefined™, " ValueOf 7] @
‘ [value_not_undefined_lemma, value_oneone_lemmal);

‘ n/

set_merge_pcs ["basic_holl", "'sets_alg", ""R", "'rbjmisc"];

7 Lists

7.1 List Membership

SML

declare_infiz (300, "€");

10



HOL Constant

$cr:'a —» 'a LIST — BOOL

Vabale (acr|] & F)
A (aep (Cons bal) < a=0>bv acgal)

7.2 Quantification

HOL Constant

Vi: BOOL LIST — BOOL

V ble Y1, bl = Fold $A bl T

HOL Constant

ir: BOOL LIST — BOOL

V ble 31, bl = Fold $v bl F

Vi_-thm =
(VL[] © T) A (Vh liste ¥, (Cons h list) < h A YV list)

EIL_thm =
3L [l e F) A (VY h liste 3, (Cons h list) < h v 3 list)

Vi _clauses =
FVYL[l e T A (VteVr (Cons Tt) < Vrt)A(VteVy (Cons Ft)<s F)

dr_clauses =
FaL[]le F A (Vtedr (Cons Fit)y<s3pt)n(Vited, (Cons Tt)<s T)

Vi _append_thm =
FYIlmeVY, (I ™ m)s VLl AVrm

1z _append_thm =

I—Vlm-HL(lAm)(:)EIleEILm

7.3 Proof Contexts

SML
n/

add_pc_thms "'rbjmisc" (map get_spec ["$e;7] @

‘ [Vi-clauses, 3 -clauses, Vp_thm, 3_thm, ¥V _append_thm, 31_append_thm]);
‘Set_merge_pcs ["basic_holl", "'sets_alg", ""R", “'rbjmisc"];

7.4 Mapping Constructors

The idea here is to facilitate the construction of a list of objects of some kind (typically a HOL
labelled product), given a curried constructor and lists of the operands. We will need a different one
for each arity of constructor, so I will use a numeric suffix.

11



HOL Constant

MapCfs: (a > 'b > '¢c > 'd) > 'a LIST - 'b LIST — '¢c LIST — 'd LIST

|

|

‘ Y ¢f al bl cle MapCfs cf al bl cl =

‘ Map (Uncurry (Uncurry cf)) (Combine (Combine al bl) cl)

7.5 Liberal Combine

This is a combine function which “works” with lists of different lengths.

HOL Constant

Combine2: 'a LIST — 'b LIST — ('a x 'b) LIST

(Vbe Combine2 [] b = [])
A (Yae Combine2 a [| = [])
A (Vha ta hb the Combine2 (Cons ha ta) (Cons hb tb) = Cons (ha, hb) (Combine2 ta tb))

7.6 Lists of Sets

HOL Constant

List2Set: 'a LIST — 'a SET

Vie List2Set | = {e | e €, 1}

HOL Constant

ListUnion: 'a SET LIST — 'a SET

Vie ListUnion | = | J (List2Set 1)

HOL Constant

ListFunUnion: ("a SET — 'a SET) LIST — ('a SET — 'a SET)

Vi ase ListFunUnion | as = ListUnion (Map (Afe f as) 1)

ListUnion_thm =
= ListUnion [| = {} A (V h te ListUnion (Cons h t) = h v ListUnion t)

12



7.7 Lists of Natural Numbers

A function for making a list of ascending natural numbers.

SML

‘ declare_infix (300, "...");

HOL Constant

$...: N> N - N LIST

|
\
‘ y—i—]) if © <y then (z .. y) @ [y+1] else []

8 Natural Numbers and Arithmetic

8.1 Primitive Recursion

‘pm’m_rec_thmZZI—VZSOElfOf0=z ANNVnef(n+1)=s(fn)n)
9 Real Numbers and Analysis

9.1 Products

R_prod_sign_iff _clauses

H(Vzye NR O <Rz *p vy S NRO<gz ANRO<gpyvz<gpNROAy<pNRDO)
A(Vzyexxgy<gNRO S NRO<gzAy<gpNROvz<gpNROANROI<pvy)
AWNVzys NR 0 <pz *py S NRO<pz ANRO<pyvzz<pNROAy<pNRDOI)
ANVaxzyoxxpy<gNRO SNRO<gzAy<pNROvz<zNROANRO <R vy)
ANVzyoxxpy=NRO <z =NR O vy=NRO0)

ANVzys NR O =2z=py <z =NR O v y=NRO0)

9.2 Squares

9.3 Sums

9.4 Abs

The following arithmetic results are obtained for reasoning about norms on real vector spaces, in
particular to prove that Abs is a norm over the reals and that the defined product operation over
norms yields a norm.

R_Abs_Norm_clauses
F (V ve NR 0 <p Absp v)
(V ve (Absp v = NR 0) & v = NR 0)
A (V x ve Absp (z =g v) = Absp x xr Absg v)
(V v we Absp (v +r w) <p Absrp v +r Absp w)

13



9.5 Square Root

HOL Constant

SqrtA R - R

e NR 0 < SqrtA z
SqrtA z) 2 = Abs x

9.6 Sums of Countable Collections of Reals

In evaluating the cosmological consequences of Newton’s Laws it is desirable to formulate them as
cosmological theories in ways which do not prejudge such questions as whether the cardinality of the
universe is finite. To do this it is necessary to be able, where possible, to form the sum of an infinite
set of reals, possibly even an uncountably infinite set of real numbers.

For the most general formulations it seems possible that the use of non-standard reals might be
needed. We are concerned here with what can be done with standard reals, i.e. with formalising the
notion that some collection of real numbers has a finite sum.

The following definition gives the sum of a possibly finite or countable collection of real numbers.
SML

‘ declare_infix (300, "—»>");

HOL Constant

$»>: ("a > R + ONE) > R —» BOOL

Vere cr»>1r <
Jdse (Van me IsL (ca) = sn=sm=n=m)
= (Series (Ane if IsR (c (s n)) then O else OutL (¢ (s n)))) —> r

10 Cartesian and Dependent Products

10.1 Cartesian Products

cp_eq_thml =

FYzyvwpgepexzAnqey=(zxy)=(WXxXw) =>2r=0AY=w

cp_eq_thm2 =
FYzyvwpepe(zxy =(zxy =Wxw) =>z=0Ay=w

cplpart.thm =+ Virzezer=1={m|3pepe(l xr)rm= Fstp}
cp-r_part.thm =+~ Virzexel=r={m|dpepe(l xr)nm=Snd p}

cp_part_thm =
FYIlrazexze(lxr)
=l ={m|3pepe(l xr)nms= Fst p}
Anr={m|3pepe(l xr)Am= Snd p}

14



10.2 Distributed Cartesian Product

The ”distributed cartesian product” is what you need to get the equivalance classes generated by
two relations to the equivalence classes generated by the product of the equivalence relations (see
section ?7).

SML

‘ declare_infix (340, "xp");

HOL Constant

$xp : ("a SET SET) — ('b SET SET) — (('a x 'b) SET SET)

Virel xpr={cp|3leqg rege leg e | A req € 7 A cp = (leg x req)}

xp-ext_thm =

FYIlrcpecpel xpr< (Fleqgrege lege l A reger A cp = (leg x req))

10.3 Dependent Function Spaces 77

Our generic treatment of algebraic operators represents operators as functions over indexed sets of
arugments. In order to take a quotient of an algebra involving such operators we need to lift the
equivalence relation over the domain of the algebra to one over indexed sets of domain values. This
is taking an arbitrary power of the equivalence relation.

These indexed sets are actually functions, and the equivalence classes are like dependent function
spaces, whose type corresponds to an indexed set of the equivalence classes over the domain, i.e. a
function from the indexes into the set of equivalence classes.

It is therefore useful to define this dependent function space operation which may also be though of
as a dependent cartesian power.

HOL Constant

Iy :'0 SET — ('b > 'a SET) — ('b — 'a) SET

|
|
| Vs fe lljis f = {g | Vie i €is = g i€ fi}

Now we take a set of (probably equivalence) classes and map the dependent function space over all
the indexed sets taken from this set.

HOL Constant

x :'b SET — ('a SET SET) — ('b — 'a) SET SET

\
|
‘Vissso xgis ss = {g | Jhe (Vie i € is = h i € ss) A g = Iy is h}

11 Relation Products

The kind of relation which we consider here is the kind which is used in the theory equiv_rel, structures
represented by an ordered pair of which the first element is the domain of the relation and the second
is a relation as a curried function of two operands into type BOOL.

15



This section provides some small additions to the theory “equiv_rel” related to lifting functions over
quotients.

SML

‘declare-inﬁx(?lO, " RelProd");

‘declare_z'nﬁz(%’O, "<

‘declare-inﬁx(?SO, "< ")

HOL Constant

$RelProd : ('a SET x ("a — 'a — BOOL))
— (b SET x ("b - 'b — BOOL))
— (("a x 'b) SET x ("a x 'b — 'a x "b — BOOL))

V $<; $<, L Re ((L, $<;) RelProd (R, $<,)) =
(L x R),
A1, r1) (i2,r2)ell e LAnl2e LAarl e RAT2€ER
Al <02 Al <,r2)

RelProd_projections_thm =
=V (L, $<)) (R, $<,)e
Fst ((L, $<;) RelProd (R, $<,)) = (L x R)
A Snd ((L, $<;) RelProd (R, $<,)) = (A (i1, r1) (I2, r2)
ellelLAl2elLArleERAT2ZERAI <12 ATl <, 12)

The product construction preserves various properties of relations.

Trans_Rel Prod_-thm =
=V (L, $2)) (R, $=,)e
Trans (L, $=;) A Trans (R, $=,) = Trans ((L, $=;) RelProd (R, $=,))

Sym_RelProd_thm =
=V (L, $2)) (R, $=,)e
Sym (L, $=;) A Sym (R, $=,) = Sym ((L, $=;) RelProd (R, $=,))

Refl_RelProd_thm =
=V (L, $=) (R, $=,)e
Refl (L, $=1) A Refl (R, $=,) = Refl (L, $=;) RelProd (R, $=,))

12 Powers of Relations

Universal algebra (below) involves operators of arbitrary arity, and reasoning generally about algebras
involving such operators involves raising equivalence relations to arbitrary powers.

We define such operations first for relations in general.

The operators are represented by functions over indexed sets of arguments, the indexed sets being
represented by total functions over a type of indexes, together with a subset of the type indicating the

16



range of significance of the functions in the domain of the operators. The operators are themselves
also significant only for arguments all of which fall in some domain (the domain of a structure), but
this need not concern us here.

Our concern here is not with the operators, but with quotients of the domain of the operators, and
with the resulting equivalence relations over the domain of the operators. So we want to take an
equivalence relation over some type, together with a set of indices, and obtain an equivalence relation
over the total functions from indexes to values in the domain. We define this for arbitrary relations,
and then prove (later) that when the relation is an equivalence the result will be an equivalence.

HOL Constant
$RelPower : ('a SET x ("a — 'a — BOOL)) — 'b SET
— (("b > "a) SET x (('b > "a) - (b > "a) > BOOL))

V' D r ise RelPower (D, r) is =
({f | Viei€cis= fie D}, \f goe Vie i € is = r (f i) (g 7))

We now show that this construction preserves various properties of the relation.
RelPower_Trans_thm =

=V (D, r) ise Trans (D, r) = Trans (RelPower (D, r) is)

RelPower_Sym_thm =
=V (D, r) ise Sym (D, r) = Sym (RelPower (D, r) is)

RelPower_Refl_thm =
=V (D, r) ise Refl (D, r) = Refl (RelPower (D, ) is)

13 Group Theory

SML

‘ new_parent "group_egs";

‘get_alias_info "Append";

n/

‘set-merge-pcs ["basic_holl", "'sets_alg", "'R", "'rbjmisc"];

13.1 Group Products

HOL Constant

GroupProduct : 'a GROUP — 'b GROUP — ('a x 'b) GROUP

V G He GroupProduct G H =
let car = (Car G x Car H)
and prod (la, Ib) (ra, b) = ((la.ra) G, (Ib.rb) H)
and unit = (Unit G, Unit H)
and inv (a, b) = ((a ~) G, (b ™) H)
m MEGROUP car prod unit inv
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SML

‘declare_alias ("x", " GroupProduct™);

‘gmup_pmduct_thm =+ Vg'’a GROUP; h''b GROUPe
‘ g € Group n h € Group = g = h € Group

13.2 Abelian Groups

HOL Constant

AbelianGroup : 'a GROUP SET

Y Ge G € AbelianGroup < G € Group
AYuv'ae ue Car G A ve Car G
= (u.v) G = (v.u) G

abelian_ group_product_thm = + Vg:'a GROUP; h:'b GROUPe
g € AbelianGroup A h € AbelianGroup = (g * h) € AbelianGroup

‘R-plus-abelian-thm =+ Ry € AbelianGroup

14 Topology

SML
‘ new_parent "topology",
‘get_alias_z'nfo "Append";

14.1 Bases etc.

The following definitions belong properly in the theory “topology”.

First we define the relationship between a base and the topology of which it is a base.

SML

‘ declare_infix (300, "BaseOf");

HOL Constant

$BaseOf : 'a SET SET — 'a SET SET — BOOL

Y base topologye base BaseOf topology <

\
‘ Vse s € topology = 3 sse ss < base A s = ] ss

However, what we really need here is the construction of a topology from an arbitrary set of sets,

which is done as follows:
HOL Constant

$TopologyFrom : 'a SET SET — 'a SET SET

V setse TopologyFrom sets =
() {topology | topology € Topology A sets < topology}

18



15 Disjoint Unions (Sum)

Two ways of constructing functions over disjoint unions.

HOL Constant

Fun.: (la - 't) - ('b>"u) > (a +'b > 't +'u)

Vf'a — "t; g'b — 'u; ab’a + "be
Fun. f g ab = if IsL ab then InL (f (OutL ab)) else InR (g (OutR ab))

HOL Constant

FunSum: ('a - 't) - ('b>"t) > ('la +'b - 't)

Vf'a — "t; g'b — 't; ab’a + "be
FunSum f g ab = if IsL ab then f (OutL ab) else g (OutR ab)

IsL_IsR_ lemma =
Ve ISRz < — IsL x

16 Indexed Sets

SML

‘declare_type_abbrev(“IX", ["a", "b"], “'a - b OPT™);

HOL Constant

IzVal: (b,’a) IX > 'b > 'a

Vis ge IxVal is g = ValueOf (is g)

HOL Constant

IxRan : ('b,'a) IX — "a SET

Vise IzRan is = {v | Jae Value v = is a}

HOL Constant

IxDom : ('b, "a) IX — 'b SET

Vise IztDom is = {i | IsDefined (is i)}

tx_domran_lemma =
Yz yexe IxDom y = IxVal y x € IztRan y

ix_valueof_ran_lemma =
Yz ye =z y = Undefined = ValueOf (z y) € IzRan x

19



HOL Constant

IxDomRes : 'a SET — ('a,’b) IX — ('a,'d) IX

Vns ise IxDomRes ns is = Azxe if x € ns then is x else Undefined

HOL Constant

IxRanRes : ('a,’'b) IX - 'b SET — ('a,'d) IX

Vis nse IxRanRes is ns = Aze if © € ItDom is A ValueOf (is =) € ns then is x else Undefined

SML
declare_alias ("<1", "ItDomRes™);
declare_alias (">", "IzRanRes™);

HOL Constant

IzUd : ('a,'b) IX — 'a SET

Vise IxUd is = {i | is i = Undefined}

HOL Constant

IxOverRide : ('a,'b) IX — (‘a,’b) IX — ('a,’'d) IX

Visl is2e IzxOverRide isl is2 =
Aie if — 4 € IzUd is2 then is2 i else isl i

txud_eq_if f_ixdom_eq_lemma =
FVaye ItUd x = IzUd y <& IxDom x = IztDom y

txoverritde_txdom_lemma =
VY z ye ItDom (IxOverRide x y) = IzxDom x U IzDom y

txoverride_itxud_lemma =
VY x yeo ItUd (IzOverRide z y) = IzUd x \ ItDom y

txoverride_ixran_lemma =
FV x ye ItRan (IxOverRide x y) < IxRan x U IzRan y

HOL Constant

IxComp : (a,'b) IX - ('b - '¢) » (a,’c) IX

Yiz jo IxComp iz j = Aze
if IsDefined (iz z) then Value (j (ValueOf (iz x))) else Undefined
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‘I:BDom_IazComp_thm =
‘ -V is fe IxDom (IxComp is f) = IxDom is

HOL Constant

IxComplx : ('a,'b) IX — ('b,'c) IX — ('a,’c) IX

Viz jre IxComplr iz jr = Axe
if IsDefined (ix x) then jr (ValueOf (iz x)) else Undefined

IxDom_IxComplxz_thm =
-V isl is2e IrDom (IxComplr isl is2) < IzDom isl

HOL Constant

IzInc: ('a,'b) IX — ('a,'d) IX — BOOL

Vi je IxInc i j < Vxe IsDefined (i x) = j x =i x

SML
declare_alias("=", " IzInc™);
declare_infiz (200, "&=");

IxInc_trans_.thm =
FYABCe AT BABCZ C=AC(C

IxrDom_C_thm =

—VADBsescIztDom A A AC B = s e IzxDom B

C_IxVal_thm =
VY ADBseseltDom AN AT B = IzVal B s = IzVal A s

HOL Constant

IxPack : ("a x 'b)LIST — ('a, 'b)IX

IzPack [] = (Aise Undefined)
A Yh te IzPack (Cons h t) = Aise
if Fst h = is then Value (Snd h) else IzPack t is
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IxDom_IxPack_disp_-thm =
+ IzDom (IxPack []) = {}
A (VY x y ze ItDom (IxPack (Cons (z, y) z)) = Insert x (IxDom (IzPack 2)))

IzPack_lemmal =
VY 2z y ze IzPack (Cons (z, y) z) x = Value y

IzPack_lemma2 =
FYwazyze (r=w < F) = IrPack (Cons (z, y) z) w = ItPack z w

IxComp_IxPack_lemma =
VY f h te IxComp (IzPack (Cons h t)) f
= (A ze if z = Fst h then Value (f (Snd h)) else IxComp (IzPack t) f z)

IxComp_IxPack_thm =
VY f le IrtComp (IxPack 1) f = IzPack (Map (X (z, y)e (z, f y)) [)

SML
fun IrPack_conv t =
let val (-, [c, w]) = strip_app t;
val (-, |zy, z]) = strip_app c;
val (z, y) = dest_pair zy;
val thm = list_V_elim [w,z,y,z] IxPack_lemmaZ2;
val eq = mk_eq (z,w);
val prem = string_eq_conv eq

mn =_elim thm prem

end handle _ => fail_conv t;

SML

set_rw_eqn_cxt ([("IzPack (Cons (z,y) z) w™, IxPack_conv)]) "“'rbjmisc";

n/

add_rw_thms (map get_spec [] @ [singleton_subset_lemma, insert_twice_thm]) "“'rbjmisc";

add_rw_thms [NeSet_ne_thm] "' rbjmisc";

add_rw_thms [NeSet_PeSet_thm, MemOf_memof _thm, PeSet_Insert_thm, MemOf_NeSet_unit_thm] "'r
add_rw_thms (map get_spec ["IsDefined™, ™ ValueOf 7| @Q [value_not_undefined_lemma, value_oneone_len
add_rw_thms (map get_spec ["$er] Q [V_clauses, 1-clauses, Vi,_thm, 3;_thm, V1 _append_thm, 31_ap

"rbjmisc";

n/

add_rw_thms (map get_spec || Q [IsL_IsR_lemma]) "'rbjmisc";

add_rw_thms (map get_spec || Q [izud-eq_iff -izdom_eq_lemma, ixoverride_ixdom_lemma, izoverride_izt
add_rw_thms (map get_spec [| @ [IxDom_IzPack_disp_thm, IxPack_lemmal, IxtDom_IzComp_thm]) "'rt

n/

[
[
(
(
add_rw_thms (map get_spec [| @ [RelProd_projections_thm])
(
(
(
(

add_rw_thms (map get_spec [] @ [combc_thm, bincomp_thm]) "' rbjmisc";

add_pc_thms "'rbjmisc" (map get_spec || Q [IzDom_IzPack_disp_thm, IzPack_lemmall);
set_merge_pcs ["hol", "'rbjmisc"];
commit_pc "'rbjmisc";
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force_new_pc "rbymisc";
merge_pcs ["hol", " rbjmisc"] "rbjmisc";

commit_pc "rbjmisc";

force_new_pc "rbjmiscl";

merge_pcs "' rbjmisc", "holl"] "rbjmiscl";

commit_pc "rbjmiscl";
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17 The Theory rbjmisc

17.1 Parents

topology  group_egs equiv_rel analysis  cache'rbjhol

17.2 Constants

CombC (la>"b—>"¢c)>'b>'a—>'c
BinComp (la>'b—>'"c)>(d—>'a) > (e >"b) 5'd >'e—
ManyOne (la > 'b - BOOL) — BOOL
PDzisjy 'a PP — BOOL
FunImage ('la > 'b) — aIP—>’bIP
PeSet "a NESET —'aP
NeSet "a P —>'a NESE'T
MemOf "a NESET — 'a
Undefined "a OPT
Value ('a,'a) IX
ValueO f "a OPT —'a
IsDefined "a OPT — BOOL
$er, 'a - 'a LIST — BOOL
A3 BOOL LIST — BOOL
i BOOL LIST — BOOL
MapC f2 ('la >'b—>'¢c) > '"a LIST - 'b LIST — "¢ LIST
MapCf3 ('a —>'b—'c—"d)
—'a LIST
— b LIST
— ¢ LIST
—'d LIST
Combine2 "a LIST — 'b LIST — ("a x 'b) LIST
List2Set "a LIST —'a P
ListUnion "a P LIST — 'a P

ListFunUnion (a P — 'a P) LIST ->'a P - 'a P

$..1. N >N —- N LIST
SqrtA R—->R
> (la > R + ONE) - R - BOOL
$xp "aPP—->'bPP - (lae’'b)P
I1¢ "D"P—>(b—>"aP) > (b—>"'a)P
X I1 ""P—>"aPP—>(b—>"a)PP
$RelProd 'a P x ("a —» 'a — BOOL)
- 'bP x (b »>'b - BOOL)
—'a o 'b x (la x'b —>'a x'b > BOOL)
RelPower "a P x ("a > ’a > BOOL)

—>'b P
— (b > "a) P x (b > "a) > (b — 'a) - BOOL)

GroupProduct 'a GROUP — 'b GROUP — ('a x 'b) GROUP
AbelianGroup 'a GROUP P

$BaseOf "a PP —'a PP — BOOL
TopologyFrom'a PP — 'a PP

Fun. (la >"t) > (b>"u) >"'a+"'b->"t +'u
FunSum (la ="ty > (b>"t) >'a+"b>"t

24
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IxVal (b, ’a) IX -'b > 'a

IzRan (b, "a) IX - 'a P

IxDom ('b,’a) IX -0 P

IxDomRes "a P — ('a,’d) IX — ('a,'d) IX
IxrRanRes ('a,’b) IX - '0 P — ('a,'d) IX
IzUd (a,'b) IX - 'a P

IxOverRide ('a,’b) IX — ('a,’d) IX — ('a,’d) IX
IxComp (a, ') IX - ('b - '¢) > ('a,’c) IX
IxComplx ("a, 'b) IX - ('b,'c) IX — (a,’c) IX
IxInc (a,'b) IX — ('a,’b) IX - BOOL
IxPack ("a x 'b) LIST — ('a,’db) IX

17.3 Aliases

* GroupProduct : 'a GROUP — 'b GROUP — ('a x 'b) GROUP
< IrtDomRes : "a P — ('a, 'b) IX — (‘a,'d) IX

> ItRanRes : ('a, 'b) IX - 'b P — ('a,'d) IX

C Irinc : ('a, 'b) IX — ('a,’b) IX — BOOL

17.4 Types

'l NESET

'l OPT

17.5 Type Abbreviations
('a,'b) IX ('a, 'b) IX
17.6 Fixity

Right Infix 200:

-
Right Infix 210:

RelProd
Right Infix 230:

Right Infix 300:

Right Infix 340:
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17.7 Definitions

CombC
BinComp
ManyOne
PDisj

FunImage
NESET
NeSet
PeSet

MemOf
OPT
Value
Undefined

ValueOf
IsDefined

€L

VL
L
MapCf-

MapCfs

Combine2

List2Set
ListUnion

ListFunUnion

SqrtA

VY fe CombC f = Az yefyx)
=V f g he BinComp f g h = (Azyef (gz)(hy))
Y re ManyOne r < Vz yzerz y Arzz=y =2)
-V ss
e PDisj ss

S - Ftue{t;uf SssA-t=un—-tnu={})
-V f Ae Funlmage f A = {b|3 ae a € A A f a = b}
3 fe TypeDefn (X yo 3 ze z € y) f

F (V ze 3 ye y € PeSet x)
ANzyex=y< (Vzez€e PeSet x & z € PeSet y))
A (V z yo x € y = PeSet (NeSet y) = y)
A (V yeo NeSet (PeSet y) = y)

-V ze MemOf x = (e yo y € PeSet )

3 fe TypeDefn (A yo T) f

= OneOne Value
A (V zo = Value © = Undefined)
A (Y yo y = Undefined v (3 ze y = Value z))
F V ve ValueOf (Value v) = v
F V ve IsDefined v & — v = Undefined
FYabal
c(oer[] & F)
A (aep Cons bal < a=0>bv ac€gpal)
-V ble YV bl & Fold $A bl T
 V ble 31 bl < Fold $v bl F
=V cf al bl
e MapCfs cf al bl = Map (Uncurry cf) (Combine al bl)
VY cf al bl cl
o MapCfs cf al bl ¢l
= Map
(Uncurry (Uncurry cf))
(Combine (Combine al bl) cl)
- ConstSpec
(A Combine2’
o (V be Combine2’ [] b =])
A (Y ae Combine2’ a [] = [])
A (Y ha ta hb tb
o Combine2’ (Cons ha ta) (Cons hb tb)
= Cons (ha, hd) (Combine2’ ta tb)))
Combine2
- V le List2Set | = {ele €, I}
- V le ListUnion | = | J (List2Set 1)
FVYIas
e ListFunUnion | as = ListUnion (Map (X fe f as) I)
FYzy
ez . 0=1]
AT .Ly+ 1
= (if x <y then (z .. y) Q [y + 1] else [])
FVaxe 0. < SqrtA xz A SqrtA x = 2 = Abs x
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— > HFVYecr

e Ccr»>T
< (3s
e (WanmelIsL(ca)=sn=sm=mn=m)
= Series
(A n
e if IsR (¢ (s n))
then Og
else OutL (¢ (s n)))
—>7)
XD FVYIir
o Xp T
= {ep
|3 leq reqe leg € Il A req € 7 A cp = (leg x req)}
Ilf FVis fellyis f = {g|Viei€is = gief i}
X IT Vs ss
& X7 15 SS
= {g
|3 he (Vieicis = hiess)ng=Iish}
RelProd FVY$< $<, L R
e (L, $<;) RelProd (R, $<,)
= (L x R,
(A (1, r1) (12, r2)
el el
ANl2 el
ArleR
AT2eR
Al <12
ATl £, 1r2))
RelPower FVDrais

e RelPower (D, r) is
= ({fIVie i€ is= fie D},
ANfgeVieieis= r(fi)(gi)))
GroupProduct -V G H
e G x H
= (let car = (Car G x Car H)
and prod (la, Ib) (ra, rb)
= ((la . ra) G, (Ib.rb) H)
and unit = (Unit G, Unit H)
and inv (a, b) = ((a ~) G, (b ™) H)
in MEkGROUP car prod unit inv)
AbelianGroup + V G
o G € AbelianGroup
< G € Group
ANMuw
e ue Car G Ave Car G
= (u.v) G=(v.u) G)
BaseOf F V base topology
e base BaseOf topology
< (Vs
o 5 € topology = (3 sse ss S base A s = | ss))
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TopologyFrom - V sets
o TopologyFrom sets
=
{topology
|topology € Topology A sets S topology}
Fun, VY fgab
e Funy f g ab
= (if IsL ab
then InL (f (OutL ab))
else InR (g (OutR ab)))
FunSum FVYfgab
o FunSum f g ab
= (if IsL ab then f (OutL ab) else g (OutR ab))

IzVal -V is ge IxVal is g = ValueOf (is g)
IxRan - V ise IzRan is = {v|3 ae Value v = is a}
IxDom - V ise IxDom is = {i|IsDefined (is i)}

IxDomRes VY ns is
e ns < is = (A xe if © € ns then is x else Undefined)
IxRanRes -V is ns

® iS5 > ns
=Nz
o if © € ItDom is A ValueOf (is z) € ns
then is x
else Undefined)
IxzUd -V ise IzUd is = {ilis i = Undefined}

IrxOverRide + V isl is2
o [xQverRide isl is2
= (A de if = i € IxUd is2 then is2 i else isl 1)
IxComp VY g
o IxzComp ix j
=Nz
e if IsDefined (ix x)
then Value (j (ValueOf (iz z)))
else Undefined)
IxComplx FVix jx
o IxComplx ix jx
=Nz
e if IsDefined (iz x)
then jz (ValueOf (ix x))
else Undefined)

IxInc FVYijeiEj< (Ve IsDefined (i ) = jz =1 x)
IxPack + IzPack [] = (X ise Undefined)
ARt
e IzPack (Cons h t)
= (X is
o if Fst h = is

then Value (Snd h)
else IxPack t is))

17.8 Theorems

combc_thm FYfxye CombC fxy=fycz
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bincomp_-thm + VY f ghx ye BinComp f ghzy=/f(g9z)(hvy)
V_n_lemma VY pe$VYp< (Vzep )
V_a_out_lemma
FVYVpge3VpAasSVge (Vaepaz A qux)
type_lemmas_thm?2
-V pred
e (3 fe TypeDefn pred f)
= (3 abs rep
o (V ae abs (rep a) = a)
A (VY re pred r < rep (abs ) = 1)
A OneOne rep)
type_defn_lemmal
FYfyg
e (Vaef(gz)=2)=>NVzysgr=gy=1=y)
type_defn_lemma?2
FVpfy
e Vzepax=f(gz)=n1x)
= (Vzysprapy=gao=gy=z=y)
type_defn_lemma3
- (3 fo TypeDefn (A o T) f)
= (3 abs rep
o (V ae abs (rep a) = a) A (Y re rep (abs ) = r))
type_defn_lemma4d
- V pred
e (3 fe TypeDefn pred f)
= (3 abs rep
o (V ae abs (rep a) = a)
A (V re pred r < rep (abs ) = 1)
A OneOne rep
A (Y ae pred (rep a)))
oneone_contrapos_lemma
VY fe OneOne f = (V x ye
C_trans.thm +Y A B (Ce AC B A BC
singleton_subset_lemma
FYVaze{z}S VerelV
FunImage_o_thm
FVYAfyg
o Funlmage (f o g) A = FunImage f (Funlmage g A)
FunImage_mono_thm
Y ABfe AcC B = Funlmage f A € Funlmage f B
tnsert_com_thm
FYzyz
e Insert x (Insert y z) = Insert y (Insert x z)
insert_twice_-thm
VY z ye Insert x (Insert x y) = Insert = y
e.disp.=_thm +—Vpds
e (VeeeceInsertds=pe)
opdar (Veeees=pe)

=-faz=Ffy)
C

|l
n <=

- T
C =

PeSet_Insert_thm
-V x ye PeSet (NeSet (Insert x y)) = Insert x y
MemOf_memof_thm
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FV ze MemOf x € PeSet x
MemOf_NeSet_unit_thm

-V ze MemOf (NeSet {z}) =
cantors_.thm + — (3 feV se Jce fe = s)
opt_cases_thm

-V ze z = Undefined v (3 yo z = Value y)
value_not_undefined_lemma

FV ze = Value x = Undefined A — Undefined = Value z
value_oneone_lemma

FVa ye Value x = Value y & =z =y

Vi-thm FML[le T)
A (Y h liste ¥, (Cons h list) & h A Y, list)
dr_thm = (EIL []<=>F)

A (Y h liste 3, (Cons h list) & h v 3 list)
Vi_clauses FMVL[]le T)
A (Y te ¥V (Cons T t) < YV t)
A (Y te ¥ (Cons F t) & F)
A (Y he ¥y [h] & h)
ir-clauses F@AL[l e F)
A (V te d (Cons F t) < 31 t)
A (Y tedr (Cons T t) & T)
A (Y he 31 [h] & h)
A (V he 31 [h] < h)
Vi _append_thm
FYIlmeVr, (lQm)< VLl AVrm
1z _append_thm
I—VlmOEIL(l@m)(:)EIleEILm
ListUnion F ListUnion [] = {}
A (V h te ListUnion (Cons h t) = h u ListUnion t)
prim_rec_.thm?2
FYzsedfefO=zAnVnef(n+1)=s(fn)n)
R_prod_sign_if f_clauses
F(Vzy
el <zxysl <z arl <yvaze<l.
ANMzy
ez xy<0. 0. <zAry<0. vazz<o.
ANMzy
el.<zxye 0. <zA0.<yve<0 ry<o0)
ATy
ox*y<0.(:)0.<x/\y<0.vx<0./\0.<y)
ANVzyoszxy=0 z=
ANzye 0.=zxy oz
R_times_-mono_-thml
FVYzyze . <z Ay<z=y*xc<2*xc
R_times_-mono_-thm?2
FYazyze 0. Sz Ay<z=ax%xy<T=*2
R_times_-mono_-thm3
FVYaxzyze 0. Lz Ay z=y*xx<2%a
R_times_mono_-thm4
FYwzyz
o). <w Al <yYyArw<zAyY<z=w:y<zgsxz

>

y < 0.)

>
S
A
o

0.
= 0.

S S
NN
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R_times_mono_thmb
FYwzxyz
o ). K WA S YArwLrzAyY<Lz=>wxy <o =2
R_square_mono_thm
FVYrzye 0. <z Az <y=z+xx<y=*y
R_square_mono_thml
FVYzye 0. <z nrnzx<y=sc+xc<y*y
R_square_less_less_thm
FVYzyzel. <z Al <yarzxz<ysxy=z<y
R_square_eq_thml
FVYzye 0. <z A 0. <yAysy=zxx=21=1y
R_square_eq_thm2
FVYzye 0. <2 A 0. SYAY*xy=zc+c=2I=2y
R_square_eq_eq_thm
FVYzye 0. <z nl.<y=(r*xrx=y*xy<x=7y)
R_square_eq_eq_thm?2
FYzye 0. <z n0.<y=(rxxrx=yxy<sx=7y)
R_square_<_<_thm
FVzye 0. <z nl0. fynzxzx<ysy=c<y
R_square_<_iff_<_thm
FYzye 0. <z nl0.<y=(@rzx<yxy<sx<y)
R_square_eq_if f_abs_eq_thm
FVYzyezsxx=1y=x*y< Abs z = Abs y
R_square_pos_thm
FVYaze 0.< 2™ 2
R_sum_pos_thm
FVYzye 0. <z A0.Ly=0<z+y
R_sum_square_pos_thm
FYzye 0.<2" 2+9y~ 2
R_sum_square_zero_thm
FVYzyezr 24y~ 2=0.<x2=0. ~Ay=20.
R_sum_zero_-thm
FYzy
e ). <z A0 <y=(x+y=0. <=0 Ary=20)
R_abs_sum_square_thm
FYzye Abs(z - 2 +y~ 2)=2" 24y~ 2
R_plus_mono_thm
FYuvzezyeu<vrzs<y=>u+zcs<v+y
R_Abs_Norm_clauses
F (V ve 0. < Abs v)
A (VY ve Abs v = 0. < v =10.)
A (V z ve Abs (x x v) = Abs x = Abs v)
A (Y v we Abs (v + w) < Abs v + Abs w)
R_<_abs_.thm |+ V ze z < Abs
R_abs_pos_id_thm
FVYaze 0.<z= Absx ==z
R_abs_mono_thm
FVYzye 0. <z Anzxz<y= Absz < Abs y
R_square_eq_abs_thm
FVzyezr 2=y~ 2 Abs xz = Abs y
R_abs_square_thml
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VY ze Abs (z % ) =z = x
R_square_<_abs_<_thm

FVYzyezsxax<ys*y= Abs z < Abs y
R_abs_<_square_<_thm

FVazye Absz < Absy =z < y*xy
R_square_<_iff_abs_<_thm

FVYzyez sz <ys*y<s Abs z < Abs gy
R_square_less_if f_abs_less_thm

FVYrzyez o <ys*xy< Abs x < Abs y
R_abs_square_thm?2

VYV aze Abs (z = 2) =z~ 2
R_abs_prod_thm

VY z ye Abs (z = y) = Abs © = Abs y
sqrt_thml HVze SgrtA xz = 0. & x = 0.
sqrt_square_thm

FYzye SgrtA(z =2 +y " 2)=0. <=0 Ary=0.
R_sqrt-minus_thm

FV ze SqrtA (~ z) = SqrtA z
R_abs_clauses

FVaz

o SqrtA (Abs z) = SqrtA =

Abs (SqrtA x) = SqrtA x
Abs (Abs ) = Abs x
Abs 0. = 0.
Abs (~ x) = Abs x

>

> > >

R_sqrt_abs_thm
FVxye SqgrtA z = SqrtA y < Abs © = Abs y
R_sqrt-mono_thm
FVYzye 0. <z Ax<y= SqitAdz < Sqrtd y
R_sqrt_square_thml
FV ze SqrtA (z + z) = Abs x
R_sqrt_square_thm?2
VYV ze SqrtA (z = 2) = Abs z
R_sqrt_prod_thm
VYV z ye SqrtA (z = y) = SqrtA z + SqrtA y
sqrt_plus_thm
Yz ye SqrtA (z + y) < SqrtA x + SqrtA y
cp_eq_thml FYzyovwpaq
epezrAqey=>(zxy=WXw) =>2r=0vAy=w
cp_eq_thm?2 FYzyvwp
epe(zxy)=>@@xy=WxXw =>2r=vAy=w
cp_l_part_thm
FYlrzezer=101={m|3pepe(l xr) nm=Fstp}
cp_r_part_thm
FYlrzezel=r={m|dpepe(l xr)nm=Sndp}
cp_.part.thm +VYlilrzc
ez e (l xr)
=l={m|dpepe(l xr)Anm= Fst p}
Ar={m|3pepe(l xr)Anm= Snd p}
xp-ext_.thm VY Ircp
ecpel xXpr
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< (3 leg req
elegel Areger A cp = (leg x req))
RelProd_projections_thm
vV (L, $<p) (R, $<,)
o Fst ((L, $<;) elProd (R, $<,)) = (L x R)
A Snd ((L, $<;) RelProd (R, $<,))
= (A (I1, r1) (12, r2)
ol el
Al2el
ArleR
AT2€R
Al <12
ATl < r2)
Trans_RelProd_thm
v (L¢ ;l) (R> ;T)
e Trans (L, =;) A Trans (R, =)
= Trans ((L, =;) RelProd (R, =,))
Sym_RelProd_thm
=V ( ;l) (R ;r
. Sym (L,

Refl_RelProd_thm
=V (L7 ;l (R7 ;T‘
o Refl (L

RelPower_Trans_thm
VY (D, r) s
e Trans (D, r) = Trans (RelPower (D, r) is)
RelPower_Sym_thm
FV (D, r) ise Sym (D, r) = Sym (RelPower (D, r) is)
RelPower_Refl_thm
FV (D, r) ise Refl (D, r) = Refl (RelPower (D, ) is)
group_product_thm
VY g he ge Group A h e Group = g = h € Group
abelian_group_product_lemma
FVgh
e g € AbelianGroup
A h € AbelianGroup
A Car g = Universe
A Car h = Universe
= Car (g = h) = Universe
abelian_group_product_thm
FVYgh
e g € AbelianGroup A h € AbelianGroup
= g = h € AbelianGroup
group_prod_prod_thm
FYGHzyvw
o ((z,0) . (y, w) (G = H) = ((z.y) G (v.w) H)
group_prod_prod_thml
FYGHGzy
e (o y) (G« H)
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= ((Fst x . Fst y) G, (Snd = . Snd y) H)

R_plus_abelian_thm

F Ry € AbelianGroup
IsL_IsR_lemma

FVae IsRx < — IsL
tx_domran_lemma

FVYaxzyexze IxtDomy = IzxVal y x € I[ztRan y
ix_valueof_ran_lemma

VY 2z ye =z y = Undefined = ValueOf (z y) € IzRan x
txud_eq_t f f _txdom_eq_lemma

FVazye IzUd v = IzUd y < ItDom x = IxDom vy
txoverride_txdom_lemma

F VYV 2z ye ItDom (IxOverRide x y) = IxDom x u IxDom y
txoverride_txran_lemma

F V z ye IzRan (IzOverRide = y) < IzRan x U IxRan y
txoverride_txud_lemma

FV z ye IxUd (IrOverRide x y) = IxUd z \ IrDom y
IxDom_IxComp_thm

VY is fe IxDom (IxComp is f) = IxDom is
IxDom_IxComplxz_thm

-V isl is2e IxDom (IxComplzr isl is2) < IzDom isl
IxInc_trans_thm

FYABCe AT BABEC=>ACC(C
IxDom_=_thmt VY A B se s € ItDom A A AE B = s € IxDom B
C_IxzVal.thm + VY A B seseltDom AANAZ B= IzVal Bs = IzVal A s
IxPack_lemmal

VY z y ze IzPack (Cons (z, y) z) x = Value y
IxPack_lemma?2

FYwzyz

o (r = w e F) = ItPack (Cons (z, y) z) w = ItPack z w

IxComp_IxPack_lemma

Y f bt
o IxComp (IzPack (Cons h t)) f
=(\z
o if z = Fsth

then Value (f (Snd h))
else IrtComp (IxPack t) f z)
IxComp_IxPack_thm
Y fi
o IxComp (IzPack 1) f
A

= IzPack (Map (X (z, y)e (z, [ y)) )
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