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1 Introduction

This document provides a theory which is used in various foundational studies, for example in my
investigations into non well-founded set theories. So its primary purpose has been pragmatic (in the
context of some rather bizzarre objectives).

However, central to my philosophy of metaphysical positivism is an analytic method and the neces-
sary philosophical and technical material necessary to explain and underpin, possibly to justify, the
method and its applications. This has lead me to begin an attempt at explaining this theory as part
of that method, which has not progressed far enough as yet to be of much value. This follows.

This document forms a part of a foundational architecture.

In this introduction I will say a few words about the architecture and how this document fits into it,
sufficient to give some motivation for the choices I have made here,

The architecture addresses descriptive languages and their use in deductive reasoning. Such languages
and methods are seen as enabling, especially when appropriately supported by digital information
processing, advances in the ways in which various important objectives may be realised.

To reason deductively using some language, it is important that the language has a definite ab-
stract semantics, and this is best realised by defining suitable languages using a formal semantics.
Unfortunately, a semantic regress results.

Multiple strategems are advocated for the termination of semantic regress. We are concerned here
with just one of these. This involves termination of formal semantic regress in an informal semantics,
which is itself primarily vested in an abstract ontology.

We therefore present:

e an informal description of an abstract ontology

e an inforaml account of the truth conditions of languages suitable for talking and reasoning
about this ontology

e an approximation to this language as a computer supported formalised axiomatic theory

2 Ontology

The aim is for a universal abstract ontology. That is, one to which any other kind of abstract ontology
may be reduced. This is to provide the subject matter for languages which may be universal in senses
to be discussed.

It is seems natural, for many involved in formal semantics, to regard set theory as a metalanguage of
last resort, in which the formal semantics of any other language might be given. To be sure negative
results on definability are interpreted as forcing us to consider set theories as languages which come
in a heirarchy of strengths, and only the family of languages rather than any particular member of
that family has any hope of being universal. This does not exhaust the objections which can be
raised against the possibility that set theory (or any other language) can be universal.

2.1 Semantic Universality

The practical utility of a foundation for abstract semantics does not rest on its being universal, but
it is nevertheless an interesting possibility.



The kind of universality concerned here is universality for defining abstract semantics. A universal
language in this sense would be one in which the semantics of any other language could be rendered.
To make this notion of unversality precise you would have to make precise the relevant notion of
“language” concerned and that of “semantics”. I know of no single contender for this.

It may be worth mentioning a couple of examples.

It is conventional wisdom that the truth predicate of a language cannot be defined in that language.
This is certainly demonstrable for first order arithmetic, via formalisation of epeminides’ paradox. If
this could be generalised, it would yield a negative result on the possibility of a universal language
for abstract semantics, and it is sometimes construed as doing so.

2.2 Well-Founded Collections

A well-founded set is any definite collection of well-founded sets.

This is intended as an inductive definition, and hence that only those collections whose well-foundedness
follows from this definition are well-founded sets. The term “definite” is important, since without
some such qualification the definition would yield a contradiction, since the collection of well-founded
sets which it defines would then be itself a well-founded set, and would hence not be well-founded.

This tells us that the notion of well-founded set is essentially open ended, that the formation of well-
founded sets never comes to an end, that the well-founded sets do not form a definite collection. The
meaning of definite is intended here to be very weak. We do require a set to be a definite collection
in the sense that every possible member of the set either is or is not a member. This is what we
need for membership to be encapsulated in a boolean relationship. The concept of well-founded
set could be made definite by giving a stronger meaning to definite in the above definition, e.g. by
incorporating a limit on the size or rank of a definite set. But I know of no natural and intuitively
plausible strengthening, limitations of size and rank seem quite arbitrary.

3 Axioms

3.1 Introduction

Galactic set theory is a set theory with “galaxies” (previously known as “universes”) axiomatised in
Higher Order Logic.

3.1.1 Scope

This document is mainly concerned with the axioms of galactic set theory, but includes in addition
some definitions and theorems which might easily have been part of the axiomatisation. In the usual
first order axiomatisations of set theory, for example, the Pair, constructor is introduced axiomat-
ically. In this axiomatisation neither the empty set nor Pair, are primitive, they are introduced
by definition once the axioms have been presented. Same goes for separation and intersection. The
theory gst-ax created by this document, consists of an axiomatic development of a well-founded
set theory in ProofPower HOL, and is created as a child of basic-hol. This version of the theory
is derived from a previous version in which “pseudo-urelements” were available, and in which the
standard set theoretic vocabulary was used (which rendered the theory unusable in combination with
the usual ProofPower HOL theory of sets). Pseudo-urelements were dropped because I don’t need
them, and, however slight the complication they introduce, its not necessary. To enable this theory



to be used with the standard set theory (properties in set theoretic clothing) the volcabulary has
been systematically subscripted with ‘g’ (for galactic).

3.1.2 Why Galactic?

This document introduces Galactic Set Theory, which is similar to what has elsewhere been called
Universal Set Theory (e.g. by Paul M. Cohn in his “Universal Algebra”, but I dare say it came from
somewhere else). The “universes” in Cohn, and the galaxies here are mostly models of ZFC, except
the smallest in which there is no infinite set. The other main difference is that galactic set theory is
formulated in higher order logic.

3.2 Membership

The first thing we do is to introduce a new ProofPower theory and, in that theory, the new TYPE
SET together with the membership relation and a psuedo-urelement injection.

3.2.1 The Type GS

The sets under consideration will be the elements of a new type GS so the first thing we do is
to introduce that new type. GS is a pure well-founded set theory. Since the theory will not be
conservative, we make no attempt to relate the membership of "GS” to any of the types already
available.

SML

open_theory "rbjmisc";
force_new_theory "gst—ax";
new_parent "U_orders";
new_parent "wf_relp";

new_parent "wf_recp";

force_new_pc “'gst—ax";
merge_pcs [" savedthm_cs_3_proof"] " gst—ax";
set_merge_pcs ["basic_hol", " gst—azx"];

new_type ("GS", 0);

3.3 Membership

The most important constant is membership, which is a relation over the sets. We can’t define this
constant (in this context) so it is introduced as a new constant (about which nothing is asserted
except its name and type) and its properties are introduced axiomatically.

SML
‘new_const ("eg", "GS—GS—BOOL");
‘declare_mﬁx (250,"€,");

I will possibly be making use of two different treatments of well-foundedness (from the theories U-
orders, and wf_relp) and it may be helpful to establish the connection between them.

The following theorem does the trick:



‘UWellFounded_'well_founded_thm =
‘ FV $<<e UWellFounded $<< < well_founded $<<

The axioms of extensionality and well-foundedness may be thought of as telling us what kind of thing
a set is (later axioms tell us how many of these sets are to be found in our domain of discourse).

3.3.1 Extensionality

The most fundamental property of membership (or is it of sets?) is extensionality, which tells us
what kind of thing a set is. The axiom tells us that if two sets have the same elements then they are
in fact the same set.

SML
‘val gs_ext_axiom = new_aziom (["gs-ext_axiom"],
‘ Vs t:GSe s =t o Veeegy s & eeyt);

It follows from the definitions of IsPue and IsSet and we_inj_axiom that nothing is both a set and
a urelement, and that urelements are equal iff the values from which they were obtained under Pue
are equal.

It is convenient to have a function which gives the extension of a GS set as a SET of GSs.

HOL Constant

Xg: GS - GS SET

Vse Xy s ={t|tey s}

3.3.2 Well-Foundedness

Wellfoundedness is asserted using the definition in the theory “U_orders”, which is conventional in
asserting that each non-empty set has a minimal element.

SML

‘Ual gs-wf_axiom = new_axiom (|"gs-wf_aziom"|, " UWellFounded $e,");

‘gs_wf_thml = F well_founded $e,

‘gs_wf_min_thm = FVze(Jyeyesz)=(Fzez€,0 A (Fvevegznanuve )
‘gs_wftc_thm = + well_founded (tc $e,)

SML

‘ declare_infix (230, "e,*");

HOL Constant

$e,t : GS — GS — BOOL

$e,7 = tc $ey



‘gs_wftc_thm2 = - well_founded $e,*

‘tce-incr-thm = FYzyexze,y=>z€," y
‘tce_cases_thm = FYzyeze,tys(ze,yv zezest 2 aze,y))
‘tce_trans_thm = FVstuese Tt Atetu=setu

The resulting induction principle (sometimes called Neotherian induction) is useful.

‘gs_wf_ind_thm = FVpe(Vze(Vysyesz=puy)=pz)= (Vzepu)
‘gs-cv-ind_thm = VY pe (Vae (VyetcSesyz=py) =pz)= (Vzepaz)
‘gs-cv-ind_thm2 = FVpe(Vaze (Vyeye, "z =>py) =pz)=(Vazepu)

But we can get induction tactics directly from the well-foundedness theorems:
SML

val GS_.INDUCTION_.T = WF_INDUCTION_T gs_wf_thml1;

val gs_tnduction_tac = wf_induction_tac gs_wf_thml;

val GS_INDUCTION _T2 = WF_INDUCTION_T gs_wftc_thm2;

val gs_induction_tac2 = wf_induction_tac gs_wftc_thm?2;

wfll = V5GSe mxeyx
wfl2= FVYzyGSe—-(re,ynvyeyua)
wfl3 = FVzyzGSe - (xe,yny€gznzeyua)

3.4 The Ontology Axiom

The remaining axioms are intended to ensure that the subset is a large and well-rounded subset of
the cumulative heirarchy. This is to be accomplished by defining a Galaxy as a set satisfying certain
closure properties and then asserting that every set is a member of some Galaxy. It is convenient to
introduce new constants and axioms for each of the Galactic closure properties before asserting the
existence of the Galaxies.

Here we define the subset relation and assert the existence of powersets and unions.

3.4.1 Subsets

A subset s of t is a set all of whose members are also members of t.
SML

‘declare_mﬁz (230,"<4");

‘declare_mﬁx (230,"c4");

HOL Constant

$c, : GS > GS — BOOL

Vs te s S, t < Vee ey s =>e€4t
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HOL Constant

$cy : GS — GS — BOOL

VstescyteosCyt Aty s

Cg-thm = FVstesCygte (Veseec;s=eegyt)
Cg-eq_-thm = HFVYABeA=B<s Ac, BArBc, A
Cg-refl_thm = VY Ae A, A

€gSg-thm = HFVeABeee, ANACS, B=cec;, B
Cg-trans_thm = HFYABCeAc, BAB<c, C=>Ac, C
not_psub_thm = FVYaze ~xcyx

HOL Constant

Cg-closed : GS — BOOL

Vse C4_closed s < Ve fee€yg s A fCSye=fegs

3.4.2 The Ontology Axiom

We now specify with a single axiom the closure requirements which ensure that our universe is
adequately populated. The ontology axiom states that every set is a member of some galaxy which
is transitive and closed under formation of powersets and unions and under replacement.

The formulation of replacement only makes membership of a galaxy dependent on the range being
contained in the galaxy, it asserts unconditionally the sethood of the image of a set under a functional

relation.
SML
val Ontology_axiom =
new_aziom ([" Ontology_azxiom"],
T Vse

dge s €4 ¢

Viete, g=1t<, g
A (pe (Vvevegp e vCyt)ApeEy Q)
A (Jue (Vve v e, u & Jwe v e, w A wWEGL) AuE,g)
A (Vrele ManyOne rel =
(Ire (Vve v ey, r < Jweweygt Anrel wov) A

(rSgg=r¢€59))"

3.5 PowerSets and Union

Here we define the powerset and union operators.

11



3.5.1 PowerSets

HOL Constant

Py: GS — GS

Vs t1:GSe t €, Py s &t Sy s

sePs_thm = HVseseg, Pys
stcePs_.thm = |V se s €,7 Py s
3.5.2 TUnion

HOL Constant

‘egUg_thm = Vs t:GSe t€g s =1t <, (g s
3.6 Relational Replacement

The constant Rellm is defined for relational replacement.

3.6.1 Rellm

HOL Constant

RelIm: (GS - GS — BOOL) - GS — GS

Vrel s te ManyOne rel = (t €, Rellm rel s < Jee e €4 5 A rel e t)
3.7 Separation

Separation is introduced by conservative extension.

The specification of Sep which follows is introduced after proving that it is satisfied by a term
involving the use of Rellm.

This higher order formulation of separation is accomplished by defining a new constant which takes
a property of sets p and a set s and returns the subset of s consisting of those elements which satisfy
.

HOL Constant

Sep : GS - (GS — BOOL) — GS

Vspeeeey, (Sepsp) ©eegsApe

Sep_sub_thm = =V s peSepspCys

Sep_sub_thm?2 = HFVspeeeec, Sepsp=ce€ys
Sep_e.P_thm =1V s pe Sep s p ey, Py s

Sep_C_thm = HFYstet<ys= Seps (CombC $e,4t) =t

12



3.8 Galaxies

A Galaxy is a transitive set closed under powerset formation, union and replacement. The Ontology
axioms ensures that every set is a member of some galaxy. Here we define a galaxy constructor and
establish some of its properties.

3.8.1 Definition of Galaxy

First we define the property of being a galaxy.

HOL Constant

galaxy: GS — BOOL

Vse
galazy s < (Jze z €4 s)
A Vie t €48
=1Sy s
APy teys
Alg tegs
A (Vrele ManyOne rel
= Rellm rel t =4 s
= Rellm rel t €4 s)

galaxies_3_thm =
- Vse dge s €, g A galazy g

3.8.2 Definition of Gx

Gz is a function which maps each set onto the smallest galaxy of which it is a member.

HOL Constant

Gx: GS - GS

Vs te t €5 Gx s < Vge galazy g A s €5 9 =1 €4 g

Each set is in its smallest enclosing galaxy, which is of course a galaxy and is contained in any other
galaxy of which that set is a member:

‘t_in_Ga:_t_thm = FVitete, Got

‘tce_Ga:_thm = FVitete,” Grt

‘galamy-G:c = - Vse galazy (Gz s)

‘Gw-gg_galawy = - Vs ge galazy g A s €5 9 = (Gz s) S4 ¢

13



3.8.3 Galaxy Closure

The galaxy axiom asserts that a Galaxy is transitive and closed under construction of powersets,
distributed union and replacement. Galaxies are also closed under most other ways of constructing
sets, and we need to demonstrate these facts systematically as the theory is developed.

HOL Constant

transitive : GS — BOOL

Vse transitive s < Vee e €g s = €Sy s

‘GalamiesTransitive_thm =  Vse galaxy s = transitive s

GCloseP_thm = -V ge galazy g = (V se s e, g = Py s €4 9)

GClose| J-thm = =V ge galazy g = (V se s e, g = |Jg s €4 9)
GCloseSep_thm = |-V ge galazy g = (Vse s €5 g = Vpe Sep s p €4 g)
GClose_C_thm = VY ge galazy g = (Vse se; g = (Ve t S5 5 =t ey g))

GClose_fc_clauses =

Vg

e galaxy ¢
= (Vs
®es5€, g

=P;s€59

rlUgsey

A (¥ pe Sep s p ey g)
AVtetc,s=1teg Q)

teeg_lemma = VYV seeoeec,™ s= (Ve transitive t A s S, t = € €4 )

GClose_tceg.thm = |V s ge galazy g = s €,7 g = s €, g

Gx_mono_thm = VstesCyt= Grs<y Gt
Gx_mono_.thm2 = |-Vstese,t= Gr s, Gut
Gx_trans_thm = -V se transitive (Gz s)

Gx_trans_.thm2 = | Vstesec,t=s5¢€, Gt
Gx_trans_.thm3 = FVstuesestAnte, Gru= se; Gru

t_sub_Gx_t.thm = —Vietc, Grt

Gzx_mono.thm3 = | VstesC,t=5<, Grt

Gx_mono_thm4 = | VstesC,t=s¢c, Gzt
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3.8.4 The Empty Set

We can now prove that there is an empty set.

So we define "(J, ' as the empty set:

HOL Constant

Dg = GS

GJgc = -V ge galaxy g = Ty €4 g
TgSg-thm = -V se J, ;s
UgDg-thm =+ Uy Gy = Iy

Jg-spec = -V se =s€, Iy
mem_not_empty_ thm = -V mneme; n= —-n=J,
Bg-€g-galaxy_thm = -V ze galazy * = Jy €4 T
Dg-€g-Gx_thm = =V aze g, Gz x

3.9 Functional Replacement

The more convenient form of replacement which takes a function rather than a relation (and hence
needs no "ManyOne” caveat) is introduced here.

3.9.1 Introduction

Though a functional formulation of replacement is most convenient for most applications, it has a
number of small disadvantages which have persuaded me to stay closer to the traditional formulation
of replacement in terms of relations. The more convenient functional version will then be introduced
by definition (so if you don’t know what I'm talking about, look forward to compare the two versions).

For the record the disadvantages of the functional one (if used as an axiom) are:

1. It can’t be used to prove the existence of the empty set.

2. When used to define separation it requires the axiom of choice.

3.9.2 Imagep

Now we prove a more convenient version of replacement which takes a HOL function rather than a
relation as its argument. It states that the image of any set under a function is also a set.

"Imagep f s is the image of s through f.
HOL Constant

Imagep : (GS — GS) - GS — GS

Vf s ze x €5 Imagep f s & Jee ey s nx=fe
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3.9.3 Galaxy Closure

We now show that galaxies are closed under Imagep.

‘GImagepC = |- Vge galaxy g = Vse s €4 g
‘ = Vfe Imagep f s 4 g = Imagep [ s €5 g

3.10 Pair and Unit sets

Pair, is defined using replacement, and Sing (because “Unit” is used elsewhere) using Pair,.

Pairs can be defined as the image of some two element set under a function defined by a conditional.
A suitable two element set can be constructed from the empty set using the powerset construction a
couple of times. However, having proven that this can be done (details omitted), we can introduce
the pair constructor by conservative extension as follows. (the ProofPower tool shows that it has
accepted my proof by putting this extension into the ”definitions” section of the theory listing).

HOL Constant

Pairg : GS — GS — GS

Vst eGSeeey Pairg st & e=5ve=t

Pairg_c_thm = =VYazyexe, Pairg v y Ay €y Pairg vy
Pairg_tce_thm = -V s tese,t Pairg st At ey Pairg st
Pairy_eq_-thm = =V stuwve Pairy st = Pairg u v

Ss=uAt=vVvs=vAt=u

GClosePairy = I Vge galaxy g = Vs te s€, g At €y g

= Pairy st €g4 g

3.10.1 Unit Sets

Since “Unit” is used in the theory of groups I use “Sing” for singleton sets.

HOL Constant

Sing : GS — GS

|
|
‘ Vse Sing s = Pairy s s

The following theorem tells you what the members of a unit sets are.

‘Sing_thm = Vs eeeeg, Sings < e=s
‘Sing_thm2 = | Vze z €4 Sing x
‘Sz’ng_tce_thm = - Vze x €, Sing z

The following theorem tells you when two unit sets are equal.

‘Sing_eq_thm =1 Vs te Sing s = Singt < s =1
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3.10.2 Galaxy Closure
GCloseSing = I~ Vge galaxy g = Vse s €, g = Sing s €5 g
3.10.3 Sing-Pair equations

The following theorems tell you when Pairs are really Sings.

‘Sing_Pairg_eq_thm = Vs tue Sing s = Pairg t u<s s=1tAs=u

‘Pairg_Sing_eq_thm = Vst ue Pairg st = Sing u < s =unt=u

3.11 Union and Intersection
Binary union and distributed and binary intersection are defined.

3.11.1 Binary Union

HOL Constant

$ug:GS’—>GS’—>G5’

Vsteeeey(sugt) eeegsveegt

Cgug-thm = VYV ABeAc, Au,BArBc,Au, B

UgSg-thml = RVABCeAc, CAB<c,C=Avu,Bc, C
UgCSg-thm2 = -VABCDeAc, CAB<y,D=>Au,B<, CuyD
Ugg-clauses = VY Ae A vy, By =ANTgug A=A

3.11.2 Galaxy Closure
‘GCloseug = |- Vge galaxy g = Vs tesc, gnte, g=5uU,t€59g
3.11.3 Distributed Intersection

Distributed intersection doesn’t really make sense for the empty set, but under this definition it maps
the empty set onto itself.

HOL Constant

Ny : GS — GS

Vse [1g s = Sep (Ug 8) (A\ze Vie t €5 s = z €4 t)

NgSg-thm = |V seezegs

= (e€g()g s Vys yey s = ce€yy)
Cyg-thm = + VA Be Ae, B

= VCe (VDo De, B= C <, D)

= Cc,()y B

NgDg-thm =+ (N Ty = Ty
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3.11.4 Binary Intersection

Binary intersection could be defined in terms of distributed intersection, but its easier not to.

SML

‘ declare_infix (240, "ng");

HOL Constant

$ng : GS — GS — GS

\
|
‘VstosmgtzSeps()\xoxegt)

3.11.5 Galaxy Closure

GClose()g = | Vgeo galazy g = Vse s €5 9= (g S€5 ¢

GCloseng = | Vge galazy g = Vs te s€, g At€gg=5ngt€yyg
Ng-thm = Vsteee€,sngt e e€gs ne€gt

Ng-thm = Vstee e€psngt<se€gsne€gt

Cgng-thm = VA BeAn,Bc, ANAn, B<y B

NgSg-thml = -VABCe A, CAB<c,C=An,B<, C
NgSg-thm2 = YA B C De Ac, C AB<;, D= (Anyg B)<, (C ny D)
NgSg-thm3 = FVYABCe C Sy ANCCSyB=CcyAny B

3.11.6 Consequences of Well-Foundedness
not_x_in_x_thm = | — (3 ze z €, )
3.12 Galaxy Closure Clauses

GClose_fc_clauses2 =

Vg

e galaxy ¢
= (Vstese, gAnteg, g= Pairgsteyyg)
A (Y sese, g= Sing segg)
A(Vstesesgntegg=sugteyyg)
AV sesesg=1()g5€E 9)
A(Vstesesgntesg=5ngteyyg)

tce_clauses = |V se s €47 Sing s
A s€;T Pys
A Vte t €47 Pairg s t

i .
A s €, Pairy st

3.13 Proof Context

To simplify subsequent proofs a new ”proof context” is created enabling automatic use of the results
now available.
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3.13.1 Principles

The only principle I know of which assists with elementary proofs in set theory is the principle
that set theoretic conjectures can be reduced to the predicate calculus by using extensional rules for
relations and for operators.

Too hasty a reduction can be overkill and may convert a simple conjecture into an unintelligible
morass. We have sometimes in the past used made available two proof contexts, an aggressive
extensional one, and a milder non-extensional one. However, the extensional rules for the operators
are fairly harmless, expansion is triggered by the extensional rules for the relations (equality and
subset), so a proof context containing the former together with a suitable theorem for the latter gives
good control.

3.13.2 Theorems Used Recklessly

This is pretty much guesswork, only time will tell whether this is the best collection.

SML

val gst_ax_thms = [
Jq-spec,
get_spec "y,
get_spec " Jg 7,
Imagep_spec,
Pairy_eq_thm,
get_spec " Pairg ",
Sing_eq_thm,
Sing_thm,
Pair,_Sing_eq_thm,
Sing-Pair ,_eq_thm,
Sep_thm,
Ug-thm,
Ng-thm

I;

val gst_opext_clauses =
(all_¥_intro
o list_A_intro
o (map all_VY_elim))
gst_ax_thms;

save_thm ("gst_opext_clauses", gst_opext_clauses);

3.13.3 Theorems Used Cautiously

The following theorems are too aggressive for general use in the proof context but are needed when
attempting automatic proof. When an extensional proof is appropriate it can be initiated by a
cautious (i.e. a "once”) rewrite using the following clauses, after which the extensional rules in the
proof context will be triggered.
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SML

val gst_relext_clauses =
(all_V_intro
o list_ A_intro
o (map all_VY_elim))
[gs-ext_aziom,
get_spec”$<,7;

save_thm ("gst_relext_clauses", gst_relext-clauses);

There are a number of important theorems, such as well-foundedness and galaxy closure which have
not been mentioned in this context. The character of these theorems makes them unsuitable for the
proof context, their application requires thought.

3.13.4 Automatic Proof

The basic proof automation is augmented by adding a preliminary rewrite with the relational exten-
sionality clauses.

SML

‘fun gst_ax_prove_conv thl =

‘ TRY _C (pure_rewrite_conv [gst_relext_clauses])

‘ THEN _C (basic_prove_conv thl);

3.13.5 Proof Context ’gst-ax

SML

val nost_thms = [galaxy-Gz, t_in_Gr_t_thm];

n/

add_rw_thms (gst_az_thms Q nost_thms) "' gst—az";

n/

add_sc_thms (gst-az_thms Q nost_thms)

n/

gst—ax";

add_st_thms gst_ax_thms "'gst—az";

n/

set_pr_conv gst_ax_prove_conv "'gst—az";

set_pr_tac

(conv_tac o gst_ax_prove_conv)

" gst—azx";

n/

commit_pc "' gst—ax";

Using the proof context ”’gst-ax” elementary results in gst are now provable automatically on de-
mand. For this reason it is not necessary to prove in advance of needing them results such as the
associativity of intersection, since they can be proven when required by an expression of the form
”prove rule[] term” which proves term and returns it as a theorem. If the required proof context for
doing this is not in place the form “ merge_pcs_rule ["basic_hol", 'gst — ax"] (prove_rule []) term”
may be used. Since this is a little cumbersome we define the function gst_az_rule and illustrate its
use as follows:
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SML

val gst_ax_rule =
(merge_pcs_rulel
["basic_hol", " gst—az"]
prove_rule) [[;

val gst_ax_conv =
MERGE_PCS_C1
["basic_hol", "' gst—az"]
prove_conuv;

val gst_ax_tac =

conv_tac o gst_ax_conv;

3.13.6 Examples

The following are examples of the elementary results which are now proven automatically:
SML

gst_ax_rule T

a ng (b Ny c)

= (a ng b) ng ¢
gst_ax_rule "a ng b S4 b7
gst_ax_rule "y Ug b = b
gst_ax_rule "

aSygbAccyd

=angcSybnygdh
gst_ax_rule "Sep b p S4 b
gst_ax_rule "a S, b =

Imagep f a =4 Imagep f b

4 Products and Sums

A new "gst-fun” theory is created as a child of ”gst-ax”. The theory will contain the definitions of
ordered pairs, cartesian product, relations and functions, dependent products (functions), dependent
sums (disjoint unions) and related material for general use.

SML

open_theory "gst—azx";

force_new_theory "gst—fun";

force_new_pc "’

gst—fun";
savedthm_cs_3_proof"] " gst—fun";

set_merge_pcs ["basic_hol", "' gst—azx", "' gst—fun"];

merge_pcs [

4.1 Ordered Pairs
SML

‘ declare_infix (240,"—4");
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I first attempted to define ordered pairs in a more abstract way than by explicit use of the Wiener-
Kuratovski representation, but this gace me problems so I eventually switched to the explicit defini-
tion.

This influences the development of the theory, since the first thing I do is to replicate the previously

used defining properties.

HOL Constant

$>g : GS - GS - GS

Vs te (s —4 t) = Pairy (Sing s) (Pairg s t)

—>g_eq_thm = FYstuve(sogt=umgyv)=(s=unt=u0v)
Pairyg_e g thm = I Vs te Pairy s t €5 s 4 t
Pairg ey Gr_—>g thm = |V s te Pairy st €, Gr (s 4 t)

—>g_spec_thm = F(Vstuve (srogt=urguv)=(s=uAnt=uv))

A (Vs te Pairg s t €5 s +>4 t)
A (V s te Pairy s t €, Gz (s 4 t))
>g-€g-Gx_Pairyg_thm = |V s te s —,te; Gx (Pairy s t)

g Tg-thm = -V oz ye =z —, y =,
—Pg—g-thm = -V z ye = Jg =124y
GCloserg thm = |-V ge galazy g = (Vs te se; g Anteys g=5s—41t€, Q)

tece_—_left_thm = Vstese, ™ syt
tece_—>_right_thm = -V stete,m syt

4.1.1 Projections

The following functions may be used for extracting the components of ordered pairs.

HOL Constant

fst snd: GS — GS

\
|
‘VStOfStSI—) t) =s A snd(s g t) =1t

‘H_tc_thm = FVYzyetcSeyz (z gy AtcSeyy (x4 y)

4.1.2 MkPair and MkTriple

It proves convenient to have constructors which take HOL pairs and triples as parameters.

HOL Constant

MEPairg : GS x GS — GS

|
|
‘ Vire MkPair, Ir = (Fst Ir) —4 (Snd Ir)
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HOL Constant

METripleg : GS x GS x GS — GS

Vte MkTripley t = (Fst t) —4 (MkPairy (Snd t))

4.2 Relations

HOL Constant

rel : GS —- BOOL

Vre rel 1 & Vye y €, v = ds te y = s+, t

‘rel_@g_thm =  rel

The domain is the set of elements which are related to something under the relationship.

HOL Constant

dom : GS — GS

Vze dom z = Sep (Gz z) (Awe Jve w 4 v €4 1)

dom_Jg_thm = = dom Jy = Ty
dom_thm = FVYryeye,domr < (3zeym—gze,r)
dom_Gz_thm = =V redomre, Grr

GClose_.dom_thm = |- VY ge galaxy g = (VY re r €5 g = dom r €4 g)

HOL Constant

ran : GS - GS

Vze ran v = Sep (Gz z) (Awe Jve v >, w €, 1)

ran_-Jq-thm = = oran By = Jg
ran_thm = HVryey€sranr < dze x>y y€yr
GClose_ran_.thm = |V ge galaxy g = (VY re r €5, g = ran r €4 g)

tce_ran_thm = FYzyexze, T rany = e,y

HOL Constant

field: GS —» GS

Vs ee e €4 (field s) < e €4 (dom s) v e €4 (ran s)

|
\
\
|
‘f’ield_gg_thm = - field &, = &,
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4.3 Domain and Range Restrictions

SML

‘declare_inﬁx 3 "<g")s

( )
(3 ann);
( )
( )

00,

00,

300, "<,"
‘declare_mﬁx 300, "&4");

7

‘ declare_infiz

‘ declare_infiz ;

HOL Constant

$<4: GS - GS — GS

Vs re s <y r = Sep r (Ape fst p €4 s)

HOL Constant

$>g: GS — GS — GS

Vs re r >y 5 = Sep r (Ape snd p €4 s)

HOL Constant

$<lg: GS —- GS - GS

Vs re s <y r = Sep r (Ape — fst p €4 s)

HOL Constant

$>g: GS —- GS - GS

Vs re r by s = Sep r (Ape — snd p ey s)

SML

declare_alias ("<1", "$<1,7);
declare_alias ("t>", "$>47);
declare_alias ("<", "$<,7);
declare_alias ("&", "$&,7);

4.4 Dependent Types

Any relation may be regarded as a dependent sum type. When so regarded, each ordered pair in the
relation consist with a type-index and a value whose type is that associated with the type.

The indexed set of types, relative to which every pair in the relation is well-typed may be retrieved
from the relation as follows.
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HOL Constant

Rel2DepTypey : GS — GS

Vre Rel2DepType, r = Sep
(Gz )
()\60 17 t:GSe
e =141

At Eg dom 1

A (Vjejegt e imgjegr))

Any similar indexed collection of sets, determines a set of ordered pairs and a set of functions
according to the following definitions.

The dependent sums are as follows:

HOL Constant

DepSumyg : GS — GS

Vte DepSumg t = Sep
(Gz t)
(Aee i t2 v:GSe
e =140
AV EG L2
Aoy t2 €4 t)

4.5 Dependent Sums and Cartesian Products

SML

‘ declare_binder "X ,";

HOL Constant

$3g : (GS — GS) - GS — GS

Vf se $Xg fs=1Jg (
Imagep (Aee Imagep (Aze e +—4 z) (f €))

S

SML

‘ declare_infix(240," x 4");
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HOL Constant

$><g:GS—>GS—>GS

Vs te s xgt =14 (
Imagep
(Asee (Imagep (Atee se g4 te) t))

s)

frogs-thm =
FVstpepe,s x,t=fstprgsndp=rp

VEgXg_thm =

FVpstepe,sx,t=fstpey,s Ansndpegt

> g€g Xg-thm =

FYirstel—gres,sxgte (legs Aregt)

4.5.1 Relation Space

This is the set of all relations over some domain and codomain, i.e. the power set of the cartesian
product.

SML

‘ declare_infix(240," < 4" );

HOL Constant

$,: GS > GS - GS

Vs te s <4t = Py(s x4 t)

©gCyXgthm = Vs trere, s ot o r (s xgt)
Bg€gerg-thm = = Vs te (F, €5 5 <4 1

4.5.2 Another Pair-Projection Inverse Theorem

Couched in terms of membership of relation spaces.
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SML
set_goal ([], "Vp r s te
pPEGT A
TEg S oyl =
fst(p) —q snd(p) = p™);
a (prove_tac|
get_spec "$e 47,
Sg-thm]);
a (REPEAT
(asm_fe_tac[fr>gs-thm]));
val frogs_thml =
save_pop_thm "frgs_thml";

4.5.3 Member of Relation Theorem

SML

set_goal ([],"Vp r s te
pEGT A
rEg s oyt =
fst(p) €g s A
snd(p) €g 1);

a (prove_tac|
get_spec "$e 47,
Sg-thm]);

a (asm_fe_tac[]);

a (fe_taclvegy x g_thm]);

a (asm_fe_tacl]);

a (fe_tac[vegx 4_thm]);

val €g¢>g_thm =

save_pop_thm "€y>,_thm";

4.5.4 Relational Composition
SML

‘ declare_infix (250,"04");

HOL Constant

$0, : GS —- GS — GS

Vi ge fog9=
Imagep

(Ape (fst(fst p) r>4 snd(snd p)))
(Sep (g Xg f) Ape g 7 se p = (q Py r) Py (r Py s))
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0g-thm =
FVYfgzexzecyfo,9%
dgrseqgygre, gnari—sgsef
AT =qr>gs
0g-thm2 =
FYfgrzyez—ogy€sfogyg
S (Fzexg2€0 M 204y €gf)

04-associative_thm =
HVf g he (f ogg) og h=Ff o049 04h

og-rel_thm =

VY orserelr nrels= rel (rogs)

4.5.5 Relation Subset of Cartesian Product

‘ rel_sub_cp_thm =

‘ FYzerelz & (Istex Sys x4t)
4.6 Functions

Definition of partial and total functions and the corresponding function spaces.

4.6.1 fun

HOL Constant

fun : GS — BOOL

Vze fun x < rel x A
Vst ue s>, u€yw
NSyt €y

=>u=1

4.6.2 lemmas

fun_&,_thm =

= fun &,
0g-fun_thm =

=Y fge fun f A fun g = fun (f o4 g)
ran_og4_thm =

VY f geran (f o4 g) S4 ran f
dom_og_thm =

VY f ge dom (f og g) S4 dom g
dom_o4_thm2 =

=V fgeran g 4 dom f = dom (f o4 g) = dom g
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4.6.3 Partial Function Space

This is the set of all partial functions (i.e. many one mapings) over some domain and codomain.

SML

‘ declare_infix (240, "-»4");

HOL Constant

$—|—>9:GS—>GS—>GS

Vs te s >4 t = Sep (s 4 t) fun

4.6.4 Partial Function Space Non-Empty

First the theorem that the empty set is a partial function over any domain and codomain.

SML
set_goal([],
"Vs te (g €q 5 g t);
a (prove_tac|
get_spec "4,
fun_@y-thm]);
val Fy€4-+4-thm =
save_pop_thm " (& ,€4-+>4_thm";

And then that every partial function space is non-empty.

SML
set_goal([],

"Vs te 3 fo feg s by tT);
a (REPEAT strip_tac

THEN 3_tac ",

THEN

rewrite_tac [ 4€,-+4-thm]);
val 3-»4_thm =

save_pop_thm "I->,_thm";

4.6.5 Function Space

This is the set of all total functions over some domain and codomain.
SML

‘ declare_infix (240, "—4");

HOL Constant

$—>9:GS—>GS—>GS
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4.6.6 Function Space Non-Empty

First, for the special case of function spaces with empty domain we prove the theorem that the empty
set is a member:
SML
set_goal([],"Vs te By €9 Tg =4 t7);
a (prove_tac[get_spec "$—47,
fun_&,_thm,
Bg€q=g-thml]);
val By€9Bg—>g-thm =
save_pop_thm "€, g—g-thm";

Then that whenever the codomain is non-empty the function space is non-empty.
‘EI—>g_thm =

‘ FVste(Jaeaze,t)= (I fefeszs—4t)

HOL Constant

—g-closed : GS — BOOL

‘Vso —g-closed s < Vd ce de€g s ANc€gs=d—>yceys

4.7 Functional Abstraction

Functional abstraction is defined as a new variable binding construct yeilding a functional set.

4.7.1 Abstraction

Because of the closeness to lambda abstraction A, is used as the name of a new binder for set theoretic
functional abstraction.

SML

declare_binder "\,";

To define a functional set we need a HOL function over sets together with a set which is to be the
domain of the function. Specification of the range is not needed. The binding therefore yields a
function which maps sets to sets (maps the domain to the function).

The following definition is a placeholder, a more abstract definition might eventually be substituted.
The function is defined as that subset of the cartesian product of the set s and its image under the
function f which coincides with the graph of f over s.

HOL Constant

(GS - GS) - GS - GS

Vf se SA; f s = Sep (s x4 (Imagep f s)) (Ape snd p = f (fst p))
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4.8 Application and Extensionality

In this section we define function application and show that functions are extensional.

4.8.1 Application

Application by juxtaposition cannot be overloaded and is used for application of HOL functions.
Application of functional sets is therefore defined as an infix operator whose name is the empty
name subscripted by ”g”.

SML

declare_infix (250,"4");

The particular form shown here is innovative in the value specified for applications of functions
to values outside their domain. The merit of the particular value chosen is that it makes true an
extensionality theorem which quantifies over all sets as arguments to the function, which might not
otherwise be the case. Whether this form is useful I don’t know. Generally a result with fewer
conditionals is harder to prove but easier to use, but in this case I'm not so sure of the benefit.

It may be noted that it may also be used to apply a non-functional relation, if what you want it
some arbitrary value (selected by the choice function) to which some object relates.

HOL Constant

$g:GS—>GS—>GS

Vf ze f g o =
if dye x—>g y ey f
then eye x4 y €4 f
else f

app_thml =
- Vf ze (F1ye z >4 y €4 f)
=z (fgz)ef

app_thm2 =
HVYf zye fun f A (z =4y €y f)
:>fgx:y

app_thm3 =
= Vf ze fun f A x €4 dom f
=axgf g6 f

0g-g-thm =
= Vf g xze fun f A fun g A €5 dom g A Tan g S4 dom f
:(fogg)gx:fgggac
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4.8.2 The ”"Type” of an Application (1)

The following theorem states that the result of applying a partial function to a value in its domain
is a value in its codomain.
SML
set_goal([],
"Vfstuefess gyt A
u €4 dom f =
fg uggt);
a (prove_tac|
get_spec "4,
get_spec "dom™|);
a (all_fc_tac [app-thm2] THEN asm_rewrite_tac[]);
a (all_fe_tac [fr>gs-thml1]);
a (all_fc_tac [€ge>4-thm]);
a (POP_ASM_T ante_tac THEN asm_rewrite_tac []);
val 4€4_thm = save_pop_thm ", €4,_thm";

4.8.3 The ”"Type” of an Application (2)

The following theorem states that the result of applying a total function to a value in its domain is
a value in its codomain.

4.8.4 Partial functions are total

Every partial function is total over its domain. (there is an ambiguity in the use of the term
”domain” for a partial function. It might mean the left hand operand of some partial function space
construction within which the partial function concerned may be found, or it might mean the set of
values over which the function is defined. Here we are saying that if f is a partial function over A,
then its domain is some subset of A and f is a total function over that subset of A.)

€4 y=€4—g-thm =
‘ FVfstuefeszs gt =fe,domf —4t

4.9 The Identity Function

4.9.1 specification

HOL Constant

id : GS —> GS
Vse id s = Sep
(s xgs)
Aze fst x = snd x
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4.9.2 lemmas

id_thml =
Vs ze x €4 id s

Sdye Ye€3 8 AT =y, Yy

id_ap_thm =
- Vs ze €4 s
= (ids) gz =1

id€yg—+4_thml =
= VstuesCSygtngu
= id s €4t g u

td€g—+4_thm2 =
Vs tuescyt
=id s €4t Pyt

1d_clauses =
- Vse rel(id s) A fun (id s)

A dom(id s) = s A ran(id s) = s

4.10 Override

Override is an operator over sets which is intended primarily for use with functions. It may be used

to change the value of the function over any part of its domain by overriding it with a function which
is defined only for those values.

SML

‘declare-inﬁ:z (250,"®4");

HOL Constant

$@Q:GS—>GS—>GS

Vs te s @y t = Sep (s Uy t)
Aze if fst x €, dom t then x €4 t else x €4 s

EgPDg-thm =
FVstazexe, s®y t =(if fst x ey dom t then z €4 t else z €, s)

> g€g@g-thm =
FVstzy

Ty yYE s @yt =(xyyegtv T xE domt ATy Y EyS)

Dg-rel_thm =
VY sterel s nrelt = rel (s @y t)
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‘G—)g_fun_thm =
‘ VY ste fun s A fun t = fun (s @ t)

4.11 Proof Contexts

Finalisation of a proof context.

4.11.1 Proof Context

SML
add_pc_thms " gst—fun" ([
field_ & g_thm,
fun_&,_thm,
Bg€gg-thm]);

set_merge_pcs ["basic_hol", "' gst—azx", "' gst—fun"];
n/

commit_pc "'gst—fun";

5 Ordinals

A new ”gst-ord” theory is created as a child of ”gst-ax”. The theory will contain the definitions
of ordinals and related material for general use, roughly following ”Set Theory” by Frank Drake,
chapter 2 section 2. The subsections in this document correspondend to the subsections in the book.

5.0.2 Motivation

This is really motivated purely by interest and self-education. Since its so fundamental I think it
likely to turn out handy. Some of the material required is not specific to set theory and is quite widely
applicable (in which case I actually develop it elsewhere and then just use it here. Well-foundedness
and induction over well-founded relations is the obvious case relevant to this part of Drake. The
recursion theorem is the important more general result which appears in the next section in Drake.
”more general” means ”can be developed as a polymorphic theory in HOL and applied outside the
context of set theory”. In fact these things have to be developed in the more general context to be
used in the ways they are required in the development of set theory, since, for example, one wants to
do definitions by recursion over the set membership relation where neither the function defined nor
the relevant well-founded relation are actually sets.

5.0.3 Divergence

I have not followed Drake slavishly. More or less, I follow him where it works out OK and looks
reasonable and doesn’t trigger any of my prejudices.

Sometimes the context in which I am doing the work makes some divergence desirable or necessary.
For example, I am doing the work in the context of a slightly eccentric set theory (”Galactic Set
Theory”) which mainly makes no difference, but has a non-standard formulation of the axiom of
foundation. Mainly this is covered by deriving the standard formulation and its consequences and
using them where this is used by Drake (in proving the trichotomy theorem). However, the machinery
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for dealing with well-foundedness makes a difference to how induction principles are best formulated
and derived.

Sometimes I look at what he has done and I think, "no way am I going to do that”. Not necessarily
big things, for example, I couldn’t use his definition of successor ordinal which he pretty much admits
himself is what we nerds call a kludge.

5.0.4 The Theory ord

The new theory is first created, together with a proof context which we will build up as we develop
the theory.

SML
open_theory "gst—azx";
force_new_theory "gst—ord";

(* mew_parent "wf_recp"; *)
n/

force_new_pc "' gst—ord";

merge_pcs ["'Savedthm_cs_ﬂ_proof“] n/

n/

gst—ord";

set_merge_pcs ["basic_hol", " gst—azx", "' gst—ord"];

5.1 Definitions 2.1 and 2.3

An ordinal is defined as a transitive and connected set. The usual ordering over the ordinals is
defined and also the successor function.

5.1.1 The Definition

The concept of transitive set has already been defined in theory gst-az. The concepts connected and
ordinal are now defined.

HOL Constant

connected : GS — BOOL

Vs :GSe connected s <
Viu:GSeteys;sAnuegs=te,uvit=uvucgt

HOL Constant

ordinal : GS — BOOL

Vs :GSe ordinal s < transitive s A connected s

We now introduce infix ordering relations over ordinals.

SML
‘ declare_infix(240,"<,");
‘ declare_infix(240,"<,");
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HOL Constant

$<0: GS - GS — BOOL

Vr y:GSe x <, y < ordinal x A ordinal y A T €4y

less_.mem_thm =
VY apBea<,f = ordinal a A ordinal B A o €4 8

mem_less_thm =
=V a Be ordinal o A ordinal B A a €y B = a <,

ord_mem_psub_thm =
-V ae ordinal o = (VY fe f e, a = B 4 a)

lto_psub_thm =
FYapBea<,f=>ac,f

lo_trans_thm =
FYafBryea<,b8AB<,vy=a<,7y

HOL Constant

$<o: GS - GS — BOOL

Vo y:GSe z <, y & ordinal x A ordinal y A (z €5y v © = y)

leo_lo_.thm =
FYzyez <, y< ordinal x A ordinal y A (x <, y v = y)

leo_sub_thm =
FYafea<,B=>a<,p

leo_trans_thm =
|_V0457°a<0/8Aﬂ<07:>a<07

leo_lo_trans_thm =
FYaByea<,BAB<,7v=a<,7

lo_leo_trans_thm =
FYafBryea<,BAB<,y=a<,7

The following definition gives the successor function over the ordinals (this appears later in Drake).

HOL Constant

suc, : GS — GS
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5.2 Theorem 2.2

We prove that the empty set is an ordinal, and that the members of an ordinal and the successor of
an ordinal are ordinals.

5.2.1 The Empty Set is an Ordinal

First we prove that the empty set is an ordinal, which requires only rewriting with the relevant
definitions.

5.2.2 The Successor of an Ordinal is an Ordinal

Next we prove that the successor of an ordinal is an ordinal. This is done in two parts, transitivity

and connectedness.
SML

‘set_goal([], r V x:GSe transitive © = transitive (suc, ) BE

SML

‘set_goal([],’_v r:GSe
‘ connected ¥ = connected (suc, )

)

These together enable us to prove:
SML

‘set_goal([], "V z:GSe ordinal x = ordinal (suc, x)7);

The proof expands using the definition of ordinal, strips the goal and reasons forward from the
resulting assumptions using the two lemmas proved above.
SML

‘a (rewrite_tac|get_spec "ordinal]

\ THEN REPEAT strip_tac

‘ THEN fe_tac [trans_suc_trans, conn_suc_conn));
‘val ord_suc_ord_thm = save_pop_thm "ord_suc_ord_thm";

5.2.3 The Ordinal Zero is not a successor

Jg-not_suc,_thm =
F— (3 as suc, a = &)

not_in_suco_-thm =

VY ae = a= suc, o

leo_suc_thm =

=V ae ordinal o« = a <, suc, «

lo_suc_thm =

F V ae ordinal a = a <, suc, o
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5.2.4 The members of an Ordinal are Ordinals

We now aim to prove that the members of an ordinal are ordinals. We do this by proving first that
they are connected and then that they are transitive. First however, we show that any subset of a
connected set is connected.

SML
‘set_goal([],r
‘ V z:GSe connected x = V y:GSe y S, x = connected y

)

The proof consists of expanding appropriate definitions, stripping the goal and then reasoning forward
from the assumptions.

SML

a (rewrite_tac (map get_spec |"connected™, "$< 7))
THEN REPEAT_N 7 strip_tac);

(x sk Goal "" sk x)

*

*) "Vtueteso Auecgr=te€,uvit=uvucgt'

)

%) "Veeeesy=eeqa’

*) te, y'
)

*

N TN TN N
* *
~ D WL I

*

Cu €, y

(*7==%) "teqguvit=uvuet’

SML

‘a (all_asm_fc_tacl]);

‘a (REPEAT_N 2 (asm_fc_tac||) THEN REPEAT strip_tac);
‘val conn_sub_conn = save_pop_thm "conn_sub_conn";

Now we show that any member of an ordinal is an ordinal.
SML

‘set_goal([],r

‘ V z:GSe ordinal x = V y:GSe y €, x = connected y

™)

Expanding the definition of ordinal and making use of transitivity enables us to infer that members
of an ordinals are subsets and permits application of the previous result to obtain connectedness.

SML

a (rewrite_tac (map get_spec |"ordinal™, "transitive™])
THEN REPEAT strip_tac);

a (all_asm_fc_tac []);

a (all_asm_fc_tac [conn_sub_conn));

val conn_mem_ord = save_pop_thm "conn_mem_ord";
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To prove that the members of an ordinal are transitive, well-foundedness is needed. Now we are
ready to prove that the members of an ordinal are transitive.

SML

‘set_goal([], Y z:GSe ordinal © = Y y:GSe y €, © = transitive y);

Finally we prove that all members of an ordinal are ordinals.

SML

‘set_goal([], "V z:GSe ordinal © = V y:GSe y €, = ordinal y");

5.2.5 Galaxies are Closed under suc

GCloseSuc = - Vge galaxy g = Vze v €5 g = suc, €4 g

5.3 Theorem 2.4

We prove that the ordinals are linearly ordered by < .

5.3.1

First we prove some lemmas:

SML

‘set_goal([], "V z y:GSe transitive © A transitive y = transitive (x ng y)7);

SML

‘set_goal([], Y z y:GSe transitive © A transitive y = transitive (x Ug y)7);

SML

‘set_goal([], "V 2 y:GSe connected x A connected y = connected (z Ny y)7);

SML

‘set_goal([], "V 2 y:GSe ordinal © A ordinal y = ordinal (z Ny y)7);

SML

‘set_goal([], "V x y:GSe ordinal x A ordinal y A T Sy Yy A=y =>x €5y );

trich_for_ords_thm =
VY xzye ordinal x A ordinal y = x <, y v =y v y<,=

sub_leo_thm =
=V 2z ye ordinal © A ordinal y = (z S,y & 2 <, y)

sub_leo_.thml =

=V z ye ordinal x A ordinal y A x Sy y = 1 <, Y
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5.4 Definition 2.6

Successor and limit ordinals are defined. Natural numbers are defined.

5.4.1

These definitions are not the ones used by Drake, and not only the names but the concepts differ.
My successor predicate does not hold of the empty set. I use the name ”natural number” where he
talks of integers, and generally I'm chosing longer names.

HOL Constant

successor : GS — BOOL

Vs :GSe successor s < dte ordinal t A s = suc, t

HOL Constant

limit_ordinal : GS — BOOL

Vs :GSe limit_ordinal s < ordinal s A — successor s A = § = g

5.5 Theorem 2.7

Induction theorems over ordinals.

5.5.1 Successors are Ordinals

SML
set_goal([],” V z:GSe successor x = ordinal © 7);
a (rewrite_tac[get_spec " successor ]
THEN REPEAT strip_tac
THEN fc_tac |ord_suc-ord_thm)]
THEN asm_rewrite_tacl]);
val successor_ord_thm = save_pop_thm "successor_ord_thm";

5.5.2 Well-foundedness of the ordinals

First we prove that < , is well-founded.

5.5.83 An Ordinal is Zero, a successor or a limit

lordinal_kind_thm =
‘ Vne ordinal n = n = &, v successor n v limit_ordinal n
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5.6 Supremum and Strict Supremum

The supremum of a set of ordinals is the smallest ordinal greater than or equal to every ordinal in the
set. With the Von Neumann representation of ordinals this is just the union of the set of ordinals.

SML
declare_infix (200, "ub");
declare_infix (200, "sub");

HOL Constant

$ub : GS - GS — BOOL

Va fe aub B & Vyevye,a=v<, B

HOL Constant

sup : GS —» GS

VYae sup a = |, o

ordinal_limit_thm =
VY ae (VY fBe f e, a= ordinal §) = ordinal (| J, a)

sup_lub_thm =
FYae (VP e, a= ordina [3)
= «a ub sup «
A (V ye ordinal v A o ub v = sup a <, )

The operand here is intended to be an arbitrary set of ordinals and the result is the smallest ordinal
strictly greater than any in the set.

HOL Constant

$sub : GS - GS — BOOL

\
|
‘ Va fe o sub < Vye vy €5 a = v <, 8

HOL Constant

ssup : GS —> GS

Vae ssup a = | Jy(Imagep suc, )

ordinal_ssup_thm =
=V ae (V Be e, a = ordinal 5) = ordinal (ssup «)

5.7 Rank

We define the rank of a set.
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5.7.1 The Consistency Proof

Before introducing the definition of rank we undertake the proof necessary to establish that the
definition is conservative. The key lemma in this proof is the proof that the relevant functional
”respects” the membership relation.

‘respect_lemma =
‘ = (A f ze |y (Imagep (suc, o f) x)) respects $e,

Armed with that lemma we can now prove that the function which we will call "rank” exists.

HOL Constant

rank : GS — GS

\
|
‘ Vze rank x = |, (Imagep (suc, o rank) x)
5.8 Ordinal Arithmetic

5.8.1 Addition

The following lemma is used to demonstrate well-foundedness of the definition of ordinal addition:
‘pluso_respect_lemma =

‘ VY ze (AN z_+ ye if y =y then z else ssup (Imagep z_+ y)) respects $e,

HOL Constant

$+o: GS - GS —» GS

Voo fe o 4+, B = if B = &, then a else ssup (Imagep (3+, o) B)

ord_plus_thm =
Y «a fe ordinal o A ordinal f = ordinal (o +, B)

5.8.2 Subtraction

The following definition is of reverse subtraction, i.e. the right operand is subtracted from the left
and is taken from the left of that operand so that the following lemma (as yet unproven) obtains:

——o-lemma =

Va fea <, f=a+, (f —— a) =0

HOL Constant

$—0: GS - GS — GS

T
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5.9 Proof Context

In this section we define a proof context for ordinals.

5.9.1 Proof Context

SML
‘add-pc-thms "gst—ord" ([]);

‘set-merge-pcs ["basic_hol", " gst—az", "' gst—ord"];

n/

‘ commit_pc "'gst—ord";

6 Natural Numbers

SML
open_theory "gst—ord";

force_new_theory "gst—nat";

n/

force_new_pc "' gst—nat";

merge_pcs [",Sa’lledthm_CS_H_pTOOf"] n/

n/

gst—mnat";

set_merge_pcs ["basic_hol", " gst—ax", " gst—ord", "' gst—nat"];

HOL Constant

natural_number : GS — BOOL

Vs :GSe natural_number s <& s = J, v (successor s A Vie teg s = t = J, v successor t)

6.0.2 Ordering the Natural Numbers

To get an induction principle for the natural numbers we first define a well-founded ordering over
them. Since I don’t plan to use this a lot I use the name < 4, (less than over the natural numbers
defined in galactic set theory).

SML

‘ declare_infix(240,"<gn");

HOL Constant

$<gn : GS — GS — BOOL

Vo y:GSe x <4y, y < natural_number x A natural_number y A z €4 y

Now we try to find a better proof that the one above that this is well-founded. And fail, this is just
a more compact rendition of the same proof.
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SML

set_goal([],” well_founded $<4,7);

a (asm_tac gs_wf_thml);

a (fe_tac [wf _restrict_wf_thm]);

a (SPEC_NTH_ASM_T 1 "Xz ye natural_number x A natural_number y~ ante_tac
THEN rewrite_tacl]);

a (lemma_tac "$<g4n = (X z yeo (natural_number x A natural_number y) A z €4 y)
THEN1 (REPEAT_N 2 (once_rewrite_tac [ext_thm])

THEN prove_tac|get_spec "$<4,,7));
a (asm_rewrite_tacl]);
val wf_nat_thm = save_pop_thm "wf_nat_thm";

This allows us to do well-founded induction over the natural number which the way I have imple-
mented it is ”course-of-values” induction. However, for the sake of form I will prove that induction
principle as an explicit theorem. This is just what you get by expanding the definition of well-
foundedness in the above theorem.

SML
‘val nat_induct_thm = save_thm ("nat_induct_thm",
‘ (rewrite_rule [get_spec "well_founded™| wf_nat_thm));

Note that this theorem can only be used to prove properties which are true of all sets, so you have
to make it conditional (natural-number n = whatever)l suppose I'd better do another one.
SML
set_goal([], "V pe (V ze natural_number z A (V¥ yo y <4 z = p y) = p z)
= (V ze natural_number z = p x)7);
a (asm_tac (rewrite_rule []
(all_V_intro (V_elim "Aze natural_number x = p z7' nat_induct_thm))));
a (rewrite_tac [all_-VY_intro (taut_-rule "a A b = ¢ & b = a = c)]);
a (lemma_tac "V p ze (V yo y <gpn 2 = p ¥y)
< (V yo y <gn = natural_number y = p y)7);
(% sk Goal "1" sxx )
a (rewrite_tac [get_spec "$<g4p]);
a (REPEAT strip_tac THEN all_asm_fc_tacl]);
(x sk Goal "2" wxx )
a (asm_rewrite_tacl]);

val nat_induct_thm2 = save_pop_thm "nat_induct_thm2";

I've tried using that principle and it too has disadvantages. Because < 4, is used the induction
hypothesis is more awkward to use (weaker) than it would have been if € , had been used. Unfor-
tunately the proof of an induction theorem using plain set membership is not entirely trivial, so its
proof has to be left til later.

SML

‘set_goal([], TV pe (V ze natural_number z A (¥ yo y €5z = p y) = p )

‘ = (V ze natural_number z = p x)7);
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6.1 Theorem 2.8

The set of natural numbers.

6.1.1 Natural Numbers are Ordinals

SML

set_goal ([], "Vne natural_number n = ordinal n™);

a (rewrite_tac [get_spec "natural_number™, get_spec " successorT]);
a (REPEAT strip_tac THEN_TRY asm_rewrite_tac|ordinal_4]);
a (all_fe_tac [ord_suc_ord_thm]);

val ord_nat_thm = save_pop_thm "ord_nat_thm";

6.1.2 Members of Natural Numbers are Ordinals

SML

‘set_goal ([l, "Vne natural_number n = Yme m €, n = ordinal m™);
‘a (REPEAT strip_tac);

‘a (REPEAT (all_fc_tac[ord_nat_thm, ord_mem_ord]));

‘val mem_nat_ord_thm = save_pop_thm “mem_nat_ord_thm";

6.1.3 A Natural Number is not a Limit Ordinal

SML

‘set_goal ([], "Vne natural_number n = — limit_ordinal n™);

‘a (rewrite_tac [get_spec "limit_ordinal™, get_spec "natural_number]);
‘a (REPEAT strip_tac);

‘val nat_not_lim_thm = save_pop_thm "nat_not_lim_thm";

6.1.4 A Natural Number is zero or a successor

SML

‘set_goal ([l, "Vne natural_number n = successor n v n = F,");
‘a (rewrite_tac |get_spec "natural_number™);

‘a (REPEAT strip_tac);

‘U(ll nat_zero_or_suc_thm = save_pop_thm "nat_zero_or_suc_thm";

6.1.5 A Natural Number does not contain a Limit Ordinal

SML

set_goal ([], "VYm ne natural_number n A m €, n = — limit_ordinal m™);
a (rewrite_tac [get_spec "limit_ordinal™, get_spec "natural_number™]);

a (REPEAT strip_tac);

(# s Goal "1" s )

a (all_fc_tac [mem_not_empty_thm]);

(x sk Goal "2" wxx )

a (all_asm_fc_tacl]);

val mem_nat_not_lim_thm = save_pop_thm "mem_nat_not_lim_thm";
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6.1.6 All Members of Natural Numbers are Natural Numbers

SML

set_goal ([], "Vne natural_number n = Vme m €, n = natural_number m™);

a (rewrite_tac [get_spec "natural_number™));

a (REPEAT strip_tac THEN_TRY all_asm_fc_tac [mem_not_empty_thm]);

a (lemma_tac "transitive n THENI
(REPEAT (all_fc_tac [get-spec "ordinal?, successor_ord_thm])));

a (lemma_tac "t €, n' THEN1 (EVERY [all_fc_tac |get_spec "transitive™|,
POP_ASM_T ante_tac, rewrite_tac [gst_relext_clauses], asm_prove_tac[]]));

a (all_asm_fc_tac[]);

val mem_nat_nat_thm = save_pop_thm “mem_nat_nat_thm";

6.1.7 Natural Numbers are in the Smallest Galaxy

SML
set_goal ([|, "Vne natural_number n = n €, Gz &, ");
a (strip_tac THEN gen_induction_tacl nat_induct_thm?2);
a (fe_tac [nat_zero_or_suc_thm]);
(% sk Goal "1" %% )
a (fe_tac |get_spec "successor™|);
a (lemma_tac "t <g, 07
THEN1 asm_rewrite_tac [get_spec "$<gn ", get_spec "suc, );
(% sk Goal "1.1" sxx x)
a (lemma_tac "t €4 n”
THEN1 asm_rewrite_tac [get_spec "suc,]);
a (all_fc_tac [mem_nat_nat_thm));
(% sk Goal "1.2" sxx x)
a (asm_tac (V_elim ", galazy-Gz));
a (asm_rewrite_tac|]);
a (REPEAT (all_asm_fc_tac[ GCloseSuc)));
(% sk Goal "2" wxx )

a (asm_rewrite_tac|]);

val nat_in_GFy-thm = save_pop_thm "nat_in_ G, thm";

6.1.8 The Existence of w

This comes from the axiom of infinity, however, in galactic set theory we get that from the existence
of galaxies, so the following proof is a little unusual.

SML
set_goal ([], "Awe Yze z €, w < natural_number z7);
a (I-tac "Sep (Gz Jg) natural_number™
THEN rewrite_tac [gst-opext_clauses]);
a (rewrite_tac [all_-¥Y_intro (taut-rule "(a A b < b) & b = a’)]);
a strip_tac;

a (gen_induction_tacl nat_induct_thm?2);

a (fe_tac [nat_zero_or_suc_thm));
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* xxx Goal "1" k%% *)
a (fe_tac [get_spec "successor™, nat_in_ G 4_thm]);
(x sk Goal "2" wxx )

a (asm_rewrite_tac []);

val w_exists_thm = save_pop_thm "w_exists_thm";

6.2 Naming the Natural Numbers

It will be useful to be able to have names for the finite ordinals, which are used as tags in the syntax:

HOL Constant

Naty: N — GS

|
| Naty 0 = &,
‘ A Yne Naty (n+1) = suc, (Nat, n)
We will need to know that these are all distinct ordinals.
ord_nat_thm?2 =

I V ne ordinal (Naty n)

not_suc_nat_zero_thm =
-V ne — suc, (Naty n) = &,

less_sum_thm =
FYzyer<y= (Jzez+ 2z=y)

natg_mono_thm =
-V z ye Naty © <, Naty (z + y)

natg_one_one_thm =
Va2 ye Naty © = Naty, y = x =y

natg_one_one_thm?2 =

Va2 ye Naty x = Naty, y & 2 =y

6.3 Proof Context

In this section we define a proof context for natural numbers.

6.3.1 Proof Context

SML

‘add-pc-thms "gst—nat" ([natg-one_one_thm2]);

‘set_merge_pcs ["basic_hol", "' gst—az", "' gst—ord", "' gst—nat"];
‘commit-pc " gst—nat";
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7 Closing

SML

open_theory "gst—fun";
force_new_theory "GS";

(* mew_parent "gst—sumprod";
new_parent "gst—fixp"; *)
new-_parent "gst—ord";

new_parent "gst—nat";

force_new_pc "GS™";

force_new_pc "' GS1";

val rewrite_thms = ref ([|:THM list);

n/

merge_pcs [" gst—ax", " gst—fun" (=, "' gst—sumprod", "' gst—fixp", " gst—lists"=)," gst—ord", "' gst—nat'
u/GS] n;

commit_pc "' GS1";
merge_pcs ["basic_hol", "' GS1"] "GS";
commit_pc "GS";
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8 The Theory gst-ax

8.1 Parents

8.2 Children

wf _recp wf _relp

gst—ord  gst—fun

8.3 Constants

$eg

Xg

$eg ™

$cg

$cg
Cg-closed
Py
Usg
Rellm
Sep
galaxy
Gx

transitive
Dg
Imagep
Pairy
Sing

SUg

Mg
$ng
8.4 Types
GS

8.5 Fixity

Right Infix 230:

Right Infix 240:

GS — GS — BOOL

GS — GS P

GS - GS — BOOL
GS — GS — BOOL
GS —- GS — BOOL
GS — BOOL

GS — GS
GS — GS

U_orders

rbymisc

(GS - GS —» BOOL) —» GS —» GS
GS — (GS - BOOL) — GS

GS — BOOL

GS — GS

GS — BOOL

GS

(GS - GS) - GS - GS

GS —» GS — GS

GS — GS

GS —» GS — GS

GS — GS

GS — GS — GS
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8.6 Axioms

gs_ext_.axiom | Vstes=t< (Veoee,s < ecyt)
gs-wf_axiom + UWellFounded $e,
Ontology_axiom

Vs
edyg
*s5€,9
AVt
el€Eyyg
=1S45 9
A@3p
e (Vveve,pevCyt)Apey Q)
A Fu
e (Vu
cve;us (Fuweve, waweyt))
AU Eg g)
A (V rel
e ManyOne rel
= @3r
o (Vu
CsVEGT
S (FJweweyt A rel ww))
A(r Sy g9=1¢9)))
8.7 Definitions
Xgq FVse Xy ={t|te, s}
€gt - $e, T = te $e,
S4 FVstesCyateo (Vesee, s = eeqt)
Cg FVstescytesCytA—1S,s
Cg4-closed F Vs
e Cyclosed s & (VefoeeegsnfcSyge=feys)
Py FVstete,Pysetcys
Ug FVstete,Jgs e (Feete,eneeys)
Rellm FVYorel st
e ManyOne rel
= (t ey Rellm rel s & (F ee e €y 5 A el e t))
Sep FVspeeeec, Sepsp<secygsanpe
galaxy FVs
e galazy s
S (Jzezeys)
AVt
el Eys
=1Sy s
APy tegs
Alg tegs
A (V rel

o ManyOne rel
= Rellm rel t =4 s
= Rellm rel t €, s))
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Gx Vst
ete, Gx s o (VY ge galaxy g A s €5 g =t ey g)

transitive - V se transitive s < (V ee e €5 5 = e &4 5)
Bg FVse nse, Iy
Imagep Y fszexe, Imagep fs < (Feoeegs naz=fe)
Pairy HVsteeeey Pairy st e=s5ve=t
Sing -V se Sing s = Pairgy s s
Ug FVsteeee, s Ugt e e€gsvVveegyt
Mg Vs
e (g s=28ep (Jgs) ANzeViete, s= et
Ng FVYstesngt=Seps (\azexzeyt)

8.8 Theorems

UWell Founded_well_founded_thm
F V $<<e UWellFounded $<< < well_founded $<<
gs-wf_thml well_founded $e,
gs-wftc.thm |+ well_founded (tc $e,)
gs.wf_min_thm
FVYzx
e (Jysyey )
= (Fzezegz A - (Fveve, 2z AvEG T))
gs-wftc.thm2 + well_founded $e,°
tee_incr_thm Yz yez e,y =a€, y
tce_cases_thm
FVYzy
eze,fysre,yv (Jzexet 2 AzeEgy)
tce_trans_thm
FVYstuesem tAate,m u=set u
gs.wf_ind_thm
FVYpe(Vae (Vyeyesz=py)=paz)=(Vazepaz)
gs_cv_ind_thm
FVYop
o (Vaze (Vyetclegyaz=py) =pz)=(Vzepuz)
gs_cv_ind_thm?2
HVpe(Vae (Vysye," v =py)=pz)= (Vzepua)

wf_l1 HYaze mz€42
wf_ 12 FYzye m(z€,y Aye€Eya)
wf_l3 FVYzyze m(z€yAy€Ey2z A zey)

Cg-eq_thm HFVABeA=B<s Ac, BArBcy, A
Cg-refl.thm |-V Ae A, A
€gSg-thm HVYeABeeesg ANACS,B=ceec, B
Cgy-trans_thm

FYABCe A, BABcS, C=Ac,C
not_psub_thm  Vze -~z cC,

selPs_thm Vseseg, Pys
stcePs_thm FVsese,m Pys
€glJg-thm FVYstete,s=1t<, g s

Sep_sub_thm | V s pe Sep s p &, s
Sep_sub_.thm2 -~V speceecec,; Sepsp=ec€ys
Sep_c P.thm |V s pe SepspeygPys
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Sep_c_thm FVstet<,s= Seps (CombC $e,4t) =1t
galaxies_3_thm
-V sedgese, g A galaxy g
t_in_Gx_t_thm
FVitete, Got
tce_Gx_thm FVitete,m Got
Gx_C4_galaxy
Vs ge galaxy g A s€5 9= Gz 5s &4 g
galaxy_ Gz F V se galaxy (Gx s)
GalaxiesTransitive_thm
- V se galaxy s = transitive s
GClose_fc_clauses
Vg
e galazy g
= (Vs
®5€5 ¢
=P, s€5 9
AUy segyg
A (Y pe Sep s p ey g)
ANVtetc,s=1te,g))
GClose_tceg_thm
-V s ge galary g = s €, g = s5€5 g
Gx_mono_thm -V stesc,t= Gz s S, Go t
Gx_mono_thm?2 HFVstese,t = Grscy Got
Gx_trans_thm VY se transitive (Gt s)
t_sub_Gx_t_thm
FVYtetc, Grt
Gx_mono_-thm3 FVstesC,t=s<, Got
Gx_mono_thm4 FVstescCyt=s¢€, Got
Gx_trans_thm?2
FVstese,t=s5€, Gt
Gx_trans_thm3
FVstuese,tAnte, Gru= se; Gr u
GJ4c -V ge galaxy g = Jg €4 ¢
BgSg-thm =V se Jy S48
UgDg-thm = Us Do = Dy
mem_not_empty_thm
FVmneme;n=—-n=,
Jg-€g-galaxy_thm
-V ze galazy v = J, €4
Bg-€g-Gz_thm
-Vae J,e, G o
GImagepC FVYg
e galazy g
= (Vs
®5€, ¢
= (V fe Imagep f s S4 g = Imagep f s €4 g))
Pairg_ec thm VYV z yexe, Pairg x y Ay €, Pairg z y
Pairg_tce_thm
Vs tesegt Pairg st At eyt Pairg st
Pairg_eq-thm
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FVstuwv
e Pairy s t = Pairy u v
Ss=uAlt=vVvs=vAtl=u
GClosePairy Vg
e galazy g
= (Vsteseyggntegg= Pairgstegg)
Sing_thm?2 =V axexey Sing x
Sing_-tce_thm + Y ze z €, Sing z
GCloseSing + V ge galazy g = (V se s €, g = Sing s €4 g)
Cgug-thm FVYABeAc, Au, BAB<S, Auy B
UgSg-thml FYVABCe Ac, CAB<S, C=Au, B, C
UgCSg-thm2 FYABCDeAc, CABcyD=>Avu,Bc, Cuy D
Ugg-clauses
FVAe AUy, By =ANTgug A=A

GCloseuy Vg

e galazy g

= (Vstesesgnteg g=5uUgteyyg)

(g-thm FYzse

exe;s=>(eeg(Jgse (Vysye, s=e€yy))
NgSg-thm FVsteseg,t=()yt<S,s
Sy Ng-thm -V AB

.AEgB

= (VCe(¥YDeDe, B=Cc, D)= CC<,()y B)
(gDg-thm =y Dg = Dy

GClose()\q -V ge galazy g = (V se s €, g =)y s € 9)
GCloseng Vg
e galazy g
= (Vstesesgnte, g=5ngteyyg)
Ng-thm FVsteee€,sngt s e€gs Ae€yt
Cgng-thm FVYABeAn, B, ANAny, BSy B

NgSg-thml FYABCeAc, C AB<, C=>Anyg B, C
NgSg-thm2 FYABCDeAc, CAB<cyD=>An,B<, CnyD
NgSg-thm3 FYABCe CScyANCcCyB=CcyAny B
not_x_in_xr_thm
- (3zexey )
GClose_fc_clauses2
Vg
e galazy g
= (Vsteseyggntegg= Pairgstegg)
A (VY sese; g= Sing s €y g)
A(Vstesesgnte, g=sugtegq)
AV sesesg=1()gs€Eg )
A(Vsteseggnte, g=sngtegq)
tce_clauses Vs
e s €, Sing s
ASsEgT Py
A (V te t €47 Pairg st A s €, Pairg s t)
gst_opext_clauses
FVstzfuvep
* s € Iy
A(tegPys e tcys)
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A(tegUgs e (Feotesenecys))

A (zegImagep f s (Feseecygs nx=fe))
A (Pairg s t = Pairg u v
Ss=uAt=vvs=0vAt=u)

A (e€g Pairg st e=sve=t)

(Sing s = Sing t & s =t
(e €4 Sing s & e = s)
(Pairg s t = Sing u & s =u At = u)
(Sing s = Pairg t u & s =
(e€y Sep sp<e€ygs Ape)
(e€gsugt e ecysveeggt)
(e€gsngtseegs neggt)

> > > > > > >
~
>
»
£

gst_relext_clauses
Vst
se(s=teo (Veseec;, s eeyt))
A(sCSygte (Veeeegss = eeyt))
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9 The Theory gst-fun

9.1 Parents

9.2 Children

gst—ax

GS

9.3 Constants

$rog

snd

fst
MEPair,g
METripleg
rel

dom

ran

field

$<y

$>g

$<g

$eqg
Rel2DepTypegy

DepSumy
$3g

$xg

$eg
$og4

fun

$-yg

$—yg
—g-closed
$Ag

Sq

id

$Dg

9.4 Aliases

V AV A

GS - GS —» GS
GS - GS
GS — GS

GS x GS — GS
GS x GS x GS — GS
GS — BOOL
GS - GS
GS — GS
GS - GS

GS - GS - GS
GS —- GS — GS
GS - GS — GS
GS —- GS — GS

GS — GS
GS — GS

(GS — GS) > GS — GS

GS —» GS — GS
GS — GS — GS
GS - GS — GS
GS — BOOL

GS - GS — GS
GS — GS — GS
GS — BOOL

(GS — GS) > GS — GS

GS — GS — GS
GS — GS
GS — GS — GS

GS - GS — GS
GS —» GS — GS
GS - GS — GS
GS — GS — GS

$<19 :
$>g :
$<lg :
Sy -
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9.5 Fixity

Binder:
Right Infix 240:

Right Infix 250:

Right Infix 300:

X9 Ag
©g g Xg g g
Og g Dg

9.6 Definitions

g
fst
snd
MEPaziry
METripleg
rel

dom

Rel2DepTypeg

DepSumy

-V s te syt = Pairy (Sing s) (Pairg s t)

FVstefst(sogt)=snAsnd(s—gt)=1

IV lre MkPairy lr = Fst Ir —, Snd Ir

-V te MkTriple, t = Fst t —4 MkPair, (Snd t)
FVYzerelrz & (Vyoeyegz= (Istey=smr,t))
-V ze dom z = Sep (Gx z) (A we I ve w >y v €4 1)
VY ze ran x = Sep (Gr z) (A we 3 ve v >y w €, 1)
Vs eeeg, filds < e€;, dom s v e€gran s
FYsres<ar=Sepr (\pefstpe,s)
FVsrer>s=Sepr (\pesndpe,s)
FYsres<ar=Sepr (\pe— fst pegs)
FVsreres=_S8epr (\pe—sndpeys)

VYo
e Rel2DepTypey T
= Sep
(Gz r)
(\e
e it
e =141
A 1 Eg dom T
A(Vjejest e irmgjegr))
Vit
e DepSumy t
= Sep
(Gz t)
(\e
e 14 t2 v
se=1ir, U0 AVEGL2 ATy 12 €4 t)
FVYfs
e 3X, fs
= Uy
(Imagep (X ee Imagep (X zo e —>4 z) (f €)) s)
FVst
e s X4t
= Ug
(Imagep (X see Imagep (A tee se >, te) t) s)
FVYstes ogt=DP; (s x4t)
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fun

+g

g
—g-closed

—

Ag

id

FYfg
’fogg
= Imagep
(A pe fst (fst p) —4 snd (snd p))
(Sep
(gng)
(Apedgrsep=1(qrg7) g7 —435))
Vo
e fun x
< rel x
AV stu
¢S UET ASglE T = u=1)
FVstesgt=US8ep (s oyt)fun
FVstes—o,t=08ep (s+4t) (Are domr =s)
Vs
o —,_closed s
S (Vdcoedegsncegs=d—gcegs)
FYfs
oSN\, f s

= Sep (s x4 Imagep f s) (A pe snd p = f (fst p))

FVYfax
ofgx
=(if Fye x5 yef
then € yo x4 y €4 f
else f)
-V seids = Sep (s xgs) (\ze fst z = snd x)
FVst
os(—Bgt
= Sep
(s Ug 1)
Az
o if fst x €5 dom t
then © €4t
else © €, s)

9.7 Theorems

—g-eq-thm

FVstuves—yt=um, v s=uAl=0

Pairg e g thm

=V ste Pairy st €5 5 >4t

Pairy €43 -Gx_r—>g_thm

Vs te Pairy s t € Gz (s g t)

—g-€g-Gx_Pairg_thm

VYV stesm—,te, Go (Pairy s t)

—=gdg-thm = Vzye —x0,y=¢,
—Bgrg-thm = Vzye - F,=1a,y
GClose—g4_thm
FVyg
e galazy g

= (Vsteseggnte, g=sgteyg)
tce_—_left_thm
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Vs tesest syt
tce_—_right_thm
FVstete,m syt
—_tc_thm FVYaxyetecey, z (x g y) AteSeqy (z g y)
rel_Jqg-thm = rel
dom_Jg_ thm + dom J, = J,
dom_thm FYryeyesdomr < (3zey—yxe,r)
dom_Gx_thm | V re dom r e, Gz r
GClose_.dom_thm
FV ge galaxy g = (V re r e, g = dom 1 €4 g)
ran_Jg thm + ran &, = &,
ran_thm FVYryeyesranr < (3ze x>y ye,r)
GClose_ran_thm
-V ge galaxy g = (Vre r e, g = ran r €4 g)
tce_ran.thm Yz yez e, rany =z, y
field_Jg_thm
- field &y = Oy
X g-Spec FVste
e e€E;8 X4t
S (Jlrelegsanre,tane=1m,r1)
frogs-thm FVstpepe,s xgt=fstprsgsndp=rp
VEg X g_-thm FVpstepe,s xgt=fstpeygs Ansndpeyt
> g€g X g-thm
FVirstel—syre;sxgtele; s Anregt
©¢Cgxg-thm
FVstrere,;so,tercys xgt
Dg€Egerg-thm
HVste J,€)8 eyt
frogs-thml FVYprst
CPEGT AT EGS gt = fstprsgsndp=p
Egerg-thm FVYprst
CPEST AT E;S gt = fstpeEys Asndpeyt
og_thm FVYfgx
ez €, f o049
S (Fqgrs
¢ (g TEGGATIPgSESf AT =qys)
0g-thm?2 FYfgaxuy
ez Y€y fogyg
S (Jzexy2€09 A 25y €gf)
og-rel_thm VY rserelr Arels= rel (rogs)
04-associative_thm
Y fghe (fogg) ogh=Ffoggo04h
rel_sub_cp_thm
FYzerelrz & (Ister Sys x4 t)
fun_Jg_thm + fun &,
og_fun_thm =V f ge fun f A fun g = fun (f o4 g)
ran_og_thm =V f geran (f o4 g) S4 ran f
dom_og_thm | VY f ge dom (f o4 g) 4 dom g
dom_og_thm2 + V f ge ran g S, dom f = dom (f o4 g) = dom g
Dg€g+g-thm
FVste Jy€55 4t
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I+g4-thm

FVstedfefe, sm4t

Bg€gBg—g-thm

B —>g_thm
app_thml
app_-thm?2
app_thm3
0g-g-thm

g€g-thm
g€g-thm1l

HVsite Jg€g g —gt

FVste(Jazeae,t)= (Ifefegzs—yt)

FVfae@ryerz—gyegf)=>a oy fgaef

FYfzysfunf Aazgyeaf=>fgaa=y

FYfaefunf Aaxzegdomf=>am0yf 06 f

FVfgx

o fun f A fun g A x €5 dom g A Tan g S4 dom f
= (fogg)gz=Ffg942

FVYfstuefess-opgtAnuegdomf=Ff, ueyt

FVfstuefes;s >t Anuecgs=fg uegt

EgPg=>Eg—g-thm

id_thml
td_ap_thm
ideg+g4_thml

ide g+, thm2

td_clauses

€gPg-thm

> g€gDg-thm

Dg-rel_thm
Dg-fun_thm

FVfstuefesswgt=fecygdomf -yt
I—stoxegids(:)(ﬂyoyegsASE:Z/'—’gy)
FVszexze,s=1idsg,z =1

FVstuesCytngu=1idscyt-yu

FVstuesCyt=1ids€;ztpyt

HVs
o rel (id s)
A fun (id s)

A dom (id s) = s
A ran (id s) = s
FVsta
e E;Ss Pyt
& (if fst x €g dom t then x €4 t else x €4 s)

FVstzy
ey YEy S Pyt
ST Y€ty T T Egdomt AT g Y€y
VY sterel s nrelt= rel (s @y t)
Vs te fun s A fun t = fun (s @y t)
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10 The Theory gst-ord
10.1 Parents
gst—ax

10.2 Children

GS gst—nat

10.3 Constants

connected GS — BOOL
ordinal GS — BOOL
$<o GS - GS — BOOL
$<, GS —- GS — BOOL
suc, GS — GS
successor GS — BOOL
limait_ordinal

GS — BOOL
$ub GS — GS — BOOL
sup GS —» GS
$sub GS - GS — BOOL
ssup GS — GS
rank GS —» GS
$+o GS - GS - GS
$——o GS - GS - GS
10.4 Fixity
Right Infix 200:

sub ub
Right Infix 240:

<O <O
Right Infix 300:

+o T o

10.5 Definitions

connected Vs
e connected s
s Vitu
stessAnuE;s=>teEguvVvit=uvVvucEgt)
ordinal - V se ordinal s < transitive s A connected s
<o FVYazyex <,y < ordinal x A ordinal y A x €5y
<o Yy
ez <, y & ordinal x A ordinal y A (z €5y v T = y)
suc, =V xe suc, v = x Uy Sing T
successor -V se successor s < (3 te ordinal t A s = suc, t)

limit_ordinal
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Vs
e [imit_ordinal s
< ordinal s A — successor s A T s = g

ub FYapfeau o (Vyeye a=v<, )
sup VY aesupa=|]J,a
sub FYafeasuwf o (Vyeye, a=7v<,p)
ssup F VYV ae ssup a = Jg (Imagep suc, )
rank -V ze rank = = |, (Imagep (suc, o rank) x)
+o FYalpQ
s a+,f
= (Zf B = @g
then «

else ssup (Imagep (3+, ) B))
. - T

10.6 Theorems

mem_less_thm |- V « e ordinal o A ordinal 8 A a €y B = o <, B
less.mem_thm - V a fe o <, B = ordinal o A ordinal B A a €4 B
ord_mem_psub_thm

-V ae ordinal o = (¥ fe f e, a = B 4 )
lto_psub.thm Vafea<,B8=ac,f
lo_trans.thm FVYafryea<,0A0<,7=a<,7v
leo_lo_-thm FVYzy

o x <, y < ordinal © A ordinal y A (z <, y v T = y)

leo_sub.thm Yapfea<,B=ac,p
leo_trans_thm

FVYaByea<,BAB<,7=a<,y
leo_lo_trans_thm

FYaByea<,BAB<,7v=a<,v
lo_leo_trans_thm

FVYafBryea<,B8ArB<oy=a<,7y
ordinal_Jg + ordinal &,
trans_suc_trans

- Y ze transitive x = transitive (suc, x)
conn_suc_conn

- V ze connected © = connected (suc, x)
ord_suc_ord_thm

-V ze ordinal * = ordinal (suc, )
Jg-not_suc,_thm

F— (3 ae suc, a = &y)
not_in_suco_thm

FVYae = a=suc, o
leo_suc_thm VYV ae ordinal o« = o <, suc, «
lo_suc_thm VYV ae ordinal o = o <, suc, «
conn_sub_conn

- V ze connected © = (¥ yo y S, v = connected y)
conn_mem_ordr V ze ordinal x = (V¥ ye y €, £ = connected y)
tran_.mem_ord - Y ze ordinal © = (V¥ ye y €, © = transitive y)
ord_-mem_ord | V ze ordinal x = (V ye y €, £ = ordinal y)
GCloseSuc -V ge galaxy g = (V ze z €5 g = suc, T €4 g)
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tran_n_thm FVYzy

o transitive x A transitive y = transitive (z Ng y)
tran_u_thm FVYzy

o transitive x A transitive y = transitive (z Uy y)
conn_.n_thm FVYazy

e connected © A connected y = connected (z Ny y)

ord_n_thm -V z ye ordinal x A ordinal y = ordinal (z Ny y)
trich_for_ords_thm
FYzy

e ordinal x A ordinal y = <,y v =yvy<,2
sub_leo_.thm YV z ye ordinal © A ordinal y = (x S,y © ¢ <, Y)
sub_leo.thml | V z ye ordinal x A ordinal y A © S5y =1 <, ¥
successor_ord_thm
- V xe successor © = ordinal x
wf_ordinals_thm
— well_founded $<,
ordinal_kind_thm
FVYn
e ordinal n = n = J, v successor n v limit_ordinal n
ordinal_limit_thm
VY ae (Ve f e, a = ordinal §) = ordinal (| J; o)
sup_lub_.thm + V «
o (V Be B €4 a = ordinal j)
= o ub sup «
A (V e ordinal v A o ub v = sup a <, )
ordinal_ssup_thm
VY ae (VY fe f e, a = ordinal ) = ordinal (ssup o)
ord_plus_.thm + Y « fe ordinal a A ordinal = ordinal (o +, B)
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11 The Theory gst-nat

11.1 Parents
gst—ord
11.2 Children

GS

11.3 Constants

natural_number

GS — BOOL
$<gn GS — GS — BOOL
Natg, N - GS
11.4 Fixity
Right Infix 240:
<gn

11.5 Definitions

natural_number
Vs
o natural_number s
S s =,
Vv Successor s

A(Vitetes,s=1t=, v successor t)

<gn FYaxy
* T <gn Yy

< natural_number x

Nat, = Naty 0 = &,

A (Y ne Naty (n + 1)

11.6 Theorems

wf_nat_.thm | well_founded $<g4,
nat_induct_thm

VY se (Vaze (Vyey <y,

nat_tnduct_thm?2
FVop
o (Vuz

A natural_number y A T €4 Yy

= suc, (Naty n))

=385y =sz)= (Vzresux)

o natural_number x A (V yo y <gn ¢ = p y)

= p z)

= (V ze natural_number © = p x)
ord_nat_thm + V ne natural_number n = ordinal n

mem_nat_ord_thm

F ¥V ne natural_number n = (¥ me m €4, n = ordinal m)
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nat_not_lim_thm

F V ne natural_number n = — limit_ordinal n
nat_zero_or_suc_thm

- V ne natural_number n = successor n v n = &,
mem_nat_not_lim_thm

=V m ne natural_number n A m €, n = — limit_ordinal m
mem_nat_nat_thm

FVn

e natural_number n
= (V me m €, n = natural_number m)

nat_in_GJF4_thm

- V ne natural_number n = n €, Gz J,
w_exists_.thm + 1 we V ze z €, w < natural_number z
ord_nat_thm2 | V ne ordinal (Nat, n)
not_suc_nat_zero_thm

-V ne — suc, (Naty n) = &,
less.sum_thm YV zyez <y= (Fzez+ 2=y)
natg_mono_thm

-V z ye Naty © <, Naty (z + y)
natg_one_one_thm

Va2 ye Naty v = Naty y = x =y
natg_one_one_thm?2

Va2 ye Naty o = Naty y & x =y
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12 The Theory GS

12.1 Parents

gst—mnat

12.2 Children

1Csynmisc2

gst—ord

gst—fun
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13 INDEX

TGSt — AT . 8
o 42, 60, 61
e e 42, 60, 61
——odemma. ... ... . . 42
U Gm oo 43, 63
o ettt 36, 60
D 25, 55, 56
(Vg oo 17,49, 51
NgDg-thm ..o 17, 53
(Ng-thm ... 53
NgSgthm ..o 17, 53
Ug oo 12, 49, 50
UgDg-thm ..o 15, 52
P 18, 49, 51
Ng-thm ... . 18, 53
Mg Sgthml . ... ... ............... 18, 53
Ng Sgthm2. ... o o 18, 53
NgSgthm3 ... ... .. .. 18, 53
UG o ettt 49, 51
Ugg-Clauses ................ ... ..., 17, 53
UgSgthml . ..o oo oo oo 17, 53
Ug Sgthm2 ..o oo 17, 53
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