More Miscellanea (miscl, misc2)

Roger Bishop Jones

Abstract

This theory is for miscellanea which cannot be put in theory “rbjmisc” because of dependencies
on other theories. It consists primarily of things required in the documents on non well-founded set
theories, but not specific to that work, which make use of galactic set theory or fixed point theory.
Since I moved my non-well-founded foundational work back from set theory to combinatory logic
using version of well-founded set theory with urelements it has been necessary to replicate those
definitions required which depend upon well-founded set theory in the context of this other version
of well founded set theory. For that reason this document is in the process of being restructured
as three theories, one of material which does not depend on the well founded set theory, and one
for materials dependent respectively on each of the two versions of well-founded set theory. These
are the theories miscl, misc2 and misc3.
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1 INTRODUCTION

This was originally material which used to be in t024 and is moved here so that it can also be used
in t026.

It should only contain material which cannot be put in “rbjmisc” because it depends on other
theories, at this point GS or GSU and fixp. Some of it should therefore be moved up to “rbjmisc”.

Three theories are created miscl, misc2, misc3.

misc2 depends on GS, misc3 on GSU. Both depend on miscl which depends on neither version of
set theory. Ultimately all that depends on neither GS nor GSU should migrate upwards into miscl,
but this process has not yet been completed.

SML

open_theory "rbjmisc";
force_new_theory "miscl";
new_parent " fixp";

force_new_pc "’

miscl";
merge_pcs [" savedthm_cs_3_proof"] "'miscl";

set_merge_pcs ["rbjmisc", "'misc1"];

2 DISCRETE PARTIAL ORDERS

SML
‘new_type_defn ([*DPO"], "DPO", ["a"],
‘ tac_proof (([], "3z:'a+BOOLe (AyeT) z7), A_tac "InR T THEN prove_tac []));

HOL Constant
absDPO: 'a + BOOL — 'a DPO;
repDPO: 'a DPO — 'a + BOOL

(V ae absDPO (repDPO a) = a)
A (Y re repDPO (absDPO r) = r)

one_one_DPO_lemma =
F OneOne repDPO A OneOne absDPO

HOL Constant

dpoB :'a DPO

dpoB = absDPO(InR F)

HOL Constant

dpoT :'a DPO

dpoT = absDPO(InR T)



HOL Constant

|
|
‘ Vee dpoE e = absDPO(InL e)

HOL Constant

dpoV :'a DPO — 'a

Vze dpoV x = OutL (repDPO x)

HOL Constant

dpoUdef : 'a DPO — BOOL

Vze dpoUdef © < x = dpoB

HOL Constant

dpoOdef : 'a DPO — BOOL

Vze dpoOdef © < = = dpoT

dpo_distinct_clauses =
F = dpoT = dpoB

A = dpoB = dpoT

A (Ve

e — dpoE e = dpoT
A = dpoE e = dpoB
A = dpoT = dpoFE e
A = dpoB = dpoFE e)

dpoe_inj_thm =

Ve fo (dpoE e = dpoE ) =¢e = f
dpoe_inj_lemma =
FV e fo (dpoE e = dpoE f) = e =f

dpove_lemmal =
-V ee dpoV (dpoE e)

I
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dpodef_lemmal =
F dpoUdef dpoB
A dpoOdef dpoT
A = dpoUdef dpoT
A = dpoOdef dpoB
A (V ee = dpoUdef (dpoE €) N = dpoOdef (dpoE e))




dpo_cases_thm =
VYV ze x = dpoB V z = dpoT V (3 ee z = dpoE e)

dpoev_lemmal =
FV ze = dpoUdef x N = dpoOdef x = dpoE (dpoV z) = x

dpo_rpou_lemma =
F RpoU Dpo

dpo_glbs_exist_thm =
F GlbsFExist Dpo

dpo_lubs_exist_thm =
F LubsFExist Dpo

HOL Constant

Dpo :'a DPO — 'a DPO — BOOL

Ve ye Dpo x y < v =y V x = dpoB V y = dpoT
3 TRUTH VALUES

I am uncertain at this point whether to work with three or four truth values, so both of these are
provided for here.

3.1 Three Valued

SML

declare_type_abbrev("TTV ™", [|, "BOOL OPT™);

HOL Constant

pTrue : TTV

pTrue = Value T

HOL Constant

pFalse : TTV

pFalse = Value F

HOL Constant

pU : TTV

pU = Undefined




tv_cases_thm =
FVY ze x =plrue V x = pFalse V x = pU

tv_distinct_clauses =
F = pTrue = pFalse
A = pTrue = pU
A = pFalse = pTrue
A — pFalse = pU
A - pU = pTrue
A = pU = pFulse

SML

‘declare_inﬁ:B(S’OO, "<i3");

SML

‘declare_type_abbrev ("REL", [Va"], “'a — "a — BOOL™);

First an ordering on the “truth values” is defined.

HOL Constant

$<;3 : TTV REL

V t1 t2e
t1 <9 t2 & t1 =t2 VvV t1 = pU

<is-refl_thm =
FVYzex <;sz

<ts_trans_thm =
FVzyzexr <y3y ANy <is3z2=>a<432

<ts_antisym_thm =
FVryer <43y Ny <ssz=>2z=y

<ts_partialorder_thm =
FV Ye PartialOrder (Y, $<;3)

<t3_clauses =
FpU <i3 pTrue
A pU <;3 pFalse
A = pTrue <;3 pU
A — pFalse <;3 pU
A — pFalse <;3 pTrue
A = pTrue <;3 pFalse

lin_<i3_lemma =



FV Ye LinearOrder (Y, $<;3) < — pTrue € Y V — pFalse € Y

lin_<;3_cases_lemma =
FVYY
o LinearOrder (Y, $<;3)
&Y =)

v Y ={pU}
VY = {pTrue}
V' Y = {pFulse}
V'Y ={pU; pTrue}
VvV Y = {pU,; pFalse}

<t3_-tsub_cases_lemma =
FVYY
o IsUb $<;3 {} = (A ze T)

A IsUb $<;5 {pU} = (A ze T)

A IsUb $<;5 {pTrue} = (A zo z = pTrue)

A IsUb $<;5 {pFalse} = (\ ze x = pFulse)

A IsUb $<;5 {pU; pTrue} = (A zo z = pTrue)
A IsUb $<;5 {pU; pFalse} = (A xe x = pFalse)

<ts_-tslub_clauses =
FYY
o IsLub $<;3 {} pU

A IsLub $<;5 {pU} pU

A IsLub $<;5 {pTrue} pTrue

A IsLub $<.5 {pFalse} pFalse

A IsLub $<;5 {pU; pTrue} pTrue
A IsLub $<.;3 {pU; pFalse} pFalse

chaincomplete_<;3_kemma =
F ChainComplete (Universe, $<;3)

ccrpou_<iz_thm =
F CcRpoU $<;3

3.2 Four Valued

SML

‘declare_type_abbrev("FTV“, [, " BOOL DPO");

HOL Constant

fTrue : FTV

|
|
‘ fTrue = dpoE T



HOL Constant

fFalse : FTV

fFalse = dpoE F

HOL Constant

fB : FTV

fB = dpoB

HOL Constant

fT : FTV

fT = dpoT

ftv_cases_thm =

FY ze z = fTrue V x = fFalse V x = fBV z = fT
ftv_distinct_clauses =

F = fTrue = fFalse

A = fTrue = fB

A = fTrue = fT

A = fFalse = fTrue
A — fFalse = fB

A = fFalse = fT

A = fB = fTrue

A = fB = fFulse

AN - fB = fT

A = fT = fTrue

A = fT = fFalse

AN - fT = fB

ftvs_cases_thm =

FVYa
—

Vs = {B)
V z = {fFalse}
V oz = {fTrue}
vz = {fT}
V z = {fB; fFalse}
V x = {fB; fTrue}
Vz ={fB; [T}
V z = {fFalse; fTrue}
V z = {fFalse; T}
V z = {fTrue; fT}



= {fB; fFalse; fTrue}

— {JB; fFalse; T}

— {fB; [True; T}

= {fFalse; fTrue; fT}

= {fB; fFalse; fTrue; fT'}

<< < <L
8 8 8 8 8

SML

declare_infix (300, "<;;");

Now an ordering on these truth values is defined.

HOL Constant

$<i4 : FTV REL

V t1 t2e
t1 <4y t2 & tl =t2Vitl =fBVi2=fT

<t4-dpo_thm =
F$<:;, = Dpo

<ga_refl_thm =
FVazex <z

<t4q_trans_thm =
FVozyzeaos <yy yNy <4y z2=>x <4y 2

<ta-antisym_thm =
FVrzyex <y yNy <y v=2=y

<isa-antisym_thm2 =
F Antisym (Universe, $<;;)

Ft_fbo_thm =
FYaze (fT <y x=fT)AN(<y fBez=/[B)

<ta-partialorder_thm =
-V Ye PartialOrder (Y, $<;;)

<gg-lin_lemma =
=V Ye LinearOrder (Y, $<;;) = (= fTrue € Y V - fFalse € Y)

<ts-clauses =
F(V ze fB <4y z)
A (Y zez <4y fT)
A = fTrue <yy fB
N — fFalse <;; [B
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N fT <4y fB

A = fFalse <;; fTrue
N = fT <4y fTrue

N = fTrue <y fFalse
N = fT <4y fFalse

<t4_lin_cases_lemma =

FYY
e LinearOrder (Y, $<;;)
= (Y ={}

VY = {B)
VY = {fTrue}
vV Y = {fFalse}
VY ={/T}
vV Y = {fB; fTrue}
V' Y = {fB; fFalse}
VY = {fB; T}
VY = {fTrue; T}
Vv Y = {fFalse; fT}
VvV Y = {fB; fTrue; fT}
vV Y = {fB; fFalse; fT})

gt_false_true_lemma =
=V ze flalse <;y = A fTrue <;; v = z = fT

lt_false_true_lemma =
FV ze x <;y fFalse N x <4y fTrue = = = fB

gt_ft_lemma =
FVaxe fT' <,y v = x = fT

lt_fb_lemma =
FVazex <y fB=2z=fB

sg_ftrue_lemma =
FV ze fTrue <;,; « N =z = fTrue = = = fT

sl_ftrue_lemma =
FV zex <;y fTrue N =z = fTrue = = = fB

sg_ffalse_lemma =
=V ze flalse <;y * N = x = fFalse = x© = fT

sl_ffalse_.lemma =
=V ze x <y fFalse N = x = fFalse = © = fB
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eq_ft_fc_clauses =
FVa
o fFalse <;y x N = x = fFalse
V fTrue <;; = N = x = fTrue
VT <4y x
V fFalse <;; x A fTrue <;; x
=z = fT

eq_fb_fc_clauses =
FVYa
o v <y fFalse N = x = fFalse
Vo <4y flrue N = x = fTrue
Vo <y fB
Voo <4y fTrue N o <yy fFalse
=z = fB
<i4-tsub_clauses =
F (Vze IsUb {z} x)
A IsUb $<;; {} = (AN ze T)
N IsUb $<;, {fB} = (A ze T)
A IsUb $<;; {fTrue} = (A zo = = fTrue V z = fT)
N IsUb $<;, {fFalse} = (X zo z = fFalse V = = fT)
A IsUb $<;, {fB; fTrue} = (A zo v = fTrue V = = fT)
N IsUb $<,, {fB; fFalse} = (X zo z = fFalse V z = fT)
N IsUb $<;; {fFalse; fTrue} = (X zo z = fT)
N IsUb $<., {fB; fFalse; fTrue} = (A ze z = fT)
N IsUb $<;; {fT} = (A ze z = fT)
N IsUb $<,, {fB; fT} = (A ze z = fT)
N IsUb $<;; {fFalse; fT} = (X zo z = fT)
N IsUb $<;; {fTrue; fT} = (X zo z = fT)
N IsUb $<;, {fB; fFalse; fT} = (X zo z = fT)
N IsUb $<., {fB; fTrue; fT} = (A zo z = fT)
N IsUb $<,, {fB; fFalse; fTrue; fT} = (A zo z = fT)
N IsUb $<;; {fFalse; fTrue; fT} = (X zo z = fT)

<t4_tslb_clauses =
F(V ze IsLb $<;; {z} x)

N IsLb $<;; {} = (A ze T)
A IsLb $<;, {fB} = (A ze z = fB)
A IsLb $<;; {fTrue} = (A zo z = fTrue V = = fB)
N IsLb $<;; {fFalse} = (X ze z = fFalse V © = [B)
A IsLb $<;, {fB; fTrue} = (A ze z = fB)
A IsLb $<., {fB; fFalse} = (A z® z = fB)
A IsLb $<,, {fFalse; fTrue} = (A ze z = fB)
A IsLb $<;; {fB; fFalse; fTrue} = (\ ze z = fB)
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N IsLb $<;; {fT} = (A ze T)

N IsLb $<;;, {fB; fT} = (A ze z = fB)

A IsLb $<;, {fFulse; fT} = (X zo © = fFalse V © = fB)
A IsLb $<;; {fTrue; fT} = (A zo z = fTrue V = = fB)
N IsLb $<,, {fB; fFalse; fT} = (X ze z = fB)

A IsLb $<;, {fB; fTrue; fT} = (X ze z = fB)

A IsLb $<;, {fB; fFalse; fTrue; fT} = (A zo z = fB)

N IsLb $<;; {fFalse; fTrue; fT} = (A zo = = fB)

<tq-tslub_clauses =

F (Voo IsLub $<;, {z} z)
A IsLub $<., {} fB
N IsLub $<;; {fB; fTrue} fTrue
N IsLub $<;, {fB; fFulse} fFulse
N IsLub $<., {fFalse; fTrue} fT
A IsLub $<., {fB; fFalse; fTrue} fT
N IsLub $<., {fB; fT} fT
N IsLub $<;, {fB; fTrue; fT'} fT
N IsLub $<;; {fB; fFalse; fT'} fT
N IsLub $<., {fB; fTrue; fFalse; fT} fT
N IsLub $<;; {fTrue; fT} fT
A IsLub $<;, {fFalse; fT} fT
N IsLub $<;; {fTrue; fFalse; fT} fT

<t4-tsglb_clauses =
F (V ze IsGlb $<;y {z} z)

A IsGlb $<4; {} fT
A IsGlb $<;; {fB; fFalse} fB
A IsGlb $<;; {fB; fTrue} fB
A IsGlb $<., {fFalse; fTrue} fB
A IsGlb $<., {fB; fFalse; fTrue} B
A IsGlb $<; {fB; fT} B
A IsGlb $<;, {fB; fFalse; fT} fB
A IsGlb $<;;, {fB; fTrue; fT} fB
N IsGlb $<.; {fB; fFalse; fTrue; fT} fB
A IsGlb $<,, {fFalse; fT} fFalse
A IsGlb $<;; {fTrue; fT} fTrue
N IsGlb $<;, {fFulse; fTrue; fT} fB

<t4_lin_cases_lemma =
VY
e LinearOrder (Y, $<y)
<Y ={}
VY = {fB}
VY = {fTrue}
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<t4-glbs

vV Y = {fFalse}
vy = (1)

vV Y = {fB; fTrue}

VvV Y = {fB; fFalse}
VY = {fB; T}

V'Y = {fTrue; fT}

V' Y = {fFalse; fT}

V' Y = {fB; fTrue; fT}
VvV Y = {fB; fFalse; fT}

_exist_thm =

F GlbsEzist $<,

<tq-lubs_exist_thm =
F LubsExist $<;,

<t4-lub_islub_lemma =
Vs eo Lub $<;;, s = e & IsLub $<;; s e

<t4a_lub_clauses =
F Lub $<;; {} = /B

A Lub $<;; {fT} = fT
A Lub $<;; {fTrue} = fTrue
N Lub $<iy {fTrue; fT} = fT
A Lub $<y {fFalse} = fFalse
A Lub $<;; {fFulse; fT} = fT
A Lub $<;; {fFalse; fTrue} = fT
A Lub $<;; {fFalse; fTrue; fT} = fT
A Lub $<., {fB} = fB
A Lub $<iy {fB; fT} = fT
A Lub $<;; {fB; fTrue} = fTrue
A Lub $<;; {fB; fTrue; fT} = [T
N Lub $<; {fB; fFulse} = fFalse
N Lub $<yy {fB; fFulse; fT'} = fT
A Lub $<;; {fB; fFalse; fTrue} = fT
A Lub $<y {fB; fFulse; fTrue; fT} = fT

§t4_lub_thm =

FVs

o Lub $<iy s

(if fT € s

then fT

else if fTrue € s

then if fFualse € s then fT else fTrue
else if fFalse € s

14



then fFalse
else fB)

<t4-glb_clauses =
F Gib $<yy {} = [T

A Glb $<;, {fT} = fT
Glb $<;; {fTrue} = fTrue
Glb $<¢y {fTrue; fT} = fTrue
Glb $<y; {fFalse} = fFalse
Glb $<;; {fFalse; fT} = fFalse
GIb $<., {fFalse; fTrue} = fB
Glb $<; {fFalse; fTrue; fT} = fB
Glb $<,, {fB} = /B
GIb $<i; {fB; IT} = fB
Glb $<i; {fB; fTrue} = fB
Glb $<,; {B; fTrue; fT} = fB
Glb $<¢y {fB; fFulse} = fB
Glb $<,; {fB; fFalse; fT} = fB
GIb $<., {fB; fFalse; fTrue} = fB
Glb $<;; {fB; fFalse; fTrue; fT}

> > > > > > > > > > > > > >

The following definitions expresses compatibility of truth values. This is useful when trying to obtain
a boolean valued function as a total least fixed point of a monotonic four valued function.

I first define a notion of compatibility between truth values.

HOL Constant

CompFTV : FTV SET SET

|
|
| CompFTV = {{}; {B}; {fFalsc}; {fTrue}; {fB; fFalse}; {B; fTrue}}

and its dual:

HOL Constant

CoCompFTV : FTV SET SET

CoCompFTV = {{}; {fT}; {fFalse}; {fTrue}; {fFalse; fT}; {fTrue; fT}}

compftv_lemma =
FVs
o s € CompFTV & = fT € s A (= fTrue € s V — fFalse € s)

cocomp ftv_lemma =
FVs
e s € CoCompFTV < — fB € s A (= fTrue € s V — fFalse € s)
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CompFTV _€_clauses =
F{} € CompFTV
N {fB} € CompFTV
A {fFalse} € CompFTV
N {fTrue} € CompFTV
A = {fT} € CompFTV
A {fB; fFalse} € CompFTV
{fB; fTrue} € CompFTV
- {fB; fT} € CompFTV
- {fFalse; fTrue} € CompFTV
= {fFalse; fT} € CompFTV
= {fTrue; fT} € CompFTV
- {fB; fFalse; fTrue} € CompFTV
— {fB; fFalse; fT} € CompFTV
= {fB; fTrue; fT} € CompFTV
= {fFalse; fTrue; fT} € CompFTV
A = {fB; fFalse; fTrue; fT} € CompFTV
CompFTV _Lub_lemma =
-V ses e CompFTV < — Lub $<;; s = [T

>

> > > > > > > >

Lub_CompFTV lemma =
FV se Lub $<;; s = fT & = s € CompFTV

CoCompFTV _Lub_lemma =
FV se s € CoCompFTV < = Glb $<,;, s = fB

Glb_CoCompFTV lemma =
-V se Glb $<;;, s = fB < — s € CoCompFTV

<lua-lin_lub_lemma =
-V Xe LinearOrder (X, $<;;) = fT <4y Lub $<;y X = fT € X

<lta-lin_lub_lemma?2 =
-V Xe LinearOrder (X, $<:y) = (fT = Lub $<;; X) = fT € X

<iq-lin_glb_lemma =
FV Xe LinearOrder (X, $<;;) = Glb $<;; X <4y fB=fB e X

<ta-lin_glb_lemma2 =
-V Xe LinearOrder (X, $<;;) = (Glb $<;; X = fB) =fB € X

16



4 ORDERS AND PRE-ORDERS

4.1 Domain Restriction

The following operator restricts a reflexive partial order to some subdomain of the type over which
it is defined.

SML

‘ declare_infiz (300, "<1,");

HOL Constant

$<6: 'a SET — (la - 'a — BOOL) — ("a — 'a — BOOL)

|
|
‘ VVreV g r=Nyeifcec VAyecVithenrazyelsezr=y

4.2 Conjunction of Orders

HOL Constant

ConjOrder : ('a = 'a — BOOL) = ("a = 'a — BOOL) — ('a — 'a — BOOL)

Vrl r2e ConjOrder r1 r2 = Az yo 1l x y ANr2 x y

4.3 Derived Orderings

I don’t know a good name for these, but a common way to impose an order on a collection is by
defining a function which maps the collection into some collection for which we have a suitable
ordering. Often suitable means well-founded, but in our case it is completeness which is desired.

HOL Constant

DerivedOrder : ('b — 'a) —» (a — 'a — BOOL) — ("b — 'b — BOOL)

|
|
‘ Vf re DerivedOrder f r = Az yo r (f z) (f y)

We require sufficient conditions for the result to be complete.

fi_tsub_lemma =
FY frsee IsUb r (Funlmage f s) (f e) = IsUb (DerivedOrder f 1) s e

do_isub_lemma =
VY frsze IsUb (DerivedOrder f r) s © = IsUb r (Funlmage f s) (f z)

fi_islub_lemma =
FYfrse
o IsLub r (Funlmage f s) (f e) = IsLub (DerivedOrder f r) s e

do_lubs_exist_thm =
FV f re LubsExist v N\ Onto f = LubsExist (DerivedOrder f r)
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fi_islb_lemma =
FY frsee IsLb r (Funlmage f s) (f e) = IsLb (DerivedOrder f r) s e

do_islb_lemma =
VY frsze IsLb (DerivedOrder f r) s © = IsLb r (Funlmage f s) (f z)

fi_isglb_lemma =
FY frsee IsGlb r (Funlmage f s) (f e) = IsGlb (DerivedOrder f 1) s e

do_glbs_exist_thm =
FV f re GlbsExist r A Onto f = GlbsExist (DerivedOrder f r)

wf_derived_order_thm =
F Y re well_founded r = (V fe well_founded (DerivedOrder f r))

4.4 Projections

Projections are a special case of derived orderings in which the onto requirement can be taken for
granted.

projections_onto_lemma =
F Onto Fst A Onto Snd

lubsexist_dofst_thm =
FV f re LubsExist r = LubsEzist (DerivedOrder Fst r)

glbsexist_dofst_thm =
=V f re GlbsExist r = GlbsEzist (DerivedOrder Fst r)

lubsexist_dosnd_thm =
FV f re LubsExist r = LubsExist (DerivedOrder Snd r)

glbsexist_dosnd_thm =
FV f re GlbsExist 1 = GlbsExist (DerivedOrder Snd r)

4.5 Functions

Most of our orderings are orderings of functions obtained from orderings of truth values by the
following operation.

HOL Constant

Pw: ('a —'a — BOOL) — (b = 'a) = ("b — 'a) - BOOL)

V re Pw r = X\ lo roe Yze 1 (lo z) (ro x)
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pw_tsub_lemma =
FYr G fe(VvelIsUbr{wJgege GANw=guv}(fv)=IsUb(Pur)Gf

pw_isub_lemma2 =
FVYr G felsUb (Pwr) Gf< (YveIsUbr {w|3 gege GANw=guv} (fv))

pw_islb_lemma =
FYr G fe (VvelIsLb r{w|3 gege GANw=guv} (fv)= IsLb (Pwr)Gf

pw_tslb_lemma2 =
FYr G felsLb (Pwr) Gf < (VuvelIsLbr {wdgegec GANw=guv} (fv))

pw_tslub_lemma =
FYrGf
o (VY ve IsLub r {w|3 ge g€ G AN w=g v} (fv)= IsLub (Pw r) G f

pw_tslub_lemma2 =
FYrGf
o IsLub (Pw r) G f < (V ve IsLub r {w|3 ge g € G AN w =g v} (f v))

pw_isglb_lemma =
FYrGf
o (Vve IsGlb r {w|3 ge g€ GNw=gv} (fv)= IsGlb (Pwr) G f

pw_tsglb_lemma2 =
FYrGf
e IsGlb (Pw r) G f< (Vve IsGlb r {w|3 ge g€ GNw=gv} (fv))

pw_rpo_lemma =
-V re Rpo (Universe, r) = Rpo (Universe, Pw )

pw_cc_lemma =
-V re CcRpo (Universe, r) = ChainComplete (Universe, Pw r)

pw_ccrpou_thm =
FV re CcRpoU r = CcRpoU (Pw r)

pw_lubs_exist_thm =
k- V re LubsExist r = LubsExist (Pw )

pw_glbs_exist_thm =
-V re GlbsErist r = GlbsExist (Pw r)

pw_crpou_thm =
-V re CRpoU r = CRpoU (Pw )
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pw_<iq_lubsexist_thm =t LubsEzist (Pw $<;;)
pw_<i4_glbsexist_thm =t GlbsEzist (Pw $<;;)

pw_<gq_crpou_thm =+ CRpoU (Pw $<y)

crpou_lub_pw_lemma =

EVor
o CRpoU r = (VY Ge Lub (Pw r) G = (A ze Lub r {w|3 ge g € G AN w=gz}))

crpou_lub_pw_pw_lemma =
FVYor
e CRpoU r
= (VG
o Lub (Pw (Pwr)) G=(Az ye Lubr {w|3 ge g e GANw=gzxy}))

Sometimes we are only interested in the behaviour of a function over some subset of its domain type.

The following version of Pw is parameterised by a set which gives the subdomain over which the
values of the function are significant to the resulting ordering.

This is not a partial order since it is not antisymmetric. It is a pre-order.

HOL Constant

PwS :'b SET — (a —»'a — BOOL) — (("b — "a) — ("b — "a) — BOOL)

VV re PwuS V.r =Xlo roeVze z € V = r (lo z) (10 x)

pws_tsub_lemma =

FYV rGfe(NveveV=1IUbr{w|3dgege GANw=guv} (fv))
= IsUb (PwS V r) G f

pws_itsub_lemma3d =
FYVrGf
o IsUb (PwS V r) G f
& NVveveV=IsUr{wIgege GANw=guv} (fv))

pws_islb_lemma =

FYVrGfe(NveveV=1ILbr{wIgege GANw=guv} (fv))
= IsLb (PwS V r) G f

pws_islb_lemma2 =
FYVrGf
o IsLb (PwS V r) G f
= VoveveV=1ILbr{wIgege GANw=guv} (fv))

pws_tslb_lemma3 =
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FYVrGf
o IsLb (PwS V r) G f
& NVveveV=ILbr{wIgege GANw=guv} (fv))

pws_tslub_lemma =
FY VoGS
e (Vveuve V= IsLubr {w3gege GANw=gv} (fv))
= IsLub (PwS V r) G f

pws_islub_lemma2 =
FYVrGf
o [sLub (PwS V r) G f
= VoveveV=1IsLubr{wIgege GANw=guv} (fv))

pws_tslub_lemma3d =
FYVrGf
o IsLub (PwS V r) G f
& Vveve V= IsLubr {w|3gege GNw=gv} (fv))

pws_isglb_lemma =
FY VoGS
e (VveveV=1IGhr{wIgege GAw
= IsGlb (PwS V r) G f

Il
S

<
—
Ve
s

<
N~—
N~—

pws_tsglb_lemma2 =
FYVrGf
o IsGlb (PwS V r) G f
= VoveveV=IGbr{wIgege GANw=guv} (fv))

pws_isglb_lemma3 =
FYVrGf
e VveuveV=1IGbr{wIgege GANw=guv}(fv))
< IsGlb (PwS V r) G f

pws_lubs_exist_thm =
VY V re LubsExist r = LubsExist (PwS V r)

pws_glbs_exist_thm =
-V V re GlbsExist r = GlbsEzist (PwS V 1)

4.6 Products

We also need the following ordering over products.
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HOL Constant

PrO : ('a - 'a - BOOL) = (b = 'b — BOOL) — (("a x 'b) = (a x 'b) — BOOL)

YV ra rbe PrO ra b = Al re ra (Fst 1) (Fst r) A rb (Snd 1) (Snd r)

pro_isub_lemma =
FVY rarb s lub rub
o IsUb ra {w|3 ge g € s N w= Fst g} lub
A IsUb rb {w|3 ge g € s AN w = Snd g} rub
< IsUb (PrO ra rb) s (lub, rub)

pro_islb_lemma =
FY orarbs b rlb
o IsLb ra {w|3 ge g € s N w = Fst g} llb
A IsLb b {w|3 ge g € s A w = Snd g} rlb
< IsLb (PrO ra rb) s (llb, rib)

pro_islub_lemma =
FVY ra rb s lub rlub
o IsLub ra {w|3 ge g € s N w = Fst g} llub
A IsLub v {w|3 ge g € s AN w = Snd g} rlub
= IsLub (PrO ra rb) s (llub, rlub)

pro_isglb_lemma =
FV ra rb s lglb rglb
e IsGlb ra {w|3 ge g € s AN w = Fst g} lglb
A IsGlb rd {w|3 ge g € s AN w = Snd g} rglb
= IsGlb (PrO ra rb) s (lglb, rglb)

pro_refl_lemma =
FV ra rb
e Refl (Universe, ra) A Refl (Universe, rb) = Refl (Universe, PrO ra rb)

pro_partialorder_lemma =
FVY rarb
e PartialOrder (Universe, ra) A PartialOrder (Universe, rb)
= PartialOrder (Universe, PrO ra rb)

pro_rpo_lemma =
=V ra rb
e Rpo (Universe, ra) A Rpo (Universe, rb) = Rpo (Universe, PrO ra rb)

pro_lubs_exist_thm =
-V ra rbe LubsExist ra N\ LubsExist rb = LubsExist (PrO ra rb)
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pro_glbs_exist_thm =
FV ra rbe GlbsEzist ra A GlbsExist b = GlbsExist (PrO ra rb)

pro_crpou_thm =
=V ra rbe CRpoU ra N CRpoU rb = CRpoU (PrO ra rb)

4.7 OPT

HOL Constant

OptO : ("a - "'a — BOOL) — ("a OPT — 'a OPT — BOOL)

Vrie OptO rl = Xl re | = Undefined
V IsDefined I A IsDefined r N 1l (ValueOf 1) (ValueOf )

4.8 Discrete Partial Orders

The things I am calling discrete partial orders come with the ordering of a discrete lattice.

When these are used to construct indexed sets whose elements have some ordering then there will
be another ordering which is derived from the ordering on the elements. This is defined for use in
defining orderings over indexed sets.

HOL Constant

DpoEO : ('a —'a — BOOL) — ("a DPO — 'a DPO — BOOL)

\

|

‘ Vrie DpoEO rl = Al re dpoUdef |V dpoOdef r

‘ V dle ree rl le re Nl = dpoE le A r = dpoE re

To get the discrete ordering apply this function to the equality relation.

is_tsub_lemma =
FYr Gd
o IsUbr G d = IsUb (DpoEO 1) {w|3 ve v € G AN w = dpoE v} (dpoE d)

ts_islb_lemma =
FYr Gd
e IsLb r G d = IsLb (DpoEO r) {w|3 ve v € G AN w = dpoE v} (dpoE d)

2s_tsub_lemma2 =

FYrGd
e IsUb (DpoEO r) G d
= (d = dpoT

V G C {dpoB} N d = dpoB
V (3 ee d = dpoE e A IsUb v {w|dpoE w € G} e¢) A = dpoT € G)

1s_tslb_lemma2 =
FVYr Gd

23



o IsLb (DpoEO r) G d
= (d = dpoB
V G C {dpoT} N d = dpoT
V (3 ee d = dpoE e A IsLb r {w|dpoE w € G} e) A — dpoB € Q)

ts_islub_lemma =
FVrGd
o IsLub (DpoEO r) G d
= ((dpoT € G V (3 we dpoE w € G) N — (3 ee IsUb r {w|dpoE w € G} e))

A d = dpoT

vV G C {dpoB} N d = dpoB

V = G C {dpoB}
A (3 ee d = dpoE e AN IsLub r {w|dpoE w € G} e)
A = dpoT € G)

ts_isglb_lemma =
FYrGd
o IsGlb (DpoEO 1) G d
= ((dpoB € G V (3 we dpoE w € G) AN = (3 ee IsLb r {w|dpoE w € G} e))

A d = dpoB

V G C {dpoT} N d = dpoT

V = G C {dpoT}
A (3 ee d = dpoE e N IsGlb r {w|dpoE w € G} e)
A — dpoB € G)

<ia_trich_lub_ft_lemma =
FV X ze Trich (X, $<4y) N fT <4y Lub $<;; X = fT € X

4.9 Indexed Sets
4.9.1 IX

The following function lifts an ordering on the elements of the codomain to an ordering on the
indexed sets.

HOL Constant

IzO : ('b - 'b — BOOL) — (("a, 'b) IX — ("a,’'d) IX — BOOL)

Vre [xO r = Pw (OptO r)

It may be more convenient in some cases to use the following ordering in which the comparison is
restricted to some subdomain.

(I should have used domain restriction here.)
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HOL Constant

1202 : ('a,'b) IX SET x ('b = 'b — BOOL) = (('a, 'b) IX — ('a,'b) IX — BOOL)

Vd re IxO2 (d, r) = Az ye
ifredANyed
then IxDom z = ItDom y A IzO r z y

else v =y

4.10 A Pre-order on Sets

The following pre-order on sets based on a pre-order of the elements is used later with sets of truth
values.

HOL Constant

SetO : ('a —'a — BOOL) — ("a SET) — ("a SET) — BOOL

YV re SetO r = Am ne
(Vze z € m = Jye y € n A r x y)
A (Vye y € n = Jzez € m A rxy)

That turns out to be stronger than we need, this one simplifies matters.

HOL Constant

SetO2 : ('a - 'a — BOOL) — ('a SET) — ("a SET) — BOOL

Vre SetO2 r=AmneVrex € m = dyerx y ANy €n

trans_seto_lemma =
FV re Trans (Universe, r) = Trans (Universe, SetO r)

trans_seto2_lemma =
F ¥V re Trans (Universe, r) = Trans (Universe, SetO2 r)

4.11 A Pre-order for Sets of Functions

To get a pre-order over sets of functions from an pre-order of the codomain of the functions, we could
apply Pw and then SetO, however the following construction proves more useful.

[Though I don’t appear to have used it!]

HOL Constant

FunSetO : ('a —'a — BOOL) — (b — 'a) SET — ('b — 'a) SET — BOOL

V r:('a —'a — BOOL)e FunSetO r =
As te Pw (SetO r) (Aze {v | Jye y € s ANv =y z}) (Aze {v |Tyey et ANv=yazx})
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5 MISCELLANEOUS THEOREMS

5.1 Monotonicity of Lub

lub_increasing_lemma =
-V re RpoU r A LubsExist v = Increasing (SetO r) r (Lub r)

lub_increasing2_lemma =
FV re RpoU r A LubsExist r = Increasing (SetO2 r) r (Lub r)

lub_increasing_lemma2 =
VY re CRpoU r = Increasing (SetO r) r (Lub )

lub_increasing2_lemma2 =
-V re CRpoU r = Increasing (SetO2 r) r (Lub r)

lub_increasing_lemma3d =
FV re CRpoU r = (V x ye SetO r z y = r (Lub r x) (Lub r y))

lub_increasing2_lemma3d =
FV re CRpoU r = (V x ye SetO2 r z y = r (Lub r z) (Lub 1 y))

5.2 Product of Functions

We now define the product of two functions:

HOL Constant

FunProd : ('a = 'b) = (‘a = '¢c) = (la = 'b x '¢)

YV f ge FunProd f g = A\ze (f z, g x)

And prove that the product of two increasing functions is increasing.

funprod_increasing_thm =
FY fgrarborc
e Increasing ra b f A Increasing ra rc g
= Increasing ra (PrO rb rc) (FunProd f g)

HOL Constant

FunLeft : ("a x'¢c - 'b) = (la x "¢ = 'b x'¢)

YV fe FunLeft f = \ze (f x, Snd x)

HOL Constant

FunRight : (‘¢ x 'a = 'b) = (¢ x'a = '¢ x'b)

V fe FunRight f = Axe (Fst z, f x)

26



Ffunleft_increasing thm =
FY frarb e
e Increasing (PrO ra rc) rb f
= Increasing (PrO ra rc) (PrO rb rc) (FunLeft f)

funright_increasing_thm =
Y frarbrc
e Increasing (PrO rc ra) vb f
= Increasing (PrO rc ra) (PrO rc rb) (FunRight f)

5.3 Funlmage Preserves Linearity

The function must be a morphism and the target set must be a partial order (these are sufficient
conditions).

trich_funimage_lemma =
FV r1 r2 f Xe Increasing r1 r2 f = Trich (X, r1) = Trich (FunImage f X, r2)

linear_funimage_thm =
FY rl r2 f Xe Increasing v1 r2 f
A LinearOrder (X, r1)
A PartialOrder (Funlmage f X, r2)
= LinearOrder (Funlmage f X, r2)

6 GENERALISED RELATIONS

SML
‘declare_type_abbrev ("BR", ["a", "b"], Va — "a — "b7);
‘declare_mﬁx (300, "<g");

6.1 Partial Relations

One way to represent a partial relation is to use more than one truth value. Alternatively you can
have two relations, one for the true values and one for the false ones.

In the latter case you might have an inconsistency, a pair might appear in both. This ‘defect’ is also
present if you chose the former representation using four truth values as in a discrete partial ordering
of the type BOOL.

We might as well have a type abbreviation for the partial (equivalence) relations.
SML

‘declare_mﬁx (300, "=,");

‘declare_inﬁm (500, "=,");

‘declare_mﬁm (300, "=,");

It will be convenient perhaps to be able to switch between having a single four valued relation and
having two boolean relations.
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HOL Constant

Pr2BrT : ("a, FTV) BR — ('a, BOOL) BR

V$=,e Pr2BrT $=, = Az ye [fTrue <.y (z =, y)

HOL Constant

Pr2BrF : ('a, FTV) BR — ('a, BOOL) BR

V$=,e Pr2BrF $=, = Az ye fFalse <;y (z =, y)

HOL Constant

BrTF2Pr : ('a, BOOL) BR — ('a, BOOL) BR — ('a, FTV) BR

V8=, $=q0 BrTF2Pr $=), $=, = Az ye Lub $<;; {ftv | z =) y A ftv = fTrue V = =, y A ftv = fFal

6.2 Proof Context

SML
add_pc_thms "'miscl" [[;
commit_pc "“'miscl";

force_new_pc "miscl";

merge_pcs ["rbjmisc", "'misc1"] "miscl";
commit_pc "miscl";

force_new_pc "miscll";

merge_pcs ["rbjmiscl", "'misc1"] "miscl11";
commit_pc "mascll";

7 MISC2

SML

open_theory "miscl";
force_new_theory "misc2";
new_parent "GS";

n/

force_new_pc "“'misc2";

merge_pcs [" savedthm_cs_3_proof"] "'misc2";

set_merge_pcs ["miscl", " GS1", "'misc2"];

8 SET THEORY

8.1 Mapping Functions over Sets

The following function makes recursive definition of functions over sets of type GS just a little more
compact.
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HOL Constant

FunImagegy : (GS — 'a) - GS — ('a SET)

Vf se Funlmagey f s = {z | Jye y €4 s Nz = f y}

funimagey_fc_ lemma =
FVYfsazexcys = faxc Funlmage, f s

9 INDEXED SETS

There is a version of indexed sets in [1].

In this version the functions yield DPOs. This gives a complete partial order over the indexed sets
which was required for some versions of infinitary first order logic. This is more complicated of course
and not to be used unless essential.

In this implementation of indexed sets we use discrete partial orders in the codomain, so that the
resulting partial orders are complete.

SML

‘declare_type_abbrev(“IS", ["a"], =GS — 'a DPO7);

HOL Constant

IsVal :'a IS - GS — 'a

IsRan :'a IS — 'a SET

Vise IsRan is = {v | Jae dpoE v = is a}

HOL Constant

IsDom :'a IS — GS SET

Vise IsDom is = {i | = (is i) = dpoB}

HOL Constant

IsSDom :'a IS — GS SET

Vise IsSDom is = {i | = ((is i) = dpoB V (is i) = dpoT)}

ts_domran_lemma =
FVYaxyex e IsSDom y = IsVal y © € IsRan y

29



HOL Constant

IsOd :'a IS — GS SET

Vise IsOd is = {i | is i = dpoT'}

HOL Constant

IsUd :'a IS — GS SET

Vise IsUd is = {i | is i = dpoB}

HOL Constant

IsTDom :'a IS — (GS SET x GS SET x GS SET)

Vise IsTDom is = (IsSDom is, IsUd is, 1sOd is)

HOL Constant

IsOverRide : 'a IS — 'a IS — 'a IS

Visl is2e IsOverRide isl is2 =
Nie if — dpoUdef (is2 i) then is2 i else isl i

istdom_eq_fc_lemma =
FYaxuy
e IsTDom x = IsTDom y
= IsUd x = IsUd y
A IsOd © = IsOd vy
A IsSDom x = IsSDom y
A IsDom x = IsDom y

isoverride_isdom_lemma =
FV z ye IsDom (IsOverRide x y) = IsDom x U IsDom y

tsoverride_isud_lemma =
FV z ye IsUd (IsOverRide x y) = IsUd x \ IsDom vy

1soverride_isod_lemma =

FV 2z ye IsOd (IsOverRide x y) = IsOd y U IsOd z \ IsDom y

isoverride_issdom_lemma =
-V z ye IsSDom (IsOverRide z y) = IsSDom y U IsSDom x \ IsDom vy
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10 ORDERS AND PRE-ORDERS

10.1 Indexed Sets

10.1.1 IS

Indexed sets are functions whose codomain is a discrete partial order. From any ordering of the
codomain an ordering of the indexed sets may be obtained using Pw. This can be done with the
discrete order, but we also need to do this with other orders.

The following function lifts an ordering on the elements of the codomain to an ordering on the

indexed sets.
HOL Constant

IsEO : ('a - 'a — BOOL) — ("a IS — "a IS — BOOL)

Vre IsEO r = Pw (DpoEO )

is_lubs_exist_thm =
-V re LubsExist r = LubsExist (IsEO r)

t1s_glbs_exist_thm =
-V re GlbsExist r = GlbsExist (IsEO 1)

10.2 Partial Relations

For this section a partial relation is taken to be a four valued relation. In my applications these are
membership relations so the ordering is suggestive of those applications.

HOL Constant

$<c : (GS, FTV)BR — (GS, FTV)BR — BOOL

$<c = Pw (Pw $<y)

crpou_<c_thm =+ CRpoU $<,

cerpou_<c_thm = F CcRpoU $<c

<c-clauses = F GlbsEzist $<c A LubsExist $<c N (V ze z <¢ x)
<e-fe_clauses =

FNVzyzear<cyAhy<cz=z<cz)
ANVzyozr<cyhy<cr=uz=y)

Because the ordering here is derived from the ordering on the four truth values there are some
simplifications to reasoning about limits which are worth turning into theorems.

\ge_lub_thm =
‘ FVY Ge Lub $<c G = (A z yo Lub $<;;, {w|3 ge g€ G AN w =g z y})
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11 MISCELLANEOUS THEOREMS

11.1 Partial Relations

‘Se_increasing_point'wise_thm =
‘ F Increasing $<c $<;; (X fo f 2’ y)

11.2 Proof Contexts

SML
add_pc_thms "'misc2" [];

commit_pc "'

misc2";

force_new_pc "maisc2";

merge_pcs ["miscl", " GS1", ""'misc2"] "misc2";
commit_pc "misc2";

force_new_pc "misc21";

merge_pcs ["misc11", "' GS1", "“"misc2"] "misc21";
commit_pc "maisc21";
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12 The Theory miscl

12.1 Parents
fixp  rbjmisc
12.2 Children

misc?

12.3 Constants

repDPO "a DPO —'a + BOOL
absDPO "a + BOOL — "a DPO
dpoB "a DPO

dpoT "a DPO

dpoE "a —'a DPO

dpoV "a DPO —'a
dpoUdef "a DPO — BOOL
dpoOdef "a DPO — BOOL
Dpo (a DPO, BOOL) BR
pTrue TTV

pFalse TTV

pU TV

$<ss (TTV, BOOL) BR
fTrue FTv

fFalse FTV

fB FTV

fT FTV

$< 4 (FTV, BOOL) BR

CompFTV FTv PP
CoCompFTV FTV PP

$<o 'a P — ("a, BOOL) BR — ('a, BOOL) BR

ConjOrder
DerivedOrder
Pw

PwS

a, BOOL) BR, ('a, BOOL) BR) BR
b — 'a) — ('a, BOOL) BR — ('b, BOOL) BR
'a, BOOL) BR — ('b — 'a, BOOL) BR
b P — (‘a, BOOL) BR — ('b — 'a, BOOL) BR
/

((
(
(
!/
PrO ('a, BOOL) BR — ('b, BOOL) BR — ('a x 'b, BOOL)
OptO ('a, BOOL) BR — ('a OPT, BOOL) BR
DpoEO (a. BOOL) BR — (‘a DPO, BOOL) BR
120 (b, BOOL) BR ~ (('a,'b) IX, BOOL) BR
1202 ('a,'b) IX P x (b BOOL) BR — (('a, 'b) IX, BOOL)
SetO ('a, BOOL) BR — ('a P, BOOL) BR
SetO2 (‘a, BOOL) BR — ('a P, BOOL) BR
FunSetO ("a, BOOL) BR — (('b — 'a) P, BOOL) BR
FunProd ("la = 'b) = ((a = '¢c) — a%’bx c
FunLeft (la x'¢c="b) ="ax"c—"bx'c
FunRight (‘e x'a—="b) =>"cx'a—="cx'b
Pr2BrT ("a, FTV) BR — ("a, BOOL) BR
Pr2BrF ('a, FTV) BR — ('a, BOOL) BR
BrTF2Pr ((a, BOOL) BR, ('a, FTV) BR) BR
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12.4 Types

't DPO

12.5 Type Abbreviations

TTV TTV
'a REL ("a, BOOL) BR
FTV FTV

('a,’b) BR ('a,'b) BR
12.6 Fixity

Right Infix 300:

-p

12.7 Definitions

DPO F 3 fe TypeDefn (A yo T) f
absDPO
repDPO F (V ae absDPO (repDPO a) = a)
A (V re repDPO (absDPO 1) = r)
dpoB F dpoB = absDPO (InR F)
dpoT F dpoT = absDPO (InR T)
dpoE FV ee dpoE e = absDPO (InL e)
dpoV FV ze dpoV z = OutL (repDPO 1)
dpoUdef FV ze dpoUdef v < x = dpoB
dpoOde f FV ze dpoOdef © < x = dpoT
Dpo FYzye Dpox y <= x=yVzr=dpoB V y = dpoT
pTrue F pTrue = Value T
pFalse F pFalse = Value F
pU F pU = Undefined
<t3 FV il t2e tl <;5t2 & tl =t2V tl = pU
fTrue F fTrue = dpoE T
fFalse F fFalse = dpoE F
fB F fB = dpoB
fr F fT = dpoT
<ta FV il t2etl <y t2 & tl =t2Vitl =fBVi2=/[fT

CompFTV = CompFTV
= {{}; {/B}; {fFalse}; {fTrue}; {fB; fFalse};
{fB; fTrue}}
CoCompFTV + CoCompFTV
= {{}; {/T}; {fFalse}; {fTrue}; {fFalse; fT};
{fTrue: [T}}
<o FY Vor
o V g, r
=Nz yoif x € VANy€eVthenrxzuyelsex =y)
ConjOrder FV rl r2e ConjOrder r1 r2 = Az yorl x y AN r2 x y)
DerivedOrder + VY [ re DerivedOrder f r = (A xz yo r (f z) (f v))
Pw FVre Pur=(\loroeV zer (lox)(rox))
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PwS

PrO

OptO

DpoEO

IxO
IxO2

SetO

SetO2

FunSetO

FunProd
FunLeft
FunRight
Pr2BrT
Pr2BrF
BrTF2Pr

FY Vor

e PuS V.r=AloreVzexecV=r/(loz)(rozx))

FVrardb
e PrO ra rb
=\lr
o ra (Fst 1) (Fst r) A rb (Snd 1) (Snd 1))
FVorl
e OptO 1l
=\lr
o | = Undefined
V IsDefined 1
A IsDefined r
A 1l (ValueOf 1) (ValueOf r))
FVorl
e DpoEO 1l
=\lr
e dpoUdef 1
V dpoOdef r
vV (3 le re
e rlle re Nl = dpoE le N r = dpoE re))
FV re ItO r = Pw (OptO 1)
FVdr
o [z02 (d, )
=Azy
eif xredANyed
then IxDom x = IrtDom y A IzO r z y
else © = y)
FVr
e SetO r
=Amn
e (Vzezem= (JyeyecnArczy))
ANNVysyen= (FzezecmArzy)))
FVr
o SetO2 r

=AmneVzezrem= (FyerxzyAycn))

FVYor
o FunSetO r
=(Ast
e Py
(SetO 1)
ANze {v|Fye yesAv=yuza})
(Aze{v]Tyey et Nv=yuz})
VY f ge FunProd f g = (A ze (f z, g x))
FV fe FunLeft f = (\ ze (f z, Snd z))
FV fe FunRight f = (\ ze (Fst z, f x))

FV $=,8 Pr2BrT $=, = (A = ye fTrue <,; © =, y)
F VY $=,e Pr2BrF $=, = (A z ye fFalse <iy © =, y)

FV$=, $=,
e BrTF2Pr $=, $=,
=\zy
o Lub
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$<iy
{ftv
|z =, y A ftv = fTrue
Vo =,y A ftv = fFalse})

12.8 Theorems

one_one_DPO_lemma
F OneOne repDPO A OneOne absDPO
dpo_distinct_clauses
F = dpoT = dpoB
A = dpoB = dpoT
A (Ve
e - dpoF e = dpoT
A = dpoE e = dpoB
A = dpoT = dpoFE e
A = dpoB = dpoE e)
dpoe_inj_lemma
FVefodpE e =dpoE f < e=f
dpo_cases_thm
FVY ze z = dpoB V z = dpoT V (3 ee x = dpoE e)
dpove_lemmal -V ee dpoV (dpoE e) = e
dpodef_lemmal
F dpoUdef dpoB
A dpoOdef dpoT
A = dpoUdef dpoT
A = dpoOdef dpoB
A (V ee = dpoUdef (dpoE e) N = dpoOdef (dpoE e))
dpoev_lemmal -V ze — dpoUdef © N — dpoOdef x = dpoE (dpoV z) = z
dpo_rpou_lemma
F RpoU Dpo
dpo_glbs_exist_thm
F GlbsExist Dpo
dpo_lubs_exist_thm
F LubsEzist Dpo
tv_cases_.thm + V ze x = pTrue V x = pFalse V x = pU
tv_distinct_clauses
F = pTrue = pFalse
A~ pTrue = pU
A = pFalse = pTrue
A = pFalse = pU
A = pU = pTrue
A = pU = pFalse
<ts-refl_thm
FVYzex <;3z
<t3_-trans_thm
FVzyzer <ysy Ny <is3z2=x<432
<ts_-antisym_thm
FVYzyexs <43y Ny <sgsz=z=y
<t3_clauses
F (¥ ze pU <5 1)

36



A = pTrue <3 pU
A = pFalse <;3 pU
A = pFalse <;3 pTrue
A = pTrue <;3 pFalse
<ts_partialorder_thm
FV Ye PartialOrder (Y, $<;3)
lin_<g3_lemma
FYY
o LinearOrder (Y, $<;3)
< - plrue € Y V - pFalse € Y
cerpou_<iz_thm
F CcRpoU $<;3
ftv_cases_thm
FVazez = flrue Vo= fFalse Vo = fBV z = fT
ftu_distinct_clauses
F = fTrue = fFalse
= fTrue = B
= fTrue = fT
- fFalse = fTrue
= fFalse = fB
- fFalse = fT
= fB = fTrue
- fB = fFalse
- B = fT
= fT = fTrue
- fT = fFalse
- fT = fB

>>>>>>> > > > >

ftvs_cases_thm

FVz

oz ={}

= {/B}
= {fFalse}
= {fTrue}
— {7}
= {fB; fFalse}
— {1B; fTruc}
— {1B; 1}
= {fFalse; fTrue}
= {fFalse; fT}
= {fTrue; fT}
= {fB; fFalse; fTrue}
— {fB; fFalse; T}
— {#B; fTrue; IT)
= {fFalse; fTrue; fT}
= {fB; fFalse; fTrue; fT'}

I KKK XKL XKL
82 8 8 88 8 88 88 8 8888

<ta_-dpo_thm
F$<;; = Dpo
<ta_refl_thm
FVYazer <;yz
<tsa-trans_thm
FVrzyzeor <4y yANy <4y z2=>1<4y 2
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<t4-antisym_thm
FVoyexr <4y yANy<yyz=x=y
<t4_antisym_thm?2
F Antisym (Universe, $<;;)
ft_fb_thm FVYaze (fT <iyzez=fT)N(z <4y B z=[B)
<t4a-partialorder_thm
FV Ye PartialOrder (Y, $<:y)
<tsa-lin_lemma
FYY
e LinearOrder (Y, $<y)
& - fTrue € Y V = fFalse € Y
eq_ft_fc_clauses
FVYa
o flalse <;y x N = x = fFalse
V fTrue <;y z A = x = fTrue
V fFalse <;; x A fTrue <;; x
=z = fT
eq_fb_fc_clauses
FVYax
o v <;; fFalse N = x = fFalse
Vo <yy flrue N =z = fTrue
Vx <y B
Vo <4y fTrue Nz <;; fFalse
=z = fB
<t4_glbs_exist_thm
F GlbsExist $<4,
<t4-lubs_exist_thm
b LubsExist $<4,
<ta-lub_islub_lemma
FVseo Lub $<;; s = e < IsLub $<;; s e
<t4-crpou_thm
F CRpoU $<,,
<t4-lub_clauses
F Lub $<;; {} = fB
A Lub $<iy {fT} = T
A Lub $<i; {fTrue} = fTrue
N Lub $<¢y {fTrue; fT} = fT
A Lub $<;; {fFalse} = fFalse
A Lub $<;; {fFalse; [T} = [T
N Lub $<;; {fFalse; fTrue} = fT
N Lub $<;; {fFalse; fTrue; fT} = fT
N Lub $<y {fB} = fB
N Lub $<¢y {fB; fT'} = fT
N Lub $<iy {fB; fTrue} = fTrue
A Lub $<i; {fB; fTrue; fT} = fT
A Lub $<;; {fB; fFalse} = fFalse
A Lub $<,; {fB; fFalse; fT} = [T
N Lub $<i; {fB; fFualse; fTrue} = fT
A Lub $<;; {fB; fFalse; fTrue; fT} = [T
<ta-lub_thm
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FVs
o Lub $<4y s
= (if fT € s

then fT

else if fTrue € s

then if fFalse € s then fT else fTrue

else if fFalse € s

then fFalse

else fB)
<t4-glb_clauses

F Gl $<iy {} =T
A Glb $<,; {fT} = fT

Glb $<;; {fTrue} = fTrue
Glb $<;; {fTrue; fT} = fTrue
Glb $<;; {fFalse} = fFalse
Glb $<;, {fFalse; fT} = fFalse
Glb $<;; {fFalse; fTrue} = fB
Glb $<: {fFalse; fTrue; fT} = [B
Glb $<,; {fB} = fB
Glb $<,; {fB; T} = /B
Glb $<;; {fB; fTrue} = fB
Glb $<;y {fB; fTrue; fT} = fB
Glb $<;; {fB; fFalse} = [B
Glb $<,, {fB; fFalse; fT} = B
Glb $<., {fB; fFalse; fTrue} = fB
Glb $<., {fB; fFalse; fTrue; fT} = fB

>>>>>>>>>>> > > >

compftv_lemma
FVs
e s € CompFTV
& = fT € s A (= fTrue € s V = fFalse € s)
cocomp ftv_lemma
FVs
o s € CoCompFTV
< - fB € s A (- fTrue € s V - fFalse € s)
CompFTV _Lub_lemma
FVsese CompFTV & — Lub $<y s = fT
Lub_CompFTV _lemma
FVse Lub $<;; s = fT < - s € CompFTV
CoCompFTV _Glb_lemma
FVsese CoCompFTV < = Glb $<;; s = fB
Glb_CoCompFTV _lemma
FVse Gib$<;;, s =B < - s € CoCompFTV
<ta-lin_lub_lemma
FV X
e LinearOrder (X, $<4)
= (fT <4y Lub $<;; X & fT € X)
<ga-lin_lub_lemma?2
FV X
e LinearOrder (X, $<:y)
= (fT = Lub $<y X & fT € X)
<tqa-lin_glb_lemma
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FV X
e LinearOrder (X, $<:y)
= (Glb $<;;, X <44 fB & fB € X)
<ta lin_glb_lemma?2
FV X
e LinearOrder (X, $<:y)
= (Glb $§t4 X =fB <& B e X)
do_lubs_exist_thm
FY fr
o LubsExist m N Onto f = LubsExist (DerivedOrder f r)
do_glbs_exist_thm
EYfr
e GlbsEzist v N Onto f = GlbsEzist (DerivedOrder f r)
wf_derived_order_thm
FVor
o well_founded r
= (V fe well_founded (DerivedOrder f r))
lubsexist_dofst_thm
FV f re LubsEzist r = LubsExist (DerivedOrder Fst r)
glbsexist_dofst_thm
FV f re GlbsExist r = GlbsEzist (DerivedOrder Fst r)
lubsexist_dosnd_thm
FV f re LubsExist r = LubsExist (DerivedOrder Snd r)
glbsexist_dosnd_thm
FV f re GlbsExist r = GlbsEzist (DerivedOrder Snd r)
pw_ccrpou_thm
FV re CcRpoU r = CcRpoU (Pw r)
pw_lubs_exist_thm
F VY re LubsExist r = LubsEzist (Pw r)
pw_glbs_exist_thm
F V re GlbsExist r = GlbsExist (Pw r)
pw_crpou_thm + Y re CRpoU r = CRpoU (Pw r)
pw_<iy_lubsexist_thm
F LubsExist (Pw $<:y)
pw_<iy_glbsexist_thm
F GlbsEzist (Pw $<4;)
pw_<iq_crpou_thm
F CRpoU (Pw $<:y)
pws_lubs_exist_thm
FV V re LubsEzxist r = LubsEzist (PwS V r)
pws_glbs_exist_thm
FV V re GlbsExist r = GlbsExist (PwS V r)
pro_refl_lemma
FV rarb
o Refl (Universe, ra) N Refl (Universe, rb)
= Refl (Universe, PrO ra rb)
pro_partialorder_lemma
FY rarb
e PartialOrder (Universe, ra)
A PartialOrder (Universe, 1b)
= PartialOrder (Universe, PrO ra rb)
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pro_rpo_lemma
FV ra rb
e Rpo (Universe, ra) A Rpo (Universe, rb)
= Rpo (Universe, PrO ra rb)
pro_lubs_exist_thm
FV ra rb
o LubsExist ra N LubsExist b = LubsExist (PrO ra rb)
pro_glbs_exist_thm
FV rarb
o GlbsEzist ra N\ GlbsExist vb = GlbsExist (PrO ra rb)
pro_crpou_thm
FV ra rbe CRpoU ra N CRpoU rb = CRpoU (PrO ra rb)
dpoeo_lubs_exist_thm
FV re LubsExist r = LubsExist (DpoEO )
dpoeo_glbs_exist_thm
FV re GlbsExist 1 = GlbsExist (DpoEO 1)
<ta-trich_lub_ft_lemma
FV Xz
o Trich (X, $§t4) A fT SM Lub $§t4 X=fleX
lub_increasing_lemma
FVr
e RpoU r N LubsExist r
= Increasing (SetO r) r (Lub r)
lub_increasing2_lemma
FVr
e RpoU r N LubsExist r
= Increasing (SetO2 r) r (Lub r)
lub_increasing_lemma?2
FV re CRpoU r = Increasing (SetO r) r (Lub r)
lub_increasing2_lemma?2
FV re CRpoU r = Increasing (SetO2 r) r (Lub )
lub_increasing_lemma3
FVr
e CRpoU r
= (Vz yo SetO r x y = r (Lub r z) (Lub r y))
lub_increasing2_lemma3
FVr
e CRpoU r
= (Vz yo SetO2 r x y = r (Lub r x) (Lub r y))
funprod_increasing_thm
FYfgrarbrc
e Increasing ra rb f N Increasing ra rc g
= Increasing ra (PrO rb rc¢) (FunProd f g)
funleft_increasing_thm
FY frarborc
e Increasing (PrO ra rc) rb f
= Increasing (PrO ra rc) (PrO rb rc) (FunLeft f)
funright_increasing_thm
EY forarbrc
e Increasing (PrO rc ra) b f
= Increasing (PrO rc ra) (PrO rc rb) (FunRight f)
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linear_funimage_thm
FVYrlir2 fX
e Increasing r1 r2 f
A LinearOrder (X, r1)
A PartialOrder (FunImage f X, r2)
= LinearOrder (FunImage f X, r2)
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13 The Theory misc2

13.1 Parents

GS miscl

13.2 Children

ifol  t001b t001a

13.3 Constants

FunImageg
IsVal
IsRan
IsDom
IsSDom
IsOd

IsUd
IsT'Dom
IsOverRide
IsEO

$<c

(GS —-'a) > GS - 'a P
"a IS — GS —'a
"a IS —'a P

'a IS —- GS P
"'a IS = GS P
'a IS —- GS P
"'a IS = GS P
"a IS - GSPx GSP x GS P

("a IS, 'a IS) BR

('a, BOOL) BR — ('a IS, BOOL) BR
((GS, FTV) BR, BOOL) BR

13.4 Type Abbreviations

'a IS

"a IS

13.5 Definitions

FunImagey
IsVal
IsRan
IsDom
IsSDom
IsOd

IsUd
IsTDom
IsOverRide

IsEO

FV f se Funlmage, f s = {z|Fye y €45 s Nz = f y}
FVis ge IsVal is g = dpoV (is g)
F V ise IsRan is = {v|3 ae dpoE v = is a}
F V ise IsDom is = {i|- is i = dpoB}
F V ise IsSDom is = {i|~ (is i = dpoB V is i = dpoT)}
FV ise IsOd is = {ilis i = dpoT}
FV ise IsUd is = {i|is i = dpoB}
FV ise IsTDom is = (IsSDom is, IsUd is, IsOd 1is)
Vsl 1s2
e IsOverRide is1 1s2
=(Ai
o if = dpoUdef (is2 1) then is2 i else isl i)
FV re IsEO r = Pw (DpoEO r)
- $<c = Pw (Pw $<1;)
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13.6 Theorems

funimagey_fc_lemma
FVfszexey,s=fxc Funlmagey f s
ts_.domran_lemma
FVaxyex e IsSDom y = IsVal y x € IsRan y
istdom_eq_fc_lemma
FYaxy
e [sTDom x = IsTDom vy
= IsUd x = IsUd y
A IsOd z = IsOd y
A IsSDom x = IsSDom y
A IsDom x = IsDom y
tsoverride_tsdom_lemma
FV z yo IsDom (IsOverRide z y) = IsDom x U IsDom y
tsoverride_isud_lemma
FV 2z ye IsUd (IsOverRide x y) = IsUd = \ IsDom y
tsoverride_isod_lemma
FYaxzy
e IsOd (IsOverRide = y) = IsOd y U IsOd x \ IsDom y
tsoverride_issdom_lemma
FYzy
e IsSDom (IsOverRide x y)
= IsSDom y U IsSDom x \ IsDom vy
1s_lubs_exist_thm
FV re LubsExist r = LubsExist (IsEO r)
ts_glbs_exist_thm
FV re GlbsExist 1 = GlbsExist (IsEO r)
crpou_<c_thm
F CRpoU $<c¢
cerpou_<c_thm
F CcRpoU $<¢
<¢_clauses b GibsExist $<c N LubsErist $<c N (V ze z <c 1)
<e-fe_clauses
FVzyzez <cyANy<cz=uz<cz)
ANVzyoz<cyNhy<cz=uz=y)
<club_.thm FV G
o Lub $<. G
=Nz ye Lub $<;y {w|3 ge g € GANw=ygzy}
<e-itncreasing_pointwise_thm
F Increasing $<c $<;; (X fo f 2’ y)
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14 INDEX

TSl . 4
TMASC2 . o 28
D 34
e T 34
P 34
B g oo 17
8 31
$ S o B I R T T T T 7
S < td 10
L ettt e 33, 34
Lo e 27, 34, 43
Seoclauses ... 31, 44
<e_fecauses . ... o i 31, 44
< c-increasing_potntwise_thm............ 32, 44
Sedubthm oo 31, 44
B e e 33, 34
<geantisym_thm ... .. .. .. 7, 36
< 43_claUSES oo 7, 36
<s_tslub_clauses ........ ... ... ... ... ... ... 8
<z tsub_cases_lemma........................ 8
<s_partialorder_thm .................... 7,37
<ggreflthm. ..o o 7, 36
<gs_trans_thm .......... ... ... . ... ....... 7, 36
Lol e e e 33, 34
<yg-antisym_thm ... o 10, 38
< ygoantisym_thm2 ... o oo 10, 38
< g ClaUses ..o 10
<yg_crpou_thm ..o 38
<ygqodpothm ... o 10, 37
<yg-glb_clauses ....... ... ... . i 15, 39
<yq-glbs_exist_thm...................... 14, 38
< yq-tsglb_clauses ... 13
< a-islb_clauses ......... ... ... ... ... .. ..... 12
< a-tslub_clauses ........ ... ... . ... ... ...... 13
< yg-isub_clauses . ... ... 12
< s lin_cases_lemma.................... 11, 13
<yglin_glblemma ... o 16, 39
< ialin_glblemma2 ......... ... ... ... .. 16, 40
<glinlemma ... . 10, 38
<galin_lubllemma...................... 16, 39
< s lin_lub_lemma2..................... 16, 39
< yg-lub_clauses ........... .. ... ... ... .... 14, 38
< s lub_islub_lemma ........... ... ... ... 14, 38
<galdub_thm . ... ... ... 14, 38
< s lubs_exist_thm ..................... 14, 38
< a-partialorder_thm ................... 10, 38
<ga-reflthm. ..o i 10, 37
< yg-trans_thm ...... ... .. ... . ... .. .... 10, 37
< gq-trich_lub_ft lemma ................. 24, 41
absDPO ......... . ... . . . . 4, 33, 34
BR . 27, 34
BrTF2Pr ..o, 28, 33, 35
cerpou < cthm ... o 31, 44

cerpou_ < gz thm ..o o 8, 37
chaincomplete_. < y3_kemma ................... 8
CoCompFTV ... .o i 15, 33, 34
CoCompFTV _Glblemma .................... 39
cocompfto_lemma ......... ... .. ... ... 15, 39
CoCompFTV _Lub_lemma .................... 16
CompFTV ... 15, 33, 34
CompFTV_¢€ _clauses ....................... 16
compftolemma ........ ... .. ... .. ... 15, 39
CompFTV _Lub_.lemma ................... 16, 39
ConjOrder ........... .. 17, 33, 34
crpou. < cthm ... o 31, 44
crpou_lub_pw_lemma....... .. ... ... ... ... 20
crpou_lub_pw_pw_lemma ............... ... ... 20
DerivedOrder . ....... ... ... ... .... 17, 33, 34
do_glbs_exist_thm ....................... 18, 40
do_islb_lemma ....... ... .. .. .. .. . . ... 18
do_tsublemma ... .. ... 17
do_lubs_exist_thm ....................... 17, 40
DPO ... 34
Dpo ... 6, 33, 34
dpo_cases_thm ....... ... ... ... ... ... ... ... 6, 36
dpo_distinct_clauses ....................... 5, 36
dpo_glbs_exist_thm ....................... 6, 36
dpo_lubs_exist_thm ....................... 6, 36
dpo_rpou_lemma ........ .. ... . . . . ... 6, 36
dpoB ... 4, 33, 34
dpodef_lemmal ......... .. ... .. ... ... ... 5, 36
dpoE ... 5, 33, 34
dpoe_inj_lemma ........ .. .. .. .. . .. ... 5, 36
dpoe_inj_thm ... ... ... .. . .. .. .. .. . ... 5
DPoBO . ..o 23, 33, 35
dpoeo_glbs_exist_thm ........................ 41
dpoeo_lubs_exist_thm ........................ 41
dpoev_lemmal .......... .. .. .. .. . .. ... 6, 36
dpoOdef ... 5, 33, 34
dpoT .. 4,33, 34
dpoUdef ... 5, 33, 34
dpoV . 5, 33, 34
dpove_lemmal ........ .. .. . .. .. . . ... 5, 36
eq_fb_fe_clauses ........ ... ... .. ... ..., 12, 38
eq_ft_fec_clauses ........ ... ... ... ... ... 12, 38
T B 9, 33, 34
fFalse ...... ... . . . 9, 33, 34
fisisglb_lemma .......... ... 18
fizislb_lemma. ......... ... i .. 18
ficislub_lemma ... ..o 17
fictsubllemma ... o 17
T 9, 33, 34
Ftofbthm ..o o o 10, 38
fTrue .. ..o 8, 33, 34
FV 8, 34
ftu_cases_thm ......... .. ... .. .. ... 9, 37



ftu_distinct_clauses ....................... 9, 37
ftus_cases_thm ........ ... .. ... .. ..... 9, 37
Funlmageg .......... ... . ... ... .. ... 29, 43
funimageg_fclemma..................... 29, 44
FunLeft ... 0 ... 26, 33, 35
funleft_increasing_thm .................. 27, 41
FunProd ............ ... ... ... ........ 26, 33, 35
funprod_increasing_thm .................. 26, 41
FunRight ...... ... . . .. .. ... .... 26, 33, 35
funright_increasing_thm ................. 27,41
FunSetO ... ... .. .. ... ... 25, 33, 35
Glb_CoCompFTV lemma ................. 16, 39
glbsexist_dofst_thm ...................... 18, 40
glbsexist_dosnd_-thm .................... .. 18, 40
gt_false_true_lemma ........................ 11
gt_ftlemma ....... .. .. 11
IS 29, 43
is_.domran_lemma ......... ... . ... ... . .... 29, 44
is_glbs_exist_thm........................ 31, 44
is_isglb_lemma. ... oo i 24
is_islb_lemma .. ... 23
is_islblemma2 . ... 23
is_tslublemma. . ... Lo 24
is_tsub_lemma ... 23
is_isub_lemma2 ... 23
islubs_exist_thm ....................... 31, 44
IsDOM oo 29, 43
ISEO ... 31, 43
IsOd ... 30, 43
IsOverRide . ....... .. .. i .. 30, 43
isoverride_isdom_lemma . ................. 30, 44
isoverride_isod_lemma . ......... ... .. ..... 30, 44
isoverride_issdom_lemma .............. ... ... 44
isoverride_isud_lemma.................... 30, 44
ISRan ... 29, 43
IsSDOmM .o 29, 43
IsTDom . ... ..., 30, 43
istdom_eq_fe_lemma............. ... ... 30, 44
IsUd ..o 30, 43
IsVal ... 29, 43
T30 .o 24, 33, 35
TxO2 . o 25, 33, 35
lin_. <y3_cases_lemma ........................ 8
line <yuslemma......... .. ... ... .. ..... 7,37
linear_ funimage_thm.................. ... 27, 42
lt_false_true_lemma ..................c...... 11
lt_fb_lemma ....... .00 i, 11
Lub_CompFTV _lemma ................... 16, 39
lub_increasing2_lemma . .................. 26, 41
lub_increasing2_lemma2 .................. 26, 41
lub_increasing2_lemma3 .................. 26, 41
lub_increasing_-lemma .................... 26, 41
lub_increasing_lemma2 ................... 26, 41
lub_increasing_lemma3d ................... 26, 41
lubsexist_dofst_thm ...................... 18, 40
lubsexist_dosnd_thm ...................... 18, 40

MISCL 4, 28
miscll ... 28
TISC2 o 28, 32
MISC2L . o 32
one_one_DPO_lemma........................ 36
OPtO . . oo 23, 33, 35
pFalse ... ... . 6, 33, 34
ProBrF ..o 28, 33, 35
PraBrT ... 28, 33, 35
PrO .. 22,33, 35
pro_crpou-thm .......... .. .. .. . .. .. .. 23, 41
pro_glbs_exist_.thm ...................... 23, 41
pro_isglb_lemma ....... .. ... . .. . . ... 22
pro_islb_lemma ....... ... .. .. . . . . 22
pro_islub_lemma ....... ... ... .. .. . . 22
pro_isub_lemma ........ ... ... .. 22
pro_lubs_exist_thm ...................... 22, 41
pro_partialorder_lemma................... 22, 40
pro_refl llemma ......... ... ... ... ... ..., 22, 40
pro_rpollemma. ... 22, 41
projections_onto_lemma ........... ... .. ..... 18
PITue .o 6, 33, 34
PU o 6, 33, 34
PUW o 18, 33, 34
pw_ < ggq_crpou_thm ........... ... ..... 20, 40
pw_ < yq_glbsexist_thm .................. 20, 40
pw_ < gq-lubsexist_thm .................. 20, 40
pw_cc_lemma ....... . ... i 19
PW_CCTrPOU_TAM . oo 19, 40
pw_crpou_thm . ... .. ... .. ... ... . ... 19, 40
pw_glbs_exist_thm ....................... 19, 40
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