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1 INTRODUCTION

The idea is to obtain exotic models of set theory using definability in first order set theory as a source
of candidate sets.

To ensure that we get all the well-founded sets we start with definability in infinitary first order set
theory (ifos). Given any membership structure, i.e. a domain of discourse and a membership relation
over that domain, each formula of ifos with one free variable will define a subset of the domain of
discourse (you may prefer to think of these as classes, since in the domains we work with they will
mostly have very large size).

If we take as our domain of discourse the formulae of ifos, then the semantics of ifos provides a functor
which given one membership relation over that domain will yield another membership relation. If
this functor had a fixed point then it would provide a rich interpretation of ifos. Over the entire set
of formulae of ifos there can be no such fixed point, for the resulting interpretation would include
paradoxical collections such as the Russell set.

It seems clear however that some subsets of the formulae of ifos do have fixed points under the
semantics of ifos. For example, the formulae denoting well-founded sets, or those denoting well-
founded sets or their complements.

It is the purpose of this work to see whether obtain models for rich non-well-founded set theories
can be obtained in this way.

2 INFINITARY SET THEORY

SML
open_theory "misc2";
force_new_theory "tfos";

n/

force_new_pc "'ifos";

merge_pcs [" savedthm_cs_3_proof"] "ifos";

set_merge_pcs ["misc21", "'ifos"];

2.1 Syntax
2.1.1 Constructors, Discriminators and Destructors

Preliminary to presenting the inductive definition of the required classes we define the nuts and bolts
operations on the required syntactic entities (some of which will be used in the inductive definition).

A constructor puts together some syntactic entity from its constituents, discriminators distinguist
between the different kinds of entity and destructors take them apart.

“Atomic” formulae are just membership predicates. So its just an ordered pair of ‘terms’ (and in
our case that just means variable names) tagged with a zero.

HOL Constant

MEAFf : GS x GS - GS

Vire MEAf Ir = (Naty 0) —4 ((Fst Ir) —4 (Snd Ir))



HOL Constant

IsAf : GS — BOOL

|
|
| Vie IsAf t < fst t = (Nat, 0)

HOL Constant

AfSet : GS - GS

AfSet = Aze fst(snd )

HOL Constant

AfMem : GS — GS

AfMem = Aze snd(snd x)

HOL Constant

MKCf : GS x GS — GS

VYvce MECf ve = (Naty 1) 4 ((Fst ve) g4 (Snd vc))

HOL Constant

IsCf : GS — BOOL

Vte IsCf t < fst t = (Naty 1)

HOL Constant

CfVars: GS - GS

CfVars = Axe fst(snd x)

HOL Constant

CfForms : GS — GS

CfForms = A\ze snd(snd )

Is_clauses =
F (VY ze IsAf (MEAS x))
A (Y ze = IsAf (MkCS z))
A (Y zeo — IsCf (MEAS z))
A (V zeo IsCf (MECS x))

Is not_fc_clauses =
F (V ze IsAf © = — IsCf z) A (V ze IsCf x = — IsAf )




Some derived syntax:

HOL Constant

MEkNot : GS — GS

Vfe MkNot f = MkCf (&,, Pairy f f)

2.1.2 The Inductive Definition of Syntax

This is accomplished by defining the required closure condition (closure under the above constructors
for arguments of the right kind) and then taking the intersection of all sets which satisfy the closure
condition.

The closure condition is:
HOL Constant

RepClosed: GS SET — BOOL

VY se RepClosed s <
(V s2 me MEAf (s2, m) € s)
A (V vars fse X4 fs € s = MECf (vars, fs) € s)

The dual concept is also used:

HOL Constant

RepOpen: GS SET — BOOL

V se RepOpen s < (V vars fse MECf (vars, fs) € s = X4 fs S s)

The well-formed syntax is then the smallest set closed under these constructions.

HOL Constant

Syntax : GS SET

Syntaz = (){z | RepClosed z}

The dual probably isn’t useful but I've put it in for symmetry.

HOL Constant

CoSyntax : GS SET

CoSyntax = |J{z | RepOpen z}

syntax_C_repclosed_thm =
- V se RepClosed s = Syntar S s

repopen_—_cosyntax_thm =
F V se RepOpen s = s € CoSyntax

This is an “inductive datatype” so we should expect the usual kinds of theorems.

Informally these should say:



e Syntax is closed under the two constructors.
e The syntax constructors are injections, have disjoint ranges, and partition the syntax.

e Any syntactic property which is preserved by the constructors (i.e. is true of any construction
if it is true of all its syntactic constituents) is true of everything in syntax (this is an induction
principle).

e A recursion theorem which supports definition of primitive recursive functions over the syntax.

repclosed_syntax_lemma =
 RepClosed Syntax

repclosed_syntax_thm =
— (V s me MEAf (s, m) € Syntar)
A (Y vars fs
o (Vzeze Xy fs = ze Syntax) = MEKCf (vars, fs) € Syntax)

repclosed_syntax_thm?2 =
H (V s2 me MEAf (s2, m) € Syntax)
A (Y vars fse (V ze z €4 fs = x € Syntax) = MkCf (vars, fs) € Syntax)

repclosed_syntax_lemmal =
F V se RepClosed s = Syntar < s

repclosed_syntax_lemma2 =
 V pe RepClosed {z|p z} = (V ze z € Syntax = p x)

2.1.3 Recursion and Induction Principles and Rules

We need to be able to define functions by recursion over this syntax. To do that we need to prove
that the syntax of comprehensions is well-founded. This is itself equivalent to an induction principle,
so we can try and derive it using the induction principles already available.

We must first define the relation of priority over the syntax, i.e. the relation between an element of
the syntax and its constitutents.

HOL Constant

ScPrec : GS REL

Yo ye ScPrec o v <
Jord fse a €4 fs A {a; v} S Syntaz A v = MECS (ord, fs)

HOL Constant

ScPrec2 : GS REL

Yo ve ScPrec2 a v <
dord fse o €4 fs A v = MEKCf (ord, fs)




ScPrec_tc_.e_thm =
-V 2 ye ScPrec v y = tc $e4 z y

well_founded_ScPrec_.thm =
 well_founded ScPrec

well_founded_tcScPrec_thm =
+ well_founded (tc ScPrec)

ScPrec2_tc_e_thm =
VY z ye ScPrec2 © y = tc $e4 z y

well_founded_ScPrec2_thm =
F well_founded ScPrec2

well_founded_tcScPrec2_thm =
— well_founded (tc ScPrec2)

SML

val SC_INDUCTION_T = WFCV _INDUCTION_T well_founded_ScPrec_thm;
val sc_induction_tac = wfcv_induction_tac well_founded_ScPrec_thm;

val SC2_.INDUCTION_T = WFCV_INDUCTION _T well_founded_ScPrec2_thm;
val sc2_induction_tac = wfcv_induction_tac well_founded_ScPrec2_thm;

The set Syntax gives us the syntactically well-formed phrases of our language. It will be useful to
have some predicates which incorporate well-formedness, which are defined here.

syntax_disj_thm =
FVz
e z € Syntax
= (3 s me z = MEAf (s, m))
v (3 vars fse (¥ yo y €4 fs = y € Syntaz) n © = MECf (vars, fs))

syntax_cases_thm =
VYV ze x € Syntax = IsAf z v IsCf x

syntax_cases_fc_clauses =
-V ze z € Syntar = (— IsAf x = IsCf z) n (— IsCf © = IsAf )




is_fc_clauses =
FVz
e © € Syntax
= (IsAf © = (3 s me x = MEKAf (s, m)))
A (IsCf =
= (3 vars fs
o (Vyeyey fs = ye Syntax) A v = MECf (vars, fs)))

syn_proj_clauses =
— (V s me AfSet (MEAf (s, m)) = s)
A (¥ s me AfMem (MKAf (s, m)) = m)
A (Y v feo CfVars (MECf (v, f)) = v)
A (Y v fo CfForms (MECf (v, f)) = f)

is_fe_clauses2 =
-V ze z € Syntar = IsCf v = (V ye y €, CfForms © = y € Syntax)

—g-€-syntar_lemma =
= = g € Syntax

—Jg-€-syntaxr_lemma2 =
-V xe x € Syntaxr = — z = J,

—g-€_syntar_lemma3 =
FY VazexzeV AVCSyntax = -1 =T,

syn_con_neq_clauses =
VY2 ye - MEAf x = MECT y

syn_comp_fc_clauses =
Vo fe MECT (v, f) € Syntax = (V¥ ye y €, f = y € Syntax)

scprec_fc_clauses =
VY a v vars fse v € Syntax = v = MkCf (vars, fs) A o €4 fs = ScPrec a vy

scprec2_fc_clauses
F VY a vy vars fse v = MECf (vars, fs) A a €4 fs = ScPrec2 o vy

scprec_fc_clauses2 =
-V te t € Syntax = IsCf t = (V fe f €4 CfForms t = ScPrec f t)

MEAf_e_Syntax_lemma =
Yz ye MEASf (z, y) € Syntax



sc_recursion_lemma =
VY oaf cf
[ ] 3 f
o (Y m so f (MEAf (m, s)) = af m s)
A (Y vars forms
o [ (MkCf (vars, forms)) = cf (Funlmagey f forms) vars forms)

This gets plugged into proof context ’ifos for use in consistency proofs.
SML

add_3_cd_thms [sc_recursion_lemma] "'ifos";
set_merge_pcs ["misc21", "ifos"];

HOL Constant

FreeVars2 : GS —- GS SET

(Vo ye
FreeVars2 (MEAf (z, y)) = {z; y})
A (Yvars formse

FreeVars2 (MkCf (vars, forms)) = | (Funlmage, FreeVars2 forms) \ (X4 vars))

Inductive proofs using the well-foundedness of ScPrec are fiddley. The following induction principle
simplifies the proofs.

syn_induction_thm =
Vo
o (Vzyep (MEAf (. y)))
A (VY vars fse (Vfe f ey fs = f € Syntax)
~ (Vfe feg fs = p f) = p (MKCf (vars, [s)))
= (V ze z € Syntax = p z)

Using this induction principle an induction tactic is defined as follows:
SML

fun ifos_induction_tac t (a,c) = (
let val 11 = mk_app (mk_X\ (t,c), t)
and 12 = mk_app (mk_app (mk_const ("€", =GS — GS SET — BOOL"), t),
mk_const ("Syntaz", -GS SET™))
in let val 13 = mk_V (t, mk_-= (12, 11))
in LEMMA_T 11 (rewrite_thm_tac o rewrite_rule[])
THEN DROP_ASM_T 12 ante_tac
THEN LEMMA_T 13 (rewrite_thm_tac o rewrite_rule[])
THEN be_tac |syn_induction_thm|
THEN rewrite_tac|]
THEN strip_tac
end end) (a,c);

This tactic expects an argument t of type TERM which is a free variable of type GS whose sole
occurrence in the assumptions is in an assumption "\t ' € Syntax™, and results in two subgoals, one

requiring a proof for atomic and the other for compound formulae (with the benefit of the induction
hypothesis in the assumptions).

10



2.1.4 Auxiliary Concepts

Its useful to be able to talk about the free variables in a formula so the definition is given here.

The definition is by recursion over the structure of the syntax. This is acheived by defining a functor
of which the required function is a fixed point.
HOL Constant

FreeVarsFunct : (GS — GS SET) —» (GS — GS SET)

FreeVarsFunct = Afv fe
if f e Syntaz
then if IsAf f
then {AfMem f; AfSet f}
else | ) (Funlmage, fv (CfForms f)) \ (X4 (CfVars f))

else exeT

HOL Constant

FreeVars : (GS — GS SET)

FreeVars = fix FreeVarsFunct

freevarsfunct_respect_thm =
F FreeVarsFunct respects ScPrec

freevarsfunct_fixp_lemma =
- FreeVars = FreeVarsFunct FreeVars

freevarsfunct_thm =
 FreeVars
=(Af
o if f e Syntax
then

if IsAf f
then {AfMem f; AfSet f}
else | J (FunImagey FreeVars (CfForms f)) \ X4 (CfVars f)

else € zo T)

freevarsfunct_thm2 =
HVYf
e FreeVars f
= (if f € Syntax

then
if IsAf f
then {AfMem f; AfSet f}
else | J (FunImage, FreeVars (CfForms f)) \ X4 (CfVars f)

else € zo T)

11



The name SetReps is defined as the set of formulae with exactly one free variable which is the empty
set. These are the candidate representatives for sets, and represent the set coextensive with the
property expressed by the formula. To know what set that is you need to know the domain of
discourse (which in the cases of interest here will always be a subset of SetReps) and the semantics
of formulae, which is defined below.

HOL Constant

SetReps : GS SET

SetReps = {z | x € Syntax A FreeVars x = {J4}}

setreps_C_syntaxr_lemma =
F SetReps < Syntaz

setreps_C_syntaxr_lemma2 =
F V € SetReps = V < Syntax

2.2 Semantics

The semantics of infinitary first order logic is given by defining “truth in an interpretation”.

2.2.1 Type Abbreviations

We consider here some of the value domains which are significant in the semantics.

The following type abbreviations are introduced:

RV Relation Value - this is the type for the meaning of a formula with free variables. The parameters
are the type of the domain of discourse and the type of truth values.

ST Structure = a structure is a domain of discourse (a set) together with a binary relation (the
membership relation) over that domain. The membership relation need not (and will not) be
boolean. The parameters are the type of the domain of discourse and the type of truth values.

SML

‘declare_mﬁz(f)’(m, "e,");

‘declare_type_abbrev("RV", ["a",""b"], Z(GS, "a)IX — 'b7);
‘declare_type_abbrev("ST", ["a",""b"], “a SET x ('a, 'b)BR™);

2.2.2 Formula Evaluation

Now we define the evaluation of formulae, i.e. the notion of truth in a structure given a variable
assignment.

There are two cases in the syntax, atomic and compound formulae.

The truth values of the atomic formulae (which are all membership claims) are obtained from a
structure given the values of the arguments, which are always variables, i.e. to evaluate an atomic

12



formula you look up the values of the arguments in the current context (variable assignment) and
then look up the truth value of the membership relation for those arguments in the structure. Note
that this specification is generic in the type of truth values.

HOL Constant

EvalAf : 't REL — GS — ('a,’'t) ST — ('a,'t) RV

V$<, (at:GS) (st:("a, 't) ST) (va:(GS, "a)IX )e EvalAf $<; at st va =
let d = Fst st
and rv = Snd st
and set = AfSet at
and mem = AfMem at
mn if mem € IxDom va A set € IxDom va

then rv (IrVal va mem) (IxVal va set)
else Lub $<¢ {}

EvalAf_MEAf_lemma =
VYV <; mem set st va
o FvalAf <; (MEKAf (set, mem)) st va
= (if mem € ItDom va A set € ItDom va
then Snd st (IzVal va mem) (IzVal va set)
else Lub < {})

To evaluate a compound formula you must first evaluate the constituent formulae in every context
obtainable by modification of those variables which are bound by the compound formula. You need
only remember the resulting truth values, the compound formulae are in this sense “truth functional”,
and, though this may involve evaluating a very large number of instances of subformulae, it can only
yield some subset of the available truth values.

The definition of the truth function depends upon the type of truth values, and is therefore a
parameter of the semantics.

The relevant definitions for three and four valued truth types are given here.

SML

declare_type_abbrev("CFE", ["'t"], &'t SET — 't7);

This one is probably now history, but I’'m not ready to delete it yet!

HOL Constant

EvalCf_tf3 : TTV CFE

Vresultse EvalCf_tf3 results =
if results < {pTrue} then pFalse
else if (pFalse) € results then pTrue

else pU

This function is the core of the semantics of the logic, and captures the truth functional character of
first order logic, including the quantifiers even in the infinitary case. It should be remembered that
though I am working here with four truth values, the logic we are formalising is a classical two valued

13



first order logic. The extra truth values are included to facilitate the discovery of interpretations by
making the semantics monotonic and taking least and/or greatest fixed points.

To make this clear I am defining the semantics as a two valued function first so that you can see
the intended semantics without the clutter of the extra truth values. The semantics is for a single
compound formula constructor which takes a set of formulae and a set of variables and yields the
negation of the (infinitary) conjunction of all the instances of the formulae for every possible valuation
of the bound variables. This function expects the results of evaluating these formulae as a set of
truth values, and returns the truth value of the compound formula.

HOL Constant

EvalC f_bool : BOOL SET — BOOL

Vresultse FvalCf_bool results = F € results

That looks unbelievably simple doesn’t it.

When we generalise this to operate with four truth values, you should think of the truth values as
sets of boolean truth values ordered by inclusion, i.e. with the empty set as “bottom” and the set
of both truth values as “top”. Then think of the required evaluation function as arising by mapping

the boolean evaluator above over the set of choice sets formed from the set of sets of booleans.
HOL Constant

LiftEvalC f_bool : BOOL SET SET — BOOL SET

Vresultse LiftEvalCf_bool results =
{v:BOOL | 3w fe w = Funlmage f results n v = EvalCf_bool w
A Vze x € results A (Jye y € z) = (f z) € z}

To get the required evaluator we need to modify this to work with type FTV instead of BOOL SET.

The conversions are:
HOL Constant

BoolSet2FTV : BOOL SET — FTV

Vbse BoolSet2FTV bs =
if T € bs
then if F € bs then fT else fTrue
else if F € bs then fFulse  else fB

HOL Constant

FTV2BoolSet : FTV — BOOL SET

Vftve FTV2BoolSet ftv =
{z | (z =T A fTrue <4y ftv) v (z = F A fFalse <y ftv )}

HOL Constant

EvalCf2_ftv : FTV CFE

Vresultse EvalCf2_ftv results =
BoolSet2FTV (LiftEvalCf -bool (Funlmage FTV2BoolSet results))

14



Deriving the result by that means looked like it would be a bit complicated so here’s my guess what
the result should be:

HOL Constant

EvalCf_ftv : FTV CFFE

Vresultse EvalCf_ftv results = Lub $<;; {t |
(fFalse € results v fT € results) A t = fTrue
%
(— fFalse € results A — fB € results) A t = fFalse

}

evalcf_ftv_lemma =
FVs
o FvalCf_ftv s
= (if fFalse € s v fT € s
then if — fFalse € s A — fB € s then fT else fTrue
else if — fFalse € s A — fB € s
then fFalse
else [B)

evalcf_ftv_ft_lemma =
VYV se BvalCf_ftv s = fT < — fFalse € s A fT € s A = fB € s

evalcf_ftv_ft_lemmal =
VYV se BvalCf_ftv s = fT = — fFalsee s A fT € s A = fB € s

evalcf_ftv_fb_lemma =
F V se EvalCf_ftv s = fB < — fFalse € s n — fT € s A fB € s

evalcf_ftv_fb_.lemmal =
VYV se EvalCf_ftv s = fB = — fFalse € s A = fT € s A fBE s

This definition shows how the set of truth values of instances of the constituents is obtained from

the denotations of the constituent formulae.
HOL Constant

EvalCf : 't CFE - GS — ('a,’t) ST — ('a,'t) RV SET — ('a,'t) RV

Vetf fo FuvalCf etf f = Ast rvs vae
let v = CfVars f
and V = Fst st
in etf {pb | Irv ve
TV € TUS
A IzDom v = X4 v
A IzRan v € V
A pb = rv (IrOverRide va v)}

15



EvalCf -MECS _lemma =
- V etf vars forms st rvs va
o FEvalCf etf (MkCf (vars, forms)) st rvs va
= etf
{pb
|3 rv v
e U € TUS
A IzDom v = X4 vars
A IzRan v S Fst st

A pb = rv (IzOverRide va v)}

Now we define a parameterised functor of which the semantic function is a fixed point.

HOL Constant
EvalFormFunct : 't CFE x 't REL x ('a,’'t) ST — (GS — ('a,'t) RV)
— (GS - ('a,'t) RV)

Vefe $<; ste EvalFormFunct (cfe, $<y, st) = Xef feo
if f e Syntaz
then if IsAf f
then EvalAf $<; f st
else
let rvs = Funlmage ef (X ,(CfForms f))
in FEvalCf cfe f st rvs
else exeT

The semantics of formulae is then given by:

HOL Constant

EvalForm :'t CFE x 't REL x ('a,’t) ST — GS — ('a,’t) RV

Vefe $<, ste FvalForm (cfe, $<4, st) = fiz (EvalFormFunct (cfe, $<;, st))

To use this definition we need to show that there exists a fixed point, for which we must show that
the functor respects some well-founded relation.

eval form funct_respect_thm =
Y cfe <; ste EvalFormFunct (cfe, <, st) respects ScPrec

eval form funct_fixp_lemma =
FV cfe <y st
e EvalForm (cfe, <i, st)
= FvalFormPFunct (cfe, <4, st) (EvalForm (cfe, <, st))

16



eval form funct_thm =
VY cfe < st
e EvalForm (cfe, <4, st)
=S
o if f e Syntax
then
if IsAf f
then EvalAf <; f st
else
let rvs = Funlmage (EvalForm (cfe, <, st)) (X4 (CfForms f))
i EvalCf cfe f st rvs
else € zo T)

eval form funct_thm2 =
FVcfe <¢stf
e EvalForm (cfe, <y, st) f
= (if f € Syntax
then
if IsAf f
then EvalAf <; f st
else
(let rvs
= Funlmage (EvalForm (cfe, <4, st)) (X4 (CfForms f))
in BvalCf cfe f st rvs)
else € fo T)

EvalForm_MEKAf_lemma =
F V cfe <¢ st set mem
e EvalForm (cfe, <y, st) (MEAf (set, mem))
= FvalAf <; (MEAf (set, mem)) st

EvalForm_fT _lemma =
HVYy
e y € Syntax
= (VY va
o FreeVars y < IxDom va
A IzRan va € V U {J4}
A EvalForm (EvalCf_ftv, $<¢y, V U {4}, $€0) y va = fT
= Jzyeze Vu{dyg ryeVul{dyd Anze, y=fT))

17



EvalForm_fT_lemma2 =
Yy
e y € Syntax

= (VY va

o FreeVars y < IxDom va
A IzRan va € V U {J4}
A EvalForm (EvalCf_ftv, $<y, V, $€,) y va = T

= FrzyezeVu{dg ryeVu{dy Aze, y=fT))

2.2.3 Equivalence of Membership Relations

It proves useful in later proofs to have a notion of equivalence over partial membership relations and
to obtain here some lemmas about aspects of the semantics which depend upon a prior notion of
membership and give the same result for equivalent relations.

HOL Constant

PmrEq :'a SET — ('a,’d) BR — ('a,'b) BR - BOOL

VVe PmrEq V = Arl r2e Ve yez e V Aye V=rliozy=r2zy

PmrEq_EvalForm_lemma =
FYcefe<, VIWFfrlr2
e VC WAPmrEq Wrl r2

= f € Syntax

= (V2

o [tRan 2z €¢ W

= FEvalForm (cfe, <4, V, rl) f 2
= FvalForm (cfe, <¢, V., 12) [ 2)

2.2.4 Some Orderings

To help in the location of fixed points we want a semantics which is monotonic, and therefore define
here orderings on these domains relative to which we expect the sematantics to be monotonic.

The ordering on relations derives from the ordering on the truth values, using the operator Puw.

HOL Constant

RvO : ('b > 'b - BOOL) — ('a,’b) RV — ('a, 'b) RV — BOOL

Vre RvO r = Pw r

rvo_lubs_exist_thm =
— V re LubsExist r = LubsExist (RvO r)

rvo_glbs_exist_thm =
-V re GlbsExist r = GlbsExist (RvO 1)
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HOL Constant

RvIsO : ('b — 'b — BOOL) — ('a,'b) RV IS — ('a, 'b) RV IS — BOOL

Vre RuvlsO r = IsEO (RvO r)

rviso_lubs_exist_thm =
-V re LubsExist r = LubsExist (RvIsO r)

rviso_glbs_exist_thm =
- V re GlbsExist 1 = GlbsEzist (RvIsO r)

HOL Constant

StO : ('b - 'b - BOOL) — ('a,’d) ST — ('a,'d) ST - BOOL

Vre StO r = DerivedOrder Snd (Pw (Pw 1))

sto_lubs_exist_thm =
-V re LubsExist r = LubsExist (StO r)

sto_glbs_exist_thm =
-V re GlbsExist 1 = GlbsExist (StO )

We will be looking for fixed points of the semantics and one approach to this is to take greatest
of least fixed points over various subdomains of the formulae of this set theory. This is why we
are working with non-standard truth value types, so that we can arrange for the semantics to be
monotonic relative to orderings derived from that on the truth values.

In order to prove that the semantics is monotonic, we must first define the partial orderings relative
to which the semantics is monotonic, and we must obtain fixpoint theorems for the orderings.

We have at present two cases under consideration, according to whether three or four truth values
are adopted.

The three valued case turns out in some respects more complex than the four valued case, because
it is necessary to make do with chain completeness and the fixed point theorem is more difficult to
prove (though in fact the proof has been completed). I will therefore progress only the four valued
case until I find a reason to further progress the three valued case.

Here is the beginning of the three valued case which I started before.

It is also necessary to prove that these partial orderings are CCPOs (chain complete partial orders),
this being the weakest condition for which we have a suitable fixed point theorem. It is convenient to
be slightly more definite, to make the orderings all reflexive, and show that they are reflexive CCPOs
(for which we use the term CCRPO).

The following ordering is applicable to partial predicates.

SML

‘ declare_infix (300, "<p¢3");
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HOL Constant

$<ft3 : (la > TTV) — ('la » TTV) — BOOL

$<ri3 = Pw $<y5

cecrpou_<ygi3-thm =
- CcRpoU $<y¢3

Lets now get on with the four valued case.

SML

‘ declare_infix (300, "<f¢y");

HOL Constant

$<fta : (a > FTV) - ('a - FTV) - BOOL

$<ft4 = Pw $<t4

<jta-crpou_thm =
- CRpoU $<;yy

We need an ordering over variable assignments relative to membership relations which corresponds
to degrees of well-definedness of the sets assigned to variables under the membership relation.

It might be helpful to do this separately for the extension and the essence of the sets, so that’s what
I propose to do here.
We begin with pre-orderings over SetReps corresponding to extension.

HOL Constant

ExtSRO : GS SET x (GS, FTV)BR — GS — GS — BOOL

VV re ExtSRO (V,r) =Xz yeVze ze V=>rzao <yyrzy

and to essences.

HOL Constant

EssSRO : GS SET x (GS, FTV)BR — GS — GS — BOOL

|
|
‘VVT’.ESSSRO(V,T’)Z)\xyOVZOZEV=>T$Z<t4 T

Though I suspect I may only need:

HOL Constant

ExsSRO : GS SET x (GS, FTV)BR — GS — GS — BOOL

Vse ExsSRO s = ConjOrder (ExtSRO s) (EssSRO s)

From this we obtain a pre-ordering over variable assignments:
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HOL Constant

ExzsVaO : ('a, GS) IX SET x (GS SET x (GS, FTV)BR)
— ('a, GS) IX — ('a, GS) IX — BOOL

|
‘ Vd se FExsVaO (d, s) = IzO2 (d, (ExsSRO s))

The following function is given to determine appropriate sets of indexed sets for use with this ordering.
That is, for any domain V the set of V-valued indexed sets (there is no constraint on the domain for
any set can be a variable and we use the indexed sets primarily for variable assignments).

HOL Constant

V2IzSet : GS SET — ('a, GS) IX SET

VVe V2IzSet V = {iz | IxRan iz < V}

exsvao_txoverride_lemma =
FYVS,zywv
o FxsVaO (V2IzSet V, V, $€,) z y A ItRan v € V
= ExsVaO (V2IxSet V, V, $€,) (IxOverRide x v) (IxrOverRide y v)

exsvao_txoverride_lemma2 =
FYV WS, zywv
o FrsVaO (V2IzSet V, W, $€,) x y A IxRan v € V
= ExsVaO (V2IzSet V., W, $€,) (IrOverRide x v) (IxOverRide y v)

2.2.5 Monotonicity Results

First we prove the monotonicity of FvalForm.

evalcf_ftv_increasing_lemma =
- Increasing (SetO $<;) $<¢y FvalCf_ftv

evalaf_increasing_lemma =
-V tr go CRpoU tr = Increasing (StO tr) (RvO tr) (EvalAf tr g)

To get a monotonicity result for the semantics of first order logic it is necessary to adjust the type
of the semantic function.

The function which we wish to be monotonic is the mapping for each fixed domain of discourse and
each particular formula, which take a membership structure (an interpretation of set theory over the
gived domain) and returns the relation represented by the formula in that context.

The following function accepts one compound argument containing the relevent context and yields
a function which we expect to be monotonic:

HOL Constant

MonoEvalForm : 't CFE x 't REL x 'a SET x GS — ('a,’t) BR — ('a,'t) RV

Ve r s g rise MonoEvalForm (¢, r, s, g) ris = FvalForm (c, r, (s, 118)) ¢
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monoeval form_increasing_lemma =
FYcrsg
e CRpoU r A Increasing (SetO r) r ¢
= Increasing (Pw (Pw 1)) (RvO r) (MonoEvalForm (c, T, s, g))

eval form_increasing_thm =
FYcrsg
e CRpoU r A Increasing (SetO r) r ¢
= Increasing (Pw (Pw 1)) (RvO r) (A rise EvalForm (c, r, s, ris) g)

We will also need to prove monotonicity of formula evaluation relative to the extension and essences
of the variable assignment providing the context for the evaluation.

eval form_increasing_thm?2 =
FY(V, $€) g
e V € Syntax A g € Syntax
= Increasing
(ExsVaO (V2IzSet V, V, $€,))
$<yy
(EvalForm (EvalCf_ftv, $<¢y, V, $€4) g)

eval form_increasing_thm3 =
YV S$e g
e V C Syntax A g € Syntax
= Increasing
(EzsVaO (V2IzSet (V U {Tg}), V U {Tg}, $€y))
$<yy
(EvalForm (EvalCf_ftv, $<¢y, V, 3€y) 9)

eval form_increasing_thm4 =
YV W8, g
e VWAV C Syntaxr A g € Syntax
= Increasing
(ExsVaO (V2IzSet W, W, $€,))
$<yy
(EvalForm (EvalCf_ftv, $<¢y, V, 3€y) 9)

2.2.6 Extension and Essence, Compatibility and OverDefinedness

The terminology is a bit uncertain here. These lemmas about the semantics are proven in order to
obtain extensionality results for fixed points of the semantic functor.

HOL Constant

Extension : (GS, FTV)BR — (GS, FTV)BR

Extension = CombC
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We now define a notion of ‘same extension’ over some domain.

Two sets have the same extension over some domain if they have the same members in that domain.

HOL Constant

SameFExzt : GS SET — (GS, FITV)BR - GS — GS — BOOL

VYV re SameExt V. r = Az ye Vze z e V =rzaoz=rzy

HOL Constant

Essence : (GS, FTV)BR — (GS, FTV)BR

FEssence = Combl

Two sets have the same essence over some domain if they are members of the same sets in that
domain.

HOL Constant

SameEss : GS SET — (GS, FTV)BR — GS — GS — BOOL

VV re SameEss V.r = Ax yo VYze z € V=>raxz=ryz

sameext_equiv_thm =
VY V re Equiv (V, SameExt V r)

sameess_equiv_thm =
VY V re Equiv (V, SameEss V r)

sameext_refl_lemma =
FVYVrzexeV = SameEst V rzxz

sameess_refl_lemma =
FY VrzexeV = SameEss V rzz

sameext_sym_lemma =
FY VrzyezeVaAyeV = (SameExt V rxzy< SameExt V r y x)

sameess-sym_lemma =

FY Vrzyez eV AayeV = (SameEss V raxy< SameEss V ry x)
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eval form_ext_lemma =

Y Vor
e IV < SetReps
= (V2

e z € Syntax
= Vazy
o IxDom x = IxDom y
A FreeVars z S IrtDom x
A ItRan z € V
A IzRan y € V
A Mo
e v e IxDom x
= SameFEzt V r (IzVal z v) (IzVal y v)
A SameEss V r (IzVal z v) (IxVal y v))
= EvalForm (EvalCf_ftv, $<¢y, V, 1) 2 T
= EvalForm (EvalCf_ftv, $<4y, V., 1) 2 y))

Unfortunaately that last lemma is too weak for the purposes for which is was intended. To obtain a
stronger lemma it is necessary to have concepts weaker than SameFzt and SameFEss, as follows:

To obtain a stronger lemma we define the notion of ‘compatible extension’.

Two sets have compatible extensions over some domain if they do not definitely disagree about what
their members are, where a disagreement is definite if at some point either is overdefined or if neither
is undefined. This is defined in terms of compatibility of truth value sets, which is defined in [2].

HOL Constant

CompExt : GS SET — (GS, FTV)BR - GS —» GS — BOOL

VV re CompExt V. r = Xz ye Vze 2 € V.= {r z z; r z y} € CompFTV

HOL Constant

CoCompExt : GS SET — (GS, FTV)BR - GS — GS — BOOL

VV re CoCompExt V. r = Az ye Vze z € V = {r z z; r z y} € CoCompFTV

Two sets have compatible essences over some domain if they do not definitely disagree about which
sets they are members of.

HOL Constant

CompEss : GS SET — (GS, FTV)BR — GS — GS — BOOL

VV re CompEss V.r = Xz ye Vze 2 € V.= {rz z;r y z} € CompFTV

HOL Constant

CoCompEss : GS SET — (GS, FTV)BR — GS — GS — BOOL

VV re CoCompEss V. r = Az ye Vze z€ V = {rx z; ry 2z} € CoCompFTV
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We also need to be able to talk about relations which are nowhere overdefined. In fact we need to
be able to talk about parts of relations, e.g. particular extensions and essences in these terms.

The following is a property, either of an extension or an essence, which tells you whether it anwhere
takes the value fT. The property is parameterised by the domain of discourse.

HOL Constant

OverDefinedL : GS SET — (GS — FTV) - BOOL

VYV zee QOuerDefinedL V xe < dye ye€ V A ze y = fT

OverDefinedL_<iy_lemma =
VY V xel ze2
o — OverDefinedL V zel A PwS V $<;; ze2 zel = — OuerDefinedL V ze2

The following property of relations could have been defined in terms of the above, but actually it
was defined first and is simpler left as it is.

HOL Constant

OverDefined : GS SET — (GS, FTV)BR — BOOL

VYV re OverDefined Vr < dzyexz eV AayeV Aarzcy=fT

HOL Constant

OverDefinedEss : GS SET — GS SET — (GS, FTV)BR — BOOL

VV W re QuerDefinedEss VW r < Jze z € V. A OuverDefinedL W (FEssence r 1)

HOL Constant

OverDefinedExt : GS SET — GS SET — (GS, FTV)BR — BOOL

|
|
‘ VV W re OuerDefinedExt VW r < Jze x € V. A OuverDefinedL W (Extension r z)

and the duals:

HOL Constant

UnderDefinedL : GS SET — (GS — FTV) - BOOL

VYV zee UnderDefinedL V ze < dye ye V A xze y = fB

HOL Constant

UnderDefined : GS SET — (GS, FTV)BR — BOOL

YV re UnderDefined V r < dz yex € V Aye V Arzy=fB
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compext_refl_lemma =
Y V raze = QuerDefined Vr = xe€V = CompExt V rz x

cocompext_refl_lemma =
Y V rxze = UnderDefined V r = x €V = CoCompExt V r z x

compess_refl_lemma =
Y V raze = QuerDefined Vr=x¢€V = CompEss V rzzx

cocompess_refl_lemma =
VY V rze = UnderDefined Vr = x € V = CoCompEss V r x x

compext_sym_lemma =
FVYVr
e — QuerDefined V r
= VzyozeVAayeV = (CompEst Vrazy<s CompExt V ryx))

cocompext_sym_lemma =
FYVr
e — UnderDefined V r
= Vzyox eV AayeV = (CoCompExt V rxy< CoCompExt V r y z))

compess_sym_lemma =
FVYVr
e — QuerDefined V r
= VazyosxzeVAayeV = (CompEss V razy< CompEss V ry z))

cocompess_sym_lemma =
FVYVr
e — UnderDefined V r
= VzyoszeVAayeV = (CoCompEss V rzy< CoCompEss V ry z))

The following condition expresses the possibility that two set representatives might end up repre-
senting the same set after further iterations of the semantic functor in approaching a least fixed
point.

This intended for use in proving that a total least fixed point will always be extensional, through a
lemma which states that, under certain conditions, elements which are compatible will still have the
same extension after one further application of the semantic functor.

To be compatible two elements must have the same essences and extensions, but this does not suffice.
It is also necessary to state that there is no disagreement about whether the element to which they
might be refined by iteration of the semantic functor is a member of itself.

HOL Constant

Compatible : GS SET — (GS, FTV)BR - GS — GS — BOOL

|
|
‘ VV re Compatible V.r =Xz yo {rz y;ryxz;rzx;ryvy}e CompFTV
‘ A CompEss V. r x y n CompExt V r z y
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Compatible_lemmal =
Y Vorazye Compatible V.rozy < {rzy,ryz,rzzryyte CompFTV
ANVzezeV =
{rzuz;rzy}te CompFTV
A{razzryzh e CompFTV)

2.2.7 Proof Contexts

SML

(x add_pc_thms "“'ifos" [evalcf _ftv_ft_lemma, evalcf _ftv_fb_lemma]; *)

(* add_pc_thms "ifos" [get_spec " Extension™, get_spec " Essence™|; *)

commit_pc "'ifos";

force_new_pc "ifos";
merge_pcs ["misc2", "ifos"] "“ifos";

commit_pc "ifos";

force_new_pc "ifosl";
merge_pcs ["misc21", "'ifos"] “ifosl";

commit_pc "ifos1";
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3 SEMANTIC FIXED POINTS

We now look for fixed points of the semantics of infinitary set theory.
SML

open_theory "ifos";

new_parent "membership";
force_new_theory "sfp";

"'sfp";

merge_pcs |" savedthm_cs_3_proof"]

force_new_pc
n/

sfp™;
set_merge_pcs ["misc21", “'ifos", "'sfp"];

3.1 The Semantic Functor

First we use the semantics above to define a functor which transforms membership relations.

The input membership relation is that in the membership structure relative to which the semantics

is defined.

The output membership relation is obtained by considering the sets determined by formulae whose
sole free variable is the empty set. Thus. under this resulting membership relation, (which will be
a four-valued relation) the truth value of the claim that m is a member of s (where m and s are
elements of the domain of discourse, which is sets coding formulae of infinitary first order set theory)
is the value under the semantics for the formulae coded by s in the context of the variable assignment
in which only the variable coded by the empty set is assigned a value and that value is t.

The following function creates a variable assignment with just a value for the empty set.

HOL Constant

Param_ : GS — (GS, GS) IX

Vpe Param_J p = Aze if © = J, then Value p else Undefined

txdom_param_J_lemma =
-V ze IzxDom (Param-& =) = {4}

txran_param_Z_lemma =
 V xze IzRan (Param_-& z) = {x}

txval_param_J_lemma =
-V ze IzVal (Param_J z) &y =

param_J_undefined_lemma =
=V x ye Param_J z y = Undefined & — y = J,
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Param_g_Increasing_lemma =
FVYVr
e Increasing (V <, ExsSRO (V, r)) (ExsVaO (V2IxSet V, V, r)) Param_

Param_g_Increasing_lemma2 =
FYV Wr
e Increasing (W <, FExzsSRO (V, r)) (ExsVaO (V2IxSet W, V, r)) Param_

The “semantic functor”, a parameterised partial relation transformation, is then defined thus:

HOL Constant

Sf: GS SET — (GS, FTV) BR — (GS, FTV) BR

V d $eye Sf d Se, =
Am se EvalForm (EvalCf_ftv, $<¢y, (d, $€y)) s (Param_J m)

It is easily shown to be monotonic.

sf_increasing_thm =
-V de Increasing $<e $<e (Sf d)

We need to show that the essences of objects after application of the semantic functor depend only
on their extension and essence before application of the functor. One way of expressing this is by
stating that the identity function is an order morphism of between two distinct orderings of our
syntax. The orderings are respectively:

e the ordering of syntactic objects according to their extension and essence relative to some
membership relation $ € ,,

e the ordering of the objects according to their essence in the relation obtained when the semantic
functor is applied to $ € ,.

When the details are worked out we get:

essence_exstentional_lemma =
YV W $e,
e VWAV C Syntax
= Increasing
(V <, EzsSRO (W, $€,))
(EssSRO (V, Sf V $e,))
Combl

essence_exstentional_lemma2 =
YV W $e,
e VWAV C Syntax
= Increasing
(W <, ExsSRO (W, $€,))
(EssSRO (V, Sf 'V $ey))
Combl
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Note that the orders between the identity function is here proven to be a morphism are not restricted
to the syntax of infinitary set theory, but cover the whole type GS, and this fact will be essential to
some of the subsequent proofs, since we will make special use of "(J, ' as an extra pseudo-set.

3.2 Properties of Fixed Points

The first property of interest concerns the conditions under which a fixed point of the semantic
functor yields an extensional model of set theory.

I suppose we might start by saying what a fixed point is:

HOL Constant

SFFixp : GS SET — (GS, FTV)BR — BOOL

|
‘VdTOSFFixpdr(:)Sfdr:r

I am interested in interpretations of classical two-valued set theory and therefore will consider mainly
fixed points which are total over the domain.

HOL Constant

TotalOver : 'a SET — ('a, FTV)BR — BOOL

Y V re TotalOver V r < Yz ye
ifxeV AayeV
then r x y = flrue v r ¢ y = fFalse
else T

totover_lemma =
FY Vr
e TotalOver V r
= VzyszeVAayeV=razy=fTruev razy= fFalse)

totover_true_lemma =
FYVr
e TotalOver V r
= NVzyezeVAayeV = (fTrue<yyrcy<srazy= flrue))

totover_false_lemma =
FY Vr
e TotalOver V r
= VzyoezeV AayeV = (fFalse <¢y rzy < ray = fFalse))

If a relationship is total over some domain we can convert it to a boolean relation, without loss of
information (provided we remember the domain).

HOL Constant

BoolRel : ("a, FTV)BR — ("a, BOOL)BR

V r:("a, FTV)BRe BoolRel r = Az ye fTrue <;; r = y
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Having chosen representatives for sets which are not canonical, we will be taking a quotient to
eliminate redundancy. Two complementary concepts are useful in this, the extension of a set (which
is the collection of its members) and the essence of a set (which is the collection of things of which
it is a member).

These concepts don’t work out very tidily when we are dealing with partial membership relationships.
It seems easier not to formally define them but to define the relationships between two representatives
whose extensions and essences are the same.

We now provide two ways of defining an equality relation over a boolean membership relationship.

The first is the obvious definition for set theoretic equality, two sets being equal if they have the

same extension.
HOL Constant

BEqRel : GS SET — (GS, BOOL)BR — (GS, BOOL)BR

|
‘VVT’OBEqRel Vr=XtyeVze zeV=(rzezerzy)

The second is a stricter definition, two sets are equivalent if they have the same extension and the
same essence,

HOL Constant

BEqqRel : GS SET — (GS, BOOL)BR — (GS, BOOL)BR

VV re BEqqRel V. r = Mz yeVze z e V= (rzzerzy A(rxzeryz)
BFEqqRel_exs_lemma =
FYVrzyeze VAayeV ABERl V5iizy=rcrs=ryyArrzy=ryc

HOL Constant

BoolEqRel : GS SET — (GS, FTV)BR — (GS, BOOL)BR

VV re BoolEqRel V r = BEqRel V (BoolRel r)

HOL Constant

BoolEqqRel : GS SET — (GS, FTV)BR — (GS, BOOL)BR

VV re BoolEqqRel V r = BEqqRel V (BoolRel r)

beqgrel_equiv_lemma =
VY V re Equiv (V, BEqRel V 1)

beqqrel_equiv_lemma =
VY V re Equiv (V, BEqqRel V r)

booleqrel _equiv_lemma =
Y V re Equiv (V, BoolEqRel V r)

booleqqrel_equiv_lemma =
VY V re Equiv (V, BoolEqqRel V 1)
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The notation for sets we are using here is not canonical so each set has multiple representatives and we
do not have extensionality. However, we can hope to be able to obtain an extensional interpretation
by taking a quotient relative to extensional equality. The following condition suffices for this to be
possible.

What this says is that whenever two sets are not the members of all the same sets then they do not
have the same members.

HOL Constant

PreExtensional : GS SET — (GS, FTV)BR — BOOL

VYd re PreFatensional d r < — QuerDefined d r A Vzr ye x € d A y € d
= (Jze z € d A IsLub $<yy {r z z; r y 2z} fT)
= (Jze z € d A IsLub $<yy {r z z; v 2z y} fT)

However, that turns out a tad too strong (we need this to be a sufficient property to ensure that a
total least fixed point is extensional, but it must be preserved by the semantic functor, and that one
probably isn’t).

HOL Constant

PreExtensional2 : GS SET — (GS, FTV)BR — BOOL

Vd re PreFExtensional2 d r < — QuerDefined d r A Yz ye x € d A y € d
= (Jze z € d A IsLub $<yy {r z z; r y 2z} fT)
= (Jze z € d A IsLub $<yy {r z z; r z y} fT)
v Lub $3<yy {rz z;ryy} = fT
v Lub $<4y {rz y; vy x} = fT

HOL Constant

PreExtensionald : GS SET — (GS, FTV)BR — BOOL

Vd re PreExtensional3 d r < — QverDefined d r A Vx ye x € d A y € d
= (Fze ze€d A = {rxz ryz}e CompFTV)
= (Jze ze€d A~ {rzuz;rzy}te CompFTV)
v = {rzaz; ryy} e CompFTV
v = {rzy,ryaz}e CompFTV

It is useful in the present context to have the following result:

There is a corresponding property over the boolean version of a total partial relation.

HOL Constant

TotExtensional : GS SET — (GS, BOOL)BR — BOOL

Vd re TotEztensional d r < VYx ye z € d A y € d
= (Jzezed A ~(rzzeryz)

= (Fzezed A ~(rzzxsrzy)

32



and a weakened version:

HOL Constant

TotExtensional2 : GS SET — (GS, BOOL)BR — BOOL

Yd re TotExtensional?2 d r < Vx ye x € d A y € d
= (Jzezed A ~(rzzesry2)
= (Fzeze€d A ~(rzaxerzy)
v o(rzeeryy)
v o (rzyeryax)

pre_tot_ext_lemma =
YV opr
e PreExtensional V pr A TotalOver V pr = TotExtensional V (BoolRel pr)

pre2_tot_ext_lemma =
YV opr
e PreExtensional2 V pr A TotalOver V pr = TotExtensional2 V (BoolRel pr)

If a membership relation is total and pre-extensional over some domain, then we can obtain from
it an extensional boolean membership structure whose domain is equivalence classes under co-
extensionality of the original domain.

I will be looking to establish reasonable conditions under which the fixed points of the semantic
functor will be PreExtensional, but first I need to establish that PreEztensionality suffices for a
fixedpoint of the semantic functor to yield and extensional interpretation of first order set theory.

My first shot at constructing a structure from a total fixed point used co-extensionality as equality,
which is OK provided that the fixed point is pre-extensional, in which case the resulting structure is
extensional. This is it:

HOL Constant

MSfromSFF : GS SET x (GS, FTV) BR — GS SET SET x (GS SET, BOOL) BR

V (V:GS SET) (r:(GS, FTV) BR)e MSfromSFF (V, r) =
let $¢, = BoolRel 1
and $=, = BEqRel V (BoolRel r)
in (QuotientSet V $=,, As te Vz ye x € s A y €t = x €, ¥)

However, it now seems to me better to define the structure with an equality relation which is stricter
if the membership relation is not pre-extensional. The result is the same if it is pre-extensional
(conjecture) but the advantage is that if it is not we still get a sensible membership structure (though
not an extensional one).

Put another way, this corrects a defect in the first version, that it doesn’t work for non-extensional
fixed points. In order to get a good structure from a fixed point which is not pre-extensional, you
have to regard two sets as distinct if they are not members of the same sets, even if they have the
same extension. The result is that the axiom of extensionality will not hold unqualified. Admitting
this possibility is a good idea since the kind of type structure I have in mind will probably be a
model for stratified comprehension, and may not be compatible with full extensionality.
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HOL Constant

MSfromSFF2 : GS SET x (GS, FTV) BR — GS SET SET x (GS SET, BOOL) BR

V (V:GS SET) (r:(GS, FTV) BR)e MSfromSFF2 (V, r) =
let $€, = BoolRel r
and $=, = BEqqRel V (BoolRel r)
in (QuotientSet V $=,, As te Yz ye 1 € s AN y €t = T €, )

equivclass_mem_lemma =
FY Vra
e z € FquivClass (V, BEqRel V (BoolRel r)) z
SzeV ANMyosye V= (BoolRel r y x < BoolRel 7 y 2))

equivclass_mem_lemma2 =
VY V raze z e EquivClass (V, BEqqRel V (BoolRel 1)) z
sSzrzeVANMysyeV
= (BoolRel r y © < BoolRel 1 y 2)
A (BoolRel T x y < BoolRel 1 z y))

rep_independence_lemma =
Y V re TotalOver V.r = (Vstese V AteV =
(let uw = EquivClass (V, BoolEqqRel V r) s
and v = EquivClass (V, BoolEqqRel V 1) t
in(Vxysxeunyeuv= BoolRel r x y)
< (Jzyexzeuny€ev A BoolRel vz y)))

totpre_rep_independence_lemma =
VYV V re TotalOver V r A PreEztensional V r
= Vstese VaAateV
= (let u = EquivClass (V, BoolEqRel V r) s
and v = EquivClass (V, BoolEqRel V r) t
in(Vxyosxeunyeuv= BoolRel r x y)
S (FzyezeuAnyev A BoolRel vz y)))

totpre_rep_independence_lemma2 =
=V V re TotalOver V r A PreExtensional V r

= (Vstuw
eseV

AteV

AueV

AveV

A BoolEqRel V r s u

A BoolEqRel V r t v

= (BoolRel r s t < BoolRel r u v))
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rep_independence_lemma2 =
FY Vor
o TotalOver V r
= Vstuwv
eseV
AteV
ueV
veV
BoolEqqRel V r s u
BoolEqqRel V r t v
= (BoolRel r s t < BoolRel r u v))

AN
A
A
A

eq_eq_eqq_lemma =

Y Vor
e TotalOver V r A PreExtensional V r
= Vazy

szeV AayeV
= (BEqRel V (BoolRel ) x y < BEqqRel V (BoolRel r) z y))

msfromsff_eq_lemma =
FY Vr
e TotalOver V r A PreEztensional V r
= MSfromSFF (V, r) = MSfromSFF2 (V, r)

preext_ext_lemma =
FY Vor
e TotalOver V r A PreExtensional V r = extensional (MSfromSFF (V, r))

preext_ext_lemma2 =
Y Vr
e TotalOver V r A PreExtensional V r = extensional (MSfromSFF2 (V, r))

3.3 Properties of the Semantic Functor

I hope to prove that least fixed points of the semantic functor are always pre-extensional. If they
are also total the resulting interpretation will be extensional. I'm also interested in the dual of this
result, for greatest fixed points.

A semantic functor is extensional over some domain if any two sets which have the same extension
and the same essence over that domain in the input relation have the same essence in the result of
applying the functor.
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HOL Constant

ExtSem : GS SET — (GS SET — (GS, FTV)BR — (GS, FTV)BR) — BOOL

VYV fe ExtSem V f < VreVx ye x € V A ye V
A SameFExt V r x y A SameEss V r z y
= SameEss V (f V.r)z y

extsem_sf_thm =
VYV Ve V C SetReps = FExtSem V Sf

EzxtSem turns out to be too weak. The following works with compatibility of extension and essence
rather than identity.

HOL Constant

CompExtSem : GS SET — (GS SET — (GS, FTV)BR — (GS, FTV)BR) — BOOL

VYV fe CompEztSem V f < Vre — QuerDefined V r =
Ve yoz e V Aye V A Compatible V r z y
= CompEss V. (f V.r)zy

That too is not enough. This one might do the trick.

HOL Constant

CompExtSem?2 : GS SET — (GS SET — (GS, FTV)BR — (GS, FTV)BR) — BOOL

YV fe CompEztSem2 V f < Vre — QuerDefined V r =
Ve ye x € V. A ye V A Compatible V r z y

= CompEss V (f Vr)zyanf{rzz;rzy;ryazryyt € CompFTV

To prove that the semantic functor has this property is a bit harder than the proof for ExtSem.

3.3.1 Extending Partial Membership Structures

The idea of compatibility is that from what we know two elements could turn out to have the same
extension or essence when all undefined values are refined to definite values by repeated application
of the semantic functor. Hence, if two elements are compatible (and not overdefined) then there is
some other possible extension or essence which refines both (and is not overdefined). If we apply the
semantic functor to something having that extension or essence then, because the semantic functor
is monotonic and the computation of essence is extensional (depends on the extension and intension
of the elements but does not refer to their syntactic structure), we will get something whose essence
is an upper bound of the essences of the two compatible elements. Hence the two elements have
compatible essences after the application of the semantic functor.

There is an awkwardness in this plan because the semantic functor applies to a partial membership
relationship, not to arbitrary essences and extensions. It may be that it will suffice to talk hypothet-
ically. “if there was an element which was a not overdefined upper bound for the an arbitrary pair of
compatible element then its extension after application of the semantic functor would be an upper
bound for the extensions of the two elements in the image of the semantic functor, which would
suffice to show that they are compatible”.
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To carry through this plan we need a lemma to the effect that compatibility of not overdefined
elements is equivalent to the existence of a not overdefined upper bound for the elements. We do
this in two parts, showing the existence separately of not overdefined upper bounds on extensions
and essences. It looks like there will be least upper bounds, but I don’t think that I need to prove
the stronger result.

compext_lemmal =

VYV
o IV C SetReps
= Vrzy

ezxecV AyeV
= (CompEzt V r z vy

& (3 at
e — QuerDefinedL V uxt
A IsUb

(PwS V $<4y)
{Extension r z; Extension r y}

at)))

compext_lemmalb =

FYV
o V C Syntax
= WVrzy

sezxeV AyeV
= (CompEzt V r xz y
& (Fat
e — QuerDefinedL V xt
A IsUb (PwS V $<y) {Extension r x; Extension r y} xt)))

compext_lemma2 =

YV
e IV € SetReps
= Vs, z y

sezxeV AyeV
= CompFExt V $€, = y
= (3 =t
e — QuerDefinedL V xt
A IsLub
(PwS V $<4y)
{Extension $€, x; Extension $€, y}

xt))
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compext_lemma2b =

FVYV
o V C Syntax
= (Vée, zy

ezxeV AyeV
= (CompEzt V $€, z y

& (3 at
e — QuerDefinedL V uxt
A IsLub

(PwS 'V $<4y)
{Extension $€, x; Extension $€, y}

wt)))

compess_lemmal =

VYV
o V C SetReps
= WVrzy

ex eV AayeV
= (CompEss V rz y

& (Fes
e — QuerDefinedL V es
A IsUb

(PwS V $<4y)
{Essence r x; Essence r y}

es)))

compess_lemmalb =

YV
e V C Syntax
= WVrzy

szeV AayeV
= (CompEss V r z y
& (Fes
e — QuerDefinedL V es
A IsUb (PwS 'V $<yy) {Essence r x; Essence r y} es)))
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compess_lemma?2 =

YV
e IV < SetReps
= (Vée, zy

ezxeV AyeV
= CompFEss V $€, z y
= (3 es
e — QuerDefinedL V es
A IsLub
(PwS 'V $<4y)
{Essence $e, x; Essence $€, y}

es))

compess_lemma2b =

VYV
e V C Syntax
= (V$e, z y

exzeV AyeV
= (CompEss V $e, x y

& (Fes
e — QuerDefinedL V es
A IsLub

(PwS V $<4y)
{Essence $e, x; Essence $€, y}

¢s)))

If there were a setrep z whose extension and essence were upper bounds for two setsreps x and y
which have compatible and not overdefined extension and essences, then we could use the image of
z under the semantics to show that the imagss of z and y have compatible essences. Unfortunately
there need not be any such setrep.

The proof plan, for showing that the compatible elements z and y will map to elements whose essences
are compatible, is to add an extra element into the interpretation we are working with which has the
required extensions and essences (not overdefined upper bounds of those of z and y).

In order to define the required extension I first use the above two lemmas to define (loosely) functions
which yield not-overdefined upper bounds for extensions and essences.
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HOL Constant

ExtUb : GS SET x (GS, FTV)BR — GS — GS — (GS — BOOL DPO)

V(V, $e,) x ye
V € SetReps nx € V AyeV A CompExt V $e, z y =
let at = ExtUb (V, $€,) z y
in — QuerDefinedL V at
A IsUb
(PwS V $<4y)
{Extension $€, x; Extension $€, y}

xt

HOL Constant

ExtUb2 : GS SET x (GS, FTV)BR — GS —» GS —» (GS — BOOL DPO)

V(V, $€y) x ye
V c Syntax Az €V AyeV A CompExt V $e, x y =
let ot = ExtUb2 (V, $e,) z y
in — QuerDefinedL V at
A IsUb
(PwS V $<4y)
{Eztension $€, x; Extension $€, y}

Tt

HOL Constant

ExtLub : GS SET x (GS, FTV)BR —» GS — GS — (GS — BOOL DPO)

V(V, $ey) z ye
V € SetReps A x € V AyeV A CompExt V $€, z y =
let at = ExtLub (V, $€,) z y
in — QuerDefinedL V at
A IsLub
(PwS V $<4y)
{Extension $€, x; Extension $€, y}

xt
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HOL Constant

ExtLub2 : GS SET x (GS, FTV)BR — GS — GS — (GS — BOOL DPO)

V(V, $e,) x ye
V € Syntax A x €V AyeV A CompExt V $€, z y =
let at = FxtLub2 (V, $€,) = y
in — QuerDefinedL V at
A IsLub
(PwS V $<4y)

{Extension $€, x; Extension $€, y}
Tt

EztUb_-lemmal =
VY (V, 8%, zy
e IV € SetReps
ANnzeV
ANyevV
A CompExt 'V $€, = y
= — QuerDefinedL V (ExtUb (V, $€,) = y)
AV zezeV = (26 ) <yy ExtUb (V, $ey) z y 2
A (2 €y y) <S¢y ExtUb (V, $ey) z y 2)

EzxtLub_lemmal =
= Y(V, $e,) z ye
V < SetReps A — QuerDefined V $€, A x € V A ye V A CompExt V $€, z y =
— QuerDefinedL 'V (ExtLub (V, $€,) x y)
AVYze z€ V = (2 €, z) <4y ExtLub (V, $e,) z y 2
A (2 €y y) <ty ExtLub (V, $e,) z y z

EzxtLub2_lemmal =
FVY(V,3%) zy
e V € Syntax A — OverDefined V $€, A x € V. A ye V A CompEzt V $€, z y
= — QuerDefinedL V (ExtLub2 (V, $€,) z y)
A (V2
ezecV
= (2 €y z) <4y ExtLub2 (V, $e,) z y 2
Az €y y) <4y ExtLub2 (V, $e,) z y 2)
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HOL Constant

EssUb : GS SET x (GS, FTV)BR — GS — GS — (GS — BOOL DPO)

V(V, $e,) x ye
V € SetReps A x € V. Aye V A CompEss V $€, z y =
let es = EssUb (V, $€,) z y
in — QuerDefinedL V es
A IsUb
(PwS V $<4y)

{Essence $€, x; Essence $€, y}
es

EssUb_lemmal =
VY (V, 8%, zy
e IV € SetReps
AnxeV
ANyevV
A CompEss V $e, z y
= — QuerDefinedL V (EssUb (V, $€,) x y)
AV 2z
e 2eV
= (z €y 2) <4y EssUb (V, $e,) z y 2
Ay €y 2) <4y EssUb (V, $€,) z y 2)

HOL Constant

EssLub : GS SET x (GS, FTV)BR — GS — GS — (GS — BOOL DPO)

V(V, $ey) z ye
V € SetReps A z € V. Aye V A CompEss V $€, z y =
let es = EssLub (V, $€,) z y
in — QuerDefinedL V es
A IsLub
(PwS V $<4y)

{Essence $€, x; Essence $€, y}
es
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HOL Constant

EssLub2 : GS SET x (GS, FTV)BR — GS — GS — (GS — BOOL DPO)

V(V, $e,) x ye
V< Syntax Az €V AyeV A CompEss V $e€, z y =
let es = EssLub2 (V, $€,) = y
in — QuerDefinedL V es
A IsLub
(PwS V $<4y)
{Essence $€, x; Essence $€, y}

€S

EssLub_lemmal =
FY(V, $e,) z ye
V < SetReps A — QuerDefined V $€, A x € V A ye V. A CompEss V $€, = y =
— QuerDefinedL 'V (EssLub (V, $€,) x y)
AVze z€ V = (z €, 2) <4y EssLub (V, $e,) z y 2
A (y €y 2) <4y EssLub (V, $e,) z y z

EssLub_lemmal =
FVY(V,$) zy
o V < Syntax A — OverDefined V $€, n x € VA ye V A CompEss V $€, z y
= — QuerDefinedL V (EssLub2 (V, $e,) = y)
A (V2
e zeV
= (z €y 2) <4y EssLub2 (V, $e,) z y 2
Ay €y 2) <4y EssLub2 (V, $e,) z y 2)

The required extension to the membership relation is defined as follows:

HOL Constant

MsExtend : GS SET x (GS, FTV)BR — GS — GS — (GS, FTV)BR

V(V, $€,) x yo MsExtend (V, $€,) z y =
let at = EztUb (V, $€,) z y
and es = EssUb (V, $e,) z y
in (Az’ y'e
if @ =,
then if y' = g then Lub $<,y {z €, z; y €, x; T €, y; y €, y} else es Y
else if y' = 4 then xt 2’ else z' €, y')
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HOL Constant

MsEztend2 : GS SET x (GS, FTV)BR — GS — GS — (GS, FTV)BR

V(V, $€,) x yo MsExtend2 (V, $e,) z y =
let at = FxtLub2 (V, $€,) z y
and es = EssLub2 (V, $€,) = y
in (Az’ y'e
if ' =&,
then if y' = g then Lub $<,y {z €, z; y €, x; © €, y; y €, y} else es y
else if y' = 4 then xt 2’ else z' €, y')

3.3.2 Properties of Extensions

First that these extensions are the same over the original domain as the unextended relation.

PmrEq_MsFExtend_lemmal =
VY (V, $€,) z yo V € Syntax = PmrEq V r (MsExtend (V, r) z y)

PmrEq_MsExtend_lemma2 =
VY (V, $€,) z yo V C Syntax = PmrEq V (MsExtend (V, r) z y) r

PmrEq_MsExtend2_lemma2 =
VY (V, $€,) x yo V € Syntax = PmrEq V (MsExtend2 (V, r) z y) r

The evaluation of formulae using the extended relation gives the same results if the stiplulated domain
of quantification remains the same. (I don’t know why I did not obtain more general results than
these, though these particular ones suffice to show that the resulting essences of the two elements
determining an extension, after application of the semantic functor, are unaffected by the extension

to the structure.)
EvalForm_MsExtend_lemmal =
FY(V,r)zyz
o VC Syntax A yeV AzeV
= FvalForm
(BvalCf _ftv, $<4y, V, MsExtend (V, r) = y)
z

(Param_ y)
= EvalForm (EvalCf_ftv, $<4y, V, r) z (Param_ y)

EvalForm_MsExtend2_lemmal =
FY(V,r)zyz
o VC Syntax A yeV aAazeV
= FvalForm
(BvalCf _ftv, $<4y, V, MsExtend2 (V, r) z y)
z

(Param_ y)
= EvalForm (EvalCf_ftv, $<.y, V, r) z (Param_ y)
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EvalForm_MsExtend_lemma2 =
FY(V,r)zyz
o VC Syntax AxeV AzeV
= FvalForm
(BvalCf _ftv, $<4y, V, MsExtend (V, r) z y)
z
(Param_J )
= EvalForm (EvalCf_ftv, $<,y, V, r) z (Param_ x)

FEvalForm_MsExtend2_lemma2 =
FY(V,r)zyz
o VC Syntax AxeV AzeV
= FvalForm
(BvalCf _ftv, $<4y, V, MsExtend2 (V, r) z y)
z
(Param_ )
= EvalForm (EvalCf_ftv, $<4y, V, r) z (Param_ x)

EvalForm_MsExtend2_lemma3 =
FVY(V,%€) zyvw
e VC Syntar nxeV AayeVaveVaAawelV
= FEvalForm
(BvalCf _ftv, $<4y, V, MsExtend2 (V, r) z y)
v
(Param_J w)
= EvalForm (EvalCf_ftv, $<y, V, r) v (Param_& w)

Sf_-MsExtend2_lemmal =
VY (V,8€) zy 2
eV Syntax hxeVAayeVaveVaAaweV
= Sf V (MsExtend2 (V, $€,) z y) v w
=SfV $e, v w

The following lemmas tell us some obvious facts about the value assigned to the empty set.

MsExtend2_(J,_ Lub_lemmal =
FY(V,r)zyz
o V C Syntax A CompExt VrxzynzeV AayeV AazeV
= MsEztend2 (V, r) z y z 4
= Lub $<;; {MsExtend2 (V, r) x y z z; MsExtend2 (V, r) z y z y}

MsEzxtend2_ 4 Lub_lemma2 =
FY(V,r)zyz
o V C Syntax A CompExt VraxynzeV AayeV AazeV
= MsEztend2 (V, r) z y g 2
= Lub $<;; {MsExtend2 (V, r) x y © z; MsExtend2 (V, r) z y y z}
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MsEzxtend2_x_<i4-Fg-lemmal =
FY(V,r)zyz
o V C Syntax A CompEss VrrzyazxzeVaAayeVaAazelV
= MsExtend2 (V, r) z y x 2z <¢y MsExtend2 (V, r) z y &g 2

MsEzxtend2_x_<i4-g-lemmalb =
FY(V,r)zyz
o V < Syntax A Compatible V.rzyrnzeV ayeV azeV u{ds}
= MsEztend2 (V, r) z y x z <y MsExtend2 (V, r) z y g 2

MsFEzxtend2_y_<is-Jg-lemmal =
FY(V,r)zyz
o V C Syntax A CompEss VrxynzeV AayeV AazeV
= MsEztend2 (V, r) z y y z <4y MsExtend2 (V, 1)z y &y 2

MsEzxtend2_y_<is-Jg-lemmalb =
FY(V,r)zyz
o V < Syntax A Compatible V.rzynzeV ayeV azeV u{d,}
= MsExtend2 (V, 1)z yy z <¢y MsExtend2 (V, 1)z y &, 2

MsEzxtend2_x_<i4-Jg-lemma2 =
FY(V,r)zyz
o V C Syntax A CompEat VrxyarxeV AayeV azeV
= MsExtend2 (V, r) z y z v <4y MsExtend2 (V, 1)z y z &y

MsEzxtend2_y_<is-Jg-lemma2 =
FY(V,r)zyz
o V C Syntax A CompExt VrxyanxeV AayeV azeV
= MsExtend2 (V, r) z y 2z y <4y MsExtend2 (V,r)zy z &,

MsEzxtend2_x_<i4-g-lemma2b =
FY(V,r)zyz
e V C Syntax

A CompEss V r z y
A CompExt V rzy
AnzeV
AnyevV

ze V u{dy}

= MsExtend2 (V, r) 2 y 2z <4y MsExtend2 (V, 1)z y 2 &y

>

46



MsEzxtend2_y_<is-Jg-lemma2b =
FY(V,r)zyz
o V C Syntax
A CompEss V r z y
CompExt V r x y

yeV

ze V u{dy}
= MsExtend2 (V, 1)z y z y <4y MsExtend2 (V, 1)z y z &,

A
Ax eV
A
A

The extended structure is not anywhere overdefined. Lemma4 subsumes all the others but was not
true for my first definition of the extension, which is why I proved the earlier more restricted results.

MsFExtend_—OverDefined_lemma =
FVY(V,$%) zy
o VV C Syntax
A = QuerDefined V $e,
A CompEss V $e, z y
A CompExt 'V $€, = y
= — QuerDefined V (MsExtend (V, $€,) x y)

MsExtend2_—QOverDefined_lemma =
FY(V, %) zy
o V C Syntax
A = QOuverDefined V $e,
A CompEss V $€, z y
A CompExt V $e, z y
= — QuerDefined V (MsExtend2 (V, $e€,) z y)

M sExtend_—OverDefined_lemma2 =
FVY(V,$) zy
o V C SetReps
ANz eV
AnyeV
A — QuverDefined V $e,
A CompEss V $€, = y
A CompExt V $e, z y
= (Vveve V= — MsEstend (V, $&,) z y v &y = fT)
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MsFExtend2_—QOverDefined_lemma2 =
VY (V, %) zy
e IV < SetReps
ANxeV
yeV
= QuerDefined V $€,
CompEss V $€, = y
CompExt 'V $€, = y
= (VveveV = - MsExtend2 (V, $,) z y v Jy = fT)

AN
AN
AN
AN

MsFExtend2_—QOverDefined_lemma2 =
VY (V, $€) zy

o VV C Syntax
AnxeV
ANyevV
A — OverDefined V $e,
A CompEss V $e, = y
A CompExt V $€, = y

= (Vveve V= - MsExtend2 (V, $e,) z y v J, = fT)

MsFExtend_-—OverDefined_lemma3 =
FVY(V, %) zy

e IV € SetReps

ANz eV

yeV
= QuerDefined V $€,
CompEss V $e, = y
CompExt 'V $€, x y
= (VveveV = - MsExtend (V, $e,) z y &y v = fT)

AN
A
AN
AN

MsFExtend2_—QOverDefined_lemma3 =
Y (V, %) zy

o VV C Syntax
ANz eV
ANyev
A = OverDefined V $e,
A CompEss V $e, = y
A CompExt V $€, z y

= (VveveV = - MsExtend2 (V, $e,) z y &g v = fT)
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MsFExtend_-—OverDefined_lemma4d =
VY (V, %) zy
e IV < SetReps
ANxeV
ANyevV
A = QuerDefined V $e,
A Compatible V $€, = y
= — OverDefined (V u {J4}) (MsExtend (V, $€,) © y)

MsExtend2_—QOverDefined_-lemmad =
FY(V, %) zy

e V C Syntax
AnxeV
AyeV
A — QverDefined V $e,
A Compatible V $€, = y

= — OverDefined (V u {J4}) (MsExtend2 (V, $€,) z y)

3.3.3 Strictness-like Properties

A function is strict if is maps bottom to bottom.

A weaker notion we call “weak strictness” and name WEkStrict which is the property of preserving
“UnderDefined”ness. This is formulated for semantic functors.

HOL Constant

WkStrict : GS SET — (GS SET — (GS, FTV)BR — (GS, FTV)BR) — BOOL

|
|
‘ VV fe WkStrict V f < Vre UnderDefined V r = UnderDefined V (f V r)

The dual concept is:

HOL Constant

CoWkStrict : GS SET — (GS SET — (GS, FTV)BR — (GS, FTV)BR) — BOOL

VV fe CoWkStrict V f < Vre QuerDefined V r = OverDefined V (f V r)

Their ”converses” are:

HOL Constant

ConWkStrict : GS SET — (GS SET — (GS, FTV)BR — (GS, FTV)BR) — BOOL

VV fe ConWkStrict V f < Vre UnderDefined V (f V r) = UnderDefined V r
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ConWkStrictSf_lemma =
FV Ve V € SetReps = ConWkStrict 'V Sf

HOL Constant

ConCoWkStrict : GS SET — (GS SET — (GS, FTV)BR — (GS, FTV)BR) — BOOL

VV fe ConCoWkStrict V f < Vre QuerDefined V (f V r) = OwverDefined V r

ConCoWkStrictSf_lemma =
FV Ve V C Syntax = ConCoWkStrict V Sf

ODE_SF _lemma =
HVY V3,
e IV C SetReps
A OverDefinedEss (V U {Dg}) V (Sf (V U {T,}) $€0)
= OverDefined (V v {&,}) $e,

ODE_SF_lemma2 =
VYV $e,
o V < SetReps A OverDefinedEss (V o {Fq}) V (Sf V $e,)
= QuerDefined (V v {,}) $e,

ODE_SF_MsExtend2_lemma =
FYVrzy
e V C SetReps
AnxeV
AyeV
A Compatible V r x y
A OverDefinedEss
(Vv {ds})
%
(Sf (V u {dy}) (MsEztend2 (V, r) z y))
= QverDefined V r

ODE_SF_MsExtend2_lemma2 =
FYVrzy
e V C SetReps
AxeV
AyeV
A Compatible V r x vy
A QwerDefinedEss
(V u{dy})
%
(Sf V (MsEztend2 (V, r) z y))
= QuerDefined V r
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ExsSRO_MsExtend2_lemmal =
FY Vray
o VC Syntax A x eV AyeV A Compatible V r x y
= PEzsSRO (V, MsExtend2 (V, r) z y) = 4
A~ ExsSRO (V, MsExtend2 (V, r) z y) y &y

ExsSRO_MsFExtend2_lemma?2 =
FY Vray
e VC Syntax Az €V Aye V A Compatible V r z vy
= PEzsSRO (V v {4}, MsExtend2 (V, r) z y) v g
~ ExsSRO (V v {4}, MsExtend2 (V, r) z y) y Iy

Compatibility_lemmal =
FY Ve, zy
o VC Syntax A x €V AyeV A Compatible V $e, = y
= EssSRO (V, Sf V (MsExtend2 (V, $e,) = y)) z &y
A EssSRO (V, Sf V (MsExtend?2 (V, $e,) z y)) v g

Compatibility_lemma2 =
FY Ve, zy
o IV C SetReps
ANz eV
AnyeV
A Compatible V $€, = y
A — OverDefined V $€,
= CompEss V (Sf V $e,) z y

Compatibility_lemma3 =
YV $e, zy
e IV C SetReps
AzrzeV
ANyevV
A Compatible V $€, = y
A = QOuverDefined V $e,
=letr=(Sf VSe)in{rezyryz;rzzryvy}e CompFTV

CompExtSem_Sf_thm =
VYV Ve V C SetReps = CompExtSem V Sf
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3.4 Properties of SfChains

Properties of least fixed points of the semantic functor are in part obtained by induction over the
relevant FChain (see [1] for the theory of FChains). Since inductive proofs yeild properties shared
by all the members of the FChain, and its best to prove them of the FChain so that their full force
can be used in subsequent inductive proofs.

First abbreviated notation for the FChains generated by the semantic functor.

HOL Constant

SfChain : GS SET — (GS, FTV)BR SET

VVe SfChain V = FChainU (Sf V) $<¢

For inductive reasoning about S fChains the general induction theorem for fchains is specialised to
the chains generated by the semantic functor.

sfchain_induction_thm =
FY Vop
o IV € SetReps
A (V zo x € SfChain V A (¥ ye y € SfChain V A y <e¢ z = p y)
= p (Sf V 7))
A (Y ze z € SfChain V
Az = Lub $<c {yly € SfChain V A y <c z A = = <¢ y}
ANyoye SfChain VAy<caz n mx<ey=puy)
= p x)
= (V ze x € SfChain V = p x)

It will be convenient to have a tactic to facilitate this kind of induction.

The following tactic does not expect an argument, but expects the conclusion of the goal to be an
implication of which the antecedent asserts that the induction variable is a member of the relevant
S fChain.
SML
fun sfchain_induction_tac (a,c) =
let wal (11, 12) = dest.= ¢
in let val (-, [v, _]) = strip_app U1
in let val 13 = mk_N (v, mk_= (11, mk_app (mk_\ (v, 12), v)))
m
LEMMA_T 13 (rewrite_thm_tac o (rewrite_rule []))
THEN bc_tac [sfchain_induction_thm]
THEN REPEAT strip_tac THEN_TRY rewrite_tac|]

end end end (a,c);

This kind of inductive proof requires reasoning about the least upper bounds of subsets of S fChains
for which the following lemmas will be helpful.

Some general properties of F'Chains are specialised to S fChains for convenience of application.
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sfchain_mono_thm =
Y V ze x € SfChain V = x <¢ Sf V x)

sfchain_linear_lemma =
- V Ve LinearOrder (SfChain V, $<¢)

sfsubchain_linear_lemma =
VY V Xe X € SfChain V = LinearOrder (X, $<¢)

The following properties of S fChains are needed to prove that least fixed points are “pre-extensional”.

The first property we consider is that of non-overdefinedness.

‘ sfchain_—overdefined_lemma =
‘ VY Ve V C SetReps = (¥ ze x € SfChain V = — QuverDefined V z)

Now we derive the properties of SfChains which follow from the CompExtSem property of the
semantic functor.

SML

‘set_ﬂag ("subgoal _package _quiet", false);
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4 The Theory ifos
4.1 Parents

membership misc2
4.2 Children

sfp

4.3 Constants

MEAf (GS, GS x GS) VA
IsAf (BOOL, GS) VA

AfSet (GS, GS) VA

AfMem (GS, GS) VA

MKCF (GS, GS x GS) VA
IsCf (BOOL, GS) VA
CfVars (GS, GS) VA

CfForms (GS, GS) VA

MENot (GS, GS) VA
RepClosed (BOOL, GS P) VA
RepOpen (BOOL, GS P) VA
Syntax GS P

CoSyntax GS P

ScPrec ((BOOL, GS) VA, GS) VA
ScPrec2 ((BOOL, GS) VA, GS) VA
FreeVars2 (GS P, GS) VA
FreeVarsFunct

((GS P, GS) VA, (GS P, GS) VA) VA
FreeVars (GS P, GS) VA
SetReps GS P
EvalAf (((("a, 't) RV, (a,'t) ST) VA, GS) VA,
((BOOL, 't) VA, 't) VA) VA
EvalCf_tf3 TTV CFE
EvalCf_bool BOOL CFE
Lift EvalC f_bool
BOOL P CFE
BoolSet2FTV (FTV, BOOLP) VA
FTV2BoolSet (BOOLP, FTV) VA
EvalCf2_ftv FTV CFE
EvalCf_ftv FTV CFE
EvalCf (((("a, 't) RV CFE, ('a,’t) ST) VA, GS) VA, 't CFE) VA
EvalFormFunct
(((("a, 't) RV, GS) VA, ((a,'t) RV, GS) VA) VA,
't CFE x ((BOOL,'t) VA, 't) VA x ('a,’t) ST) VA
EvalForm ((("a, 't) RV, GS) VA,
't CFE x ((BOOL,'t) VA, 't) VA x ('a,’t) ST) VA
PmrEq (((BOOL, (("b, 'a) VA, "a) VA) VA,
(("b, 'a) VA, 'a) VA) VA,
'a P) VA
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RvO ((BOOL, ('a, 'b) RV) VA, ('a, 'b) RV) VA,
((BOOL, 'b) VA, 'b) VA) VA
RvIsO (BOOL, (('a, 'b) RV DPO, GS) VA) VA,
((a, 'b) RV DPO, GS) VA) VA,
((BOOL, 'b) VA, '0) VA) VA
Sto (BOOL, ('a, 'b) ST) VA, ('a, 'b) ST) VA,
( ) V-

(BOOL, 'b) VA, 'b) VA) VA
$< fe3 ((BOOL, (TTV,'a) VA) VA, (TTV,"'a) VA) VA
$<sta ((BOOL, (FTV,'a) VA) VA, (FTV,'a) VA) VA
ExtSRO ((BOOL, GS) VA, GS) VA, (GS, FTV) ST) VA
EssSRO (((BOOL, GS) VA, GS) VA, (GS, FTV) ST) VA
EzsSRO (((BOOL, GS) VA, GS) VA, (GS, FTV) ST) VA
ExsVaO ((BOOL, (GS OPT, 'a) VA) VA, (GS OPT,'a) VA) VA,
(GS OPT,’a) VAP x (GS, FTV) ST) VA
VaIzSet ((GS OPT,'a) VAP, GS P) VA
MonoEvalForm (((Ca, 'ty RV, (('t, "a) VA, 'a) VA) VA,

't CFE x ((BOOL,'t) VA,'t) VA x 'a P x GS) VA
Extension (((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA

SameExt (((BOOL, GS) VA, GS) VA, ((FTV, GS) VA, GS) VA) VA,
GS P) VA

Essence ((FTV, GS) VA, GS) VA, ((FTV, GS) VA, GS) VA) VA

SameEss ((((BOOL, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA

CompExt ((((BOOL, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA

CoCompExt ((((BOOL, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA

CompEss (((BOOL, GS) VA, GS) VA, ((FTV, GS) VA, GS) VA) VA,
GS P) VA

CoCompEss ((((BOOL, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA

OverDefinedL ((BOOL, (FTV, GS) VA) VA, GS P) VA
OverDefined ((BOOL, (FTV, GS) VA, GS) VA) VA, GS P) VA
OverDefinedEss

(((BOOL, ((FTV, GS) VA, GS) VA) VA, GS P) VA, GS P) VA
OverDefinedExt

(((BOOL, ((FTV, GS) VA, GS) VA) VA, GS P) VA, GS P) VA
UnderDefinedL

((BOOL, (FTV, GS) VA) VA, GS P) VA
UnderDefined((BOOL, (FTV, GS) VA, GS) VA) VA, GS P) VA
Compatible ((((BOOL, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,

GS P) VA

4.4 Type Abbreviations
("a,’'d) RV ("a, 'b) RV

("a, 'b) ST ("a, 'b) ST
't CFE 't CFE
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4.5 Fixity

Right Infix 300:

€y  Srt3 Sfta

4.6 Definitions

MEAF -V lre MEAf Ir = Naty 0 w4 Fst lr —4 Snd Ir
IsAf -V te IsSAf t < fst t = Naty 0
AfSet - AfSet = (X xe fst (snd x))
AfMem F AfMem = (\ ze snd (snd z))
MECf =V vce MECf ve = Naty 1 w4 Fst ve 4 Snd ve
IsCf -V te IsCf t < fst t = Naty 1
CfVars F CfVars = (X ze fst (snd z))
CfForms F CfForms = (A xe snd (snd x))
MEN ot -V fe MkNot f = MECf (B4, Pairy f f)
RepClosed F Vs
o RepClosed s
< (V s2 me MEAf (s2, m) € s)
A (Y vars fse X4 fs € s = MECS (vars, fs) € s)
RepOpen FVs
o RepOpen s
< (Y vars fse MECf (vars, fs) € s = X, fs S s)
Syntax + Syntaz = () {z|RepClosed x}
CoSyntax - CoSyntar = | J {z|RepOpen z}
ScPrec FYary
e ScPrec o vy
< (3 ord fs
e acgy fs
A {a; v} € Syntax
Ay = MECS (ord, fs))
ScPrec2 FVYay
e ScPrec2 a v
< (3 ord fse a €y fs A v = MECf (ord, fs))
FreeVars2 F (V z ye FreeVars2 (MEAf (z, y)) = {z; y})
A (Y vars forms
o FreeVars2 (MECS (vars, forms))
= |J (FunImage, FreeVars2 forms) \ X, vars)
FreeVarsFunct
= FreeVarsFunct
— (A fo f
o if f € Syntax
then
if IsAf f
then {AfMem f; AfSet f}
else
U (FunImage, fv (CfForms f))
\ X4 (CfVars f)
else € zo T)
FreeVars F FreeVars = fix FreeVarsFunct
SetReps I SetReps = {z|r € Syntax A FreeVars © = {Jq}}
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EvalAf VY <; at st va
o FualAf <y at st va
= (let d = Fst st
and rv = Snd st
and set = AfSet at
and mem = AfMem at
i if mem € IxDom va A set € IxDom va
then rv (IzVal va mem) (IzVal va set)
else Lub <y {})
EvalCf_tf3 F V results
e FvalCf _tf3 results
= (if results < {pTrue}
then pFalse
else if pFalse € results
then pTrue
else pU)
EvalCf_bool | V resultse FvalCf_bool results < F € results
LiftEvalC f_bool
- V results
o LiftEvalCf _bool results
= {v
Bws
o w = Funlmage f results
A (v < EvalCf_bool w)
A Ve
oz € results A (Fye yex)=f e x)
BoolSet2FTV + V bs
e BoolSet2FTV bs
= (if T € bs
then if F € bs then fT else fTrue
else if F' € bs
then fFalse
else [B)
FTV2BoolSet + V ftv
o ['TV2BoolSet ftv
(z & T) A fTrue <4y ftv
v (z & F) A fFalse <y ftv}
EvalCf2_ftv | V results
o FvalCf2_ftv results
= BoolSet2FTV
(LiftEvalCf _bool
(FunImage FTV2BoolSet results))
EvalCf_ftv - V results
o FvalCf _ftv results
= Lub
$<yy
{t
|(fFalse € results v fT € results)
At = fTrue
v (= fFalse € results A — fB € results)
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A t = fFalse}
EvalCf FVYoetf f
o FuvalCf etf f
= (X st rvs va
o (let v = CfVars f and V = Fst st
in etf
{pb
|3 rv v
® v € TUS
A IrDom v = X4 v
A IzRan v € V
A pb = rv (IrOverRide va v)}))
FEvalFormFunct
VY cfe <4 st
e EvalFormFunct (cfe, <q, st)
=(\eff
o if f e Syntax
then
if IsAf f
then EvalAf <; f st
else
(let rvs = Funlmage ef (X4 (CfForms f))
in EvalCf cfe f st rvs)
else € zo T)
FEvalForm FV cfe <y st
e LwalForm (cfe, <4, st)
= fix (EvalFormFunct (cfe, <, st))

PmrEq YV
e PmrEq V
=A\rlr2
eVryoszeVaAayeV=rlzy=r2zy)
RvO VYV re RO r = Pwr
RvIsO VY re RulsO r = IsEO (RvO 1)
StO -V re StO r = DerivedOrder Snd (Pw (Pw r))
<ft3 F $<pi3 = Pw $<y5
Sfta F$<piy = Pw $<yy
ExtSRO FY Vor

e ExtSRO (V, r)
=Nz yeVzezeV=arzao<yrzy)
EssSRO FY Vor
e EssSRO (V, r)
=ANzyoVzezeV=raoz<yryz)

ExsSRO -V se EzsSRO s = ConjOrder (ExtSRO s) (EssSRO s)
ExsVaO FV d se ExsVaO (d, s) = IzO2 (d, ExzsSRO s)
V2IzSet -V Ve V2IzSet V = {iz|lzRan iz < V}
MonoFEvalForm FYcrsgris

e MonoEvalForm (c, r, s, g) ris
= FvalForm (c, r, s, 1is) g
Extension - FExtension = CombC
SameFExt FY Vr
o SameExt V.r=NzyoeVzezeV =>rzz=rzy)
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Essence - Essence = Combl
SameFEss FV Vr
o SameEss V.r =Nz yeVzezeV=razz=ryz2)
CompExt FY Vr
o CompExt V r
=AzyeVzezeV={rzuzrzy}te CompFTV)
CoCompExt VY V r
o CoCompExt V r
=(Azy
eVzeze V={rzarzy}e CoCompFTV)
CompEss FY Vr
o CompFEss V r
=AzyeVzeze V= {rzzryz}e CompFTV)
CoCompEss VY V r
o CoCompEss V r
=Azy
eVzezeV={rzz;ryz}e CoCompFTV)
OverDefinedLt YV V zee OuerDefinedL V ze < (3 ye y € V A ze y = fT)
OverDefined VY V r
e QuerDefined V r
S TzyezeVaAayeV arzy=fT)
OverDefinedEss
FYV Wr
o QuerDefinedEss VW r
< (3 ze x € V A OuerDefined. W (Essence T x))
OverDe finedExt
FVYV Wr
e QuerDefinedExt VW r
< (3 ze z € V A OverDefinedlL W (FExtension r x))
UnderDefinedL
-V V zee UnderDefinedL V ze < (3 ye y € V A ze y = [B)
UnderDefined— V V r
e UnderDefined V r
S JzyexzeVAayeV arazy=fB)
Compatible Y Vor
o Compatible V r
=Azy
e{rzy;ryxz;rza;ryyt € CompFTV
A CompEss V rxzy
A CompExt 'V r z y)

4.7 Theorems

Is_not_fc_clauses
H (V ze IsAf © = — IsCf z) ~ (V ze IsCf z = — I[sAf z)
repclosed_syntax_thm
— (V s2 me MKASf (s2, m) € Syntax)
A (Y vars fs
o (Vzeze Xy fs = z e Syntax)
= MECf (vars, fs) € Syntaz)
repclosed_syntax_thm?2
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F (¥ s2 me MEAf (s2, m) € Syntax)
A (VY vars fs
o (Vzez e, fs = xe Syntax)
= MKCf (vars, fs) € Syntax)
repclosed_syntax_lemmal
- V se RepClosed s = Syntar € s
repclosed_syntax_lemma?2
- V pe RepClosed {z|p z} = (V ze z € Syntax = p x)
well_founded_ScPrec_thm
F well_founded ScPrec
well_ founded_tcScPrec_thm
+ well_founded (tc ScPrec)
well_ founded_ScPrec2_thm
F well_founded ScPrec2
well_founded_tcScPrec2_thm
+ well_founded (tc ScPrec?2)
syntax_disj_thm
FVaz
o z € Syntax
= (3 s me x = MEAf (s, m))
v (3 vars fs
o (Vye yey fs = ye Syntax)
Az = MECSf (vars, fs))
syntax_cases_thm
FV ze x € Syntax = IsAf z v IsCf x
syntax_cases_fc_clauses
FVz
e © € Syntax
= (= ISAf © = IsCf z) A (— IsCf z = IsAf x)
is_fc_clauses
FVaz
o z € Syntax
= (IsAf © = (3 s me x = MKAf (s, m)))
A (IsCf =
= (3 vars fs
o (Vye yeyfs = y e Syntax)
A x = MEKCf (vars, fs)))
MEAf_e_Syntax_lemma
VY z ye MEAf (z, y) € Syntax
—Jg-€-syntax_lemma
- g € Syntax
—Jg-€_syntax_lemma2
-V ze z € Syntax = — v = JJ,
—Jg-€_syntax_lemma3
FY VazezxeV AV CSyntax = -z =,
syn_proj_clauses
F (Vs me AfSet (MEAf (s, m)) = s)
A (V s me AfMem (MEAf (s, m))
A (Y v feo CfVars (MkCf (v, f)) = v)
A (Y v feo CfForms (MECf (v, f)) = f)

m)

ts_fc_clauses2
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FVz
e x € Syntax
= IsCf x
= (V yo y €4 CfForms © = y € Syntax)
syn_con_neq_clauses
VY xzye = MEAf x = MECT y
syn_comp_fc_clauses
FYof
o MECS (v, f) € Syntaz = (V¥ ye y €, f = y € Syntax)
scprec_fc_clauses
VY ay wvars fs
o v € Syntax
= v = MECf (vars, fs) A o €4 fs
= ScPrec a vy
scprec2_fc_clauses
VY o~y vars fs
o v = MECS (vars, fs) A a €4 fs = ScPrec2 a vy
scprec_fc_clauses2
Vit
e 1 € Syntax
= IsCf t
= (V fe f €, CfForms t = ScPrec f t)
sc_recursion_lemma
FVYoaf cf
e 7 f
o (V m se f (MKAf (m, s)) = af m s)
A (VY vars forms
o f (MECf (vars, forms))
= ¢f (Funlmagey f forms) vars forms)
syn_induction_thm
FVop
o (Vz ye p (MEAS (z, y)))
A (VY vars fs
o (V fefeyfs = [fe Syntax)
AV fefegfs=pf)
= p (MECf (vars, fs)))
= (V ze z € Syntax = p x)
freevarsfunct_respect_thm
F FreeVarsFunct respects ScPrec
freevarsfunct_fixp_lemma
F FreeVars = FreeVarsFunct FreeVars
freevarsfunct_thm
= FreeVars
=\ f
e if f € Syntax
then
if IsAf f
then {AfMem f; AfSet f}
else
U (Funimagey FreeVars (CfForms f))
\ X4 (CfVars f)
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else € zo T)
freevarsfunct_thm?2
VS
o FreeVars f
= (if f € Syntax
then
if IsAf f
then {AfMem f; AfSet f}
else
U (FunImagey FreeVars (CfForms f))
\ X4 (CfVars f)
else € zo T)
setreps_C_syntax_lemma
F SetReps < Syntax
setreps_C_syntaxr_lemma?2
F V € SetReps = V < Syntax
—(Jg-€-setreps_lemma
= — g € SetReps
evalcf_ftv_lemma
Vs
o FvalCf_ftv s
= (if fFalse € s v fT € s
then
if — fFalse € s A — fB € s then fT else fTrue
else if — fFalse € s A — fB € s
then fFalse
else [B)
evalcf_ftv_ft_lemma
Vs
o FvalCf_ftv s = fT
< — flalse € s A fT € s A =~ fBes
evalcf_ftv_ft_lemmal
F Vs
o FualCf_ftv s = fT
= — fFalse € s A fT € s A = fBE s
evalcf_ftv_fb_lemma
F Vs
o FvalCf_ftv s = fB
< — fFalse € s A = fT € s A fBes
evalcf_ftv_fb_lemmal
FVs
e FvalCf_ftv s = fB
= — flalse € s A = fT € s A fB € s
eval form funct_respect_thm
FV cfe <y st
e EvalFormFunct (cfe, <, st) respects ScPrec
eval form funct_fixp_lemma
FV cfe <y st
e EvalForm (cfe, <, st)
= FEvalFormFunct
(cfe, <t, st)

62



(EvalForm (cfe, <4, st))
eval form funct_thm
VY cfe <4 st
e LwalForm (cfe, <4, st)
=(Af
o if f e Syntax
then
if IsAf f
then EvalAf <; f st
else
(let rvs
= Funlmage
(EvalForm (cfe, <y, st))
(X4 (CfForms f))
in EvalCf cfe f st rvs)
else € zo T)
eval form funct_thm?2
F VY ocfe < st f
e EvalForm (cfe, <4, st) f
= (if f € Syntax
then
if IsAf f
then EvalAf <; f st
else
(let rvs
= Funlmage
(EvalForm (cfe, <y, st))
(X4 (CfForms f))
in EvalCf cfe f st rvs)
else € fo T)
EvalForm_fT_lemma
FVYy
e y € Syntax
= (V va
o FreeVars y S IrDom va
A IzRan va € V U {4}
A EvalForm
(EvalCf_ftv, $<¢y, V U {4}, $€0)
)
va
= IT
= 3zy
cre VUi,
Ay eV u{dy}
ANz €y y = [T))
EvalForm_fT_lemma?2
FVYy
e y € Syntax
= (V va
o FreeVars y < IxrDom va

A IzRan va € 'V U {4}
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A EvalForm
(BvalCf _ftv, $<4y, V, $€y)
Y
va
= /T
= 3Jzy
cezeVu{d,}
~nyeVu{dy}
AT €y y = [T))
PmrEq_FEvalForm_lemma
FYcefey, VW Frer2
sV WAPmrEq Wrlr2
= f € Syntax
= (V2
o IxRan 2 € W
= FEwvalForm (cfe, <4, V, rl) f 2
= FvalForm (cfe, <y, V., 12) [ 2)
rvo_lubs_exist_thm
 V re LubsExist r = LubsFEzist (RvO r)
rvo_glbs_exist_thm
- V re GlbsExist 1 = GlbsEzist (RvO 1)
rviso_lubs_exist_thm
YV re LubsExist r = LubsExist (RvlsO r)
rviso_glbs_exist_thm
- V re GlbsExist r = GlbsEzist (RvlsO r)
sto_lubs_exist_thm
- V re LubsExist r = LubsExist (StO r)
sto_glbs_exist_thm
- V re GlbsExist 1 = GlbsEzist (StO r)
ccrpou_<yi3_thm
 CcRpoU $<y¢3
<jta-crpou_thm
+ CRpoU $<s¢,
exsvao_txoverride_lemma
FY V$e, zyow
o ExsVaO (V2[xSet V, V,$e,) x y A IzRan v € V
= FxsVaO
(V2IzSet V, V, $e,)
(IxOverRide = v)
(IzOverRide y v)
exsvao_txoverride_lemma?2
YV WS$e, zyw
o EzsVaO (V2IxSet V., W, $ey) © y A ItRan v S V
= FxsVaO
(V2IxSet V, W, $€,)
(IxOverRide x v)
(IxOverRide y v)
evalcf_ftv_increasing_lemma
- Increasing (SetO $<;;) $<4y FvalCf_ftv
eval form_increasing_thm
FYcrsg
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e CRpoU r A Increasing (SetO r) r c
= Increasing
(Pw (Pw 1))
(RvO )
(X rise EvalForm (c, r, s, ris) g)
eval form_increasing_thm?2
VY (V, $€,) g
o VV C Syntaxr A g € Syntax
= Increasing
(BxsVaO (V2IzSet V, V, $e,))
$<yy
(EvalForm (EvalCf_ftv, $<¢y, V, 3€y) 9)
eval form_increasing_thm3
Y V $e, g
o VV C Syntax A g € Syntaz
= Increasing
(EzsVaO (V2IzSet (V U {Tg}), V U {Ty}, $€y))
$<4y
(EvalForm (EvalCf_ftv, $<¢y, V, 3€y) 9)
eval form_increasing_thm4
FYV WS8e, g
e VWAV C Syntax A g € Syntax
= Increasing
(ExsVaO (V2IxSet W, W, $€,))
$<yy
(EvalForm (EvalCf_ftv, $<¢y, 'V, 3€y) 9)
sameext_equiv_thm
VY V re Equiv (V, SameExt V r)
sameess_equiv_thm
VY V re Equiv (V, SameEss V )
sameext_refl_lemma
FY Vrzeze V= SameEst V rzz
sameess_refl_lemma
FY Vrzezxze V= SameEss V rzz
sameext_sym_lemma
FYVray
ex eV AayeV = (SameExt V rzy< SameExt V r y x)
samess_sym_lemma
FYVray
ex eV AayeV = (SameEss V rzy < SameEss V r y x)
OverDefinedL_<iy_lemma
VY V zel ze2
o — QuerDefinedL V zel A PwS V $<t4 zed zel
= — QuerDefinedL V xe2
compext_refl_lemma
YV raze — QuerDefined Vr=x€V = CompExt V rz =z
cocompext_refl_lemma
FYVrz
e = UnderDefined V r = e V = CoCompExt V r z x
compess_refl_lemma
Y V raxze = QuerDefined Vr = xeV = CompFEss V rz x
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cocompess_refl_lemma
FYVrz
e — UnderDefined V r = z € V = CoCompEss V r x z
compext_sym_lemma
FV Vr
e — QuerDefined V r
= Vazy
ezxeV AyeV
= (CompEzt V r z y < CompExt V r y z))
cocompext_sym_lemma

FV Vr
o — UnderDefined V r
= Vay

ezeVAayelV
= (CoCompExt V r z y < CoCompEzxt V r y x))
compess_sym_lemma
FY Vor
e — QuerDefined V r
= Vzy
ezeV AayeV
= (CompEss V r z y < CompEss V r y z))
cocompess_sym_lemma
FY Vor
e — UnderDefined V r
= Vzy
ezxeV AayeV
= (CoCompEss V r z y < CoCompEss V r y x))
Compatible_lemmal
FYVray
o Compatible V r z y
s{rzy;ryz;rzax;ry vyt € CompFTV
A (Y2
e z2eV
= {rzuzrzy}e CompFTV
A{rzz;ryzt e CompFTV)
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5 The Theory sfp
5.1 Parents

ifos
5.2 Constants

Param_g ((GS OPT, GS) VA, GS) VA

Sf (((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA

SFFixp ((BOOL, ((FTV, GS) VA, GS) VA) VA, GS P) VA

TotalOver ((BOOL, ((FTV,'a) VA, 'a) VA) VA, 'a P) VA

Bool Rel (((BOOL, 'a) VA, 'a) VA, (FTV,'a) VA, 'a) VA) VA

BEqRel ((BOOL, GS) VA, GS) VA, (BOOL, GS) VA, GS) VA) VA,
GS P) VA

BEqqRel (BOOL, GS) VA, GS) VA, (BOOL, GS) VA, GS) VA) VA,
GS P) VA

BoolEqRel  ((BOOL, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA

BoolEqqRel  ((((BOOL, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA

PreExtensional

((BOOL, ((FTV, GS) VA, GS) VA) VA, GS P) VA
PreFExtensional2

((BOOL, ((FTV, GS) VA, GS) VA) VA, GS P) VA
PreFExtensional3

((BOOL, ((FTV, GS) VA, GS) VA) VA, GS P) VA
TotExtenstonal

((BOOL, ((BOOL, GS) VA, GS) VA) VA, GS P) VA
TotExtensional2

((BOOL, ((BOOL, GS) VA, GS) VA) VA, GS P) VA

(
MS fromSFF ((GS P, BOOL) ST, (GS, FTV) ST) VA
MS fromSFF2((GS P, BOOL) ST, (GS, FTV) ST) VA
ExtSem ((BOOL,
(((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA) VA,
GS P) VA

CompExtSem ((BOOL,
(((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,

GS P) VA) VA,
GS P) VA
CompExtSem?2 ((BOOL,
(((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA) VA,
GS P) VA
EztUb (((FTV, GS) VA, GS) VA, GS) VA, (GS, FTV) ST) VA
ExtUb2 (((FTV, GS) VA, GS) VA, GS) VA, (GS, FTV) ST) VA
ExtLub (((FTV, GS) VA, GS) VA, GS) VA, (GS, FTV) ST) VA
ExtLub2 (((FTV, GS) VA, GS) VA, GS) VA, (GS, FTV) ST) VA
EssUb (((FTV, GS) VA, GS) VA, GS) VA, (GS, FTV) ST) VA



EssLub ((FTV, GS) VA, GS) VA, GS) VA, (GS, FTV) ST) VA
EssLub2 ((FTV, GS) VA, GS) VA, GS) VA, (GS, FTV) ST) VA
M sExtend ((((FTV, GS) VA, GS) VA, GS) VA, GS) VA, (GS, FTV) ST)
VA
MsExtend2 ((((FTV, GS) VA, GS) VA, GS) VA, GS) VA, (GS, FTV) ST)
VA
WkStrict ((BOOL,
(((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA) VA,
GS P) VA

CoWkStrict ((BOOL,
(((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA) VA,
GS P) VA
ConWkStrict ((BOOL,
(((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA) VA,
GS P) VA
ConCoWkStrict
((BOOL,
(((FTV, GS) VA, GS) VA, (FTV, GS) VA, GS) VA) VA,
GS P) VA) VA,
GS P) VA
SfChain ((FTV, GS) VA, GS) VAP, GS P) VA

5.3 Definitions

Param_g FVop
e Param_ p
= (A ze if x = F, then Value p else Undefined)
Sf =V

.
&

valForm
(EvalCf _ftv, $<4y, d, $ey)
s
(Param_ m))
SFFixp FYdre SFFiapdr < Sfdr=r
TotalOver FY Vor
e TotalOver V r
s WVzy
eifxeVAayeV
then r x y = flrue v r ¢ y = fFalse

else T)
BoolRel - V re BoolRel r = (A z ye fTrue Sty re Y)
BEqRel FY Vor

e BEqRel V.r =Nz yeVze 2V =(rzzerzy))
BEqqRel FY Vor
e BEqqRel V r
=(Azy
eVz2ezeV=(rzaoerzy A(rezeryz))
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BoolEqRel Y V re BoolEqRel V r = BEqRel V (BoolRel )
BoolEqqRel + YV V re BoolEqqRel V r = BEqqRel V (BoolRel r)
PreFExtensional
FVYdr
e PreFExtensional d r
< — QuerDefined d r

ANVaxy

exedAyed
= (32
e zed A IsLub $<4y {r = z; vy 2} fT)
= (32
e zed A IsLub $<yy {r z z; v z y} fT))

PreExtensional2
FYdr

e PreExtensional? d r
< — QuerDefined d r

ANMzy

szedaAnyed

= (3 z

o zed A IsLub $<yy {r = z; r y 2z} fT)
= (32

o ze€d A IsLub $<4y {r z z; r z y} fT)
v Lub $<yy {rz z;ryy} = fT
v Lub $<iy {rz y; ry x} = fT)
PreExtensional3
FVdr
e PreExtensional3 d r
< — QuerDefined d r
ANy
exedAyed
= (Jzezed A —-{raxzryz}e CompFTV)
= (Jzezed A —-{rzuzrzy}e CompFTV)
v = {rzuz;ryy}e CompFTV
v = {rzy; ryaz}e CompFTV)

TotExtenstonal
FVYdr
o TotExtensional d T
< Vzy
ez cedAyed
= (JzezednAn—-(rzzeryz)
= (JzezednAn—-(rzzerzy))
TotExtensional2
FVYdr
e TotExtensional2 d r

s WVzy
exedAyed
= (JzezednAn—-(rzzeryz)
= (JzezednAn - (rzxerzy))
v o(rzosesryy)
vo(rzyeryazx)
MSfromSFF Y V r
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o MSfromSFF (V, r)
= (let $€, = BoolRel r
and =, = BEqRel V (BoolRel r)
n (V / v
ANsteVazyezes Ayet=x¢c,y)))
MSfromSFF2-Y V r
o MSfromSFF2 (V, r)
= (let $€, = BoolRel r
and =, = BEqqRel V (BoolRel r)
n (V / =,
ANsteVazyezes Ayet=x¢c,y)))
ExtSem FY VS
o ExtSem V f
s WVrazy
ez eV
ANyevV
A SameFExt V r x y
A SameFEss V r x y
= SameEss V (f V r)z y)
CompFExtSem VY V f
o CompFExtSem V f
< (Vr
e — QuerDefined V r
= Vzy
ezeV AyeV A Compatible V r xz y
= CompEss V (f V r) z y))
CompExtSem?2 FY VS
o CompFExtSem2 V f
< (Vr
o — QuerDefined V r
= Vzy
eze VAyeV A Compatible V r x y
= CompEss V. (f V.r)yzy
AMrozroyryzryy)
€ CompFTV))
ExtUb VY (V, %) zy
o V C SetReps nx €V AyeV A CompExt V $e, z y
= (let ot = ExtUb (V, $€,) z y
in — QuerDefinedL V at
A IsUb
(PwS V $<4y)
{Extension $€, x; Extension $€, y}
xt)
ExtUb2 V(V, 8%, xzy
e V C Syntax Az €V AyeV A CompExt V $e, x y
= (let 2t = ExtUb2 (V, $€,) z y
in — OverDefinedL V xt
A IsUb
(PwS V $<4y)
{Extension $€, x; Extension $€, y}
xt)
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ExtLub

ExtLub2

EssUb

EssLub

FEssLub2

MsFExtend

V(V,8€) zy
o V C SetReps nx €V AyeV A CompExt V $e, z y
= (let ot = ExtLub (V, $€,) = y
i — QuerDefinedL V xt
A IsLub
(PwS V $<4y)
{Extension $€, x; Extension $€, y}
xt)
V(V,8€) 2y
e VC Syntax Az €V AyeV A CompExt V $e, x y
= (let 2t = ExtLub2 (V, $€,) z y
in — QuerDefinedL V at
A IsLub
(PwS V $<4y)
{Extension $€, x; Extension $€, y}
at)
V(V, %) z y
o V C SetReps nz €V AyeV A CompEss V $€, z y
= (let es = EssUb (V, $e,) z y
in — QuerDefinedL V es
A IsUb
(PwS V $<4y)
{Essence $e, x; Essence $e, y}
es)
V(V,8€) zy
o V C SetReps nz €V AyeV A CompEss V $€, z y
= (let es = EssLub (V, $€,) =z y
in — QuerDefinedL V es
A IsLub
(PwS V $<4y)
{Essence $€, x; Essence $€, y}
es)
V(V,8€) 2y
e VC Syntax Az €V AyeV A CompEss V $e, z y
= (let es = EssLub2 (V, $€,) z y
in — OwverDefinedL V es
A IsLub
(PwS V $<4y)
{Essence $e, x; Essence $€, y}
es)
V(V, $ey) z y
e MsExtend (V, $€,) z y
= (let ot = ExtUb (V, $€,) x
and es = FssUb (V, $€,) =
in Xz y
o if ¥’ =,
then
Zf yl = @g
then
Lub
$<y
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{r e,z y€ 2506 y; ¥y € Y}
else es i’
else if v =,
then xt «’
else ¥’ €, y')
MsExtend2 +V (V,%e,) zy
o MsExtend2 (V, $€,) = y
= (let =t = ExtLub2 (V, $€,) z y
and es = FEssLub2 (V, $€,) = y
in Xz y
o if i’ =,
then
Zf yl = @g
then
Lub
$<iy
{re,z5y€ o306, y; Yy € Y}
else es 1y’
else if v = &,
then zt x'
else ©’ €, y')
WkStrict FY VS
o WkStrict 'V f
< (Vr
e UnderDefined V r = UnderDefined V (f V 1))
CoWkStrict VYV f
o CoWkStrict V f
< (VY re QuerDefined V r = QOverDefined V (f V r))
ConWkStrict —V V f
o ConWkStrict V f
< (Vr
e UnderDefined V (f V r) = UnderDefined V 1)
ConCoWkStrict
FY VS
o ConCoWkStrict V f
< (V re QuerDefined V (f V r) = QOuverDefined V r)
SfChain -V Ve SfChain V = FChainU (Sf V) $<¢

5.4 Theorems

txdom_param_J_lemma

-V xze IzDom (Param_& z) = {4}
txran_param_g_lemma

- V ze IzRan (Param_-& z) = {z}
txval_param_J_lemma

-V ze IzVal (Param-& ©) &y = «
valueof _param_J_lemma

-V ze ValueOf (Param_-& © &y) =
param_J_undefined_lemma

V2 ye Param_J © y = Undefined < — y = &,
Param__Increasing_lemma
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FVY Vr
e Increasing
(V <o ExsSRO (V, 1))
(BzsVaO (V2IxSet V., V, r))
Param_gJ
Param_g_Increasing_lemma?2
FYV Wr
e Increasing
(W <, EzsSRO (V, r))
(BxsVaO (V2IxSet W, V, r))
Param_J
sf_increasing_thm
- V de Increasing $<e $<e (Sf d)
essence_exstentional _lemma
YV W $e,
e VWAV C Syntax
= Increasing
(V <o ExsSRO (W, $€,))
(EssSRO (V, Sf V $ey))
Combl
essence_exstentional_lemma?2
YV W $e,
o VWAV S Syntax
= Increasing
(W <, EzsSRO (W, $€,))
(EssSRO (V, Sf V $ey))
Combl
totover_lemma
FY Vor
o TotalOver V r
= Vay
ezeVayeV=srazy=fTruev rzy = fFalse)
totover_true_lemma
FY Vr
e TotalOver V r
= Vzy
ezxeV AayeV
= (fTrue <y rzy < rxy = fIrue))
totover_false_lemma
FY Vor
o TotalOver V r
= Vazy
ezxeV AyeV
= (fFalse <ty vz y < r zy = fFalse))
BEqqRel_exs_lemma
FYVray
szeV AayeV ABERel Vrazy
s (rzzesryy Alreysryz)
begrel_equiv_lemma
VY V re Equiv (V, BEqRel V 1)
beqqrel_equiv_lemma
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VY V re Equiv (V, BEqqRel V 1)
booleqgrel _equiv_lemma
VY V re Equiv (V, BoolEqRel V 1)
booleqqrel_equiv_lemma
VY V re Equiv (V, BoolEqqRel V 1)
pre_tot_ext_lemma
YV opr
o PreEzxtensional V pr A TotalOver V pr
= TotExtensional V (BoolRel pr)
pre2_tot_ext_lemma
YV opr
o PreEztensional2 V pr A TotalOver V pr
= TotEztensional2 V (BoolRel pr)
equivclass_mem_lemma
FYVrz
e © € EquivClass (V, BEqRel V (BoolRel r)) z
s zxelV
AVMy
e ye V = (BoolRel v y © < BoolRel 1 y z))
equivclass_mem_lemma?2
FYVra
e © € EquivClass (V, BEqqRel V (BoolRel 1)) z
s zel
A My
eyeV
= (BoolRel T y © < BoolRel T y z)
A (BoolRel r © y < BoolRel 1 z v))
rep_independence_lemma
FY Vor
o TotalOver V r
= (Vst
eseV AateV
= (let u = EquivClass (V, BoolEqqRel V 1) s
and v = EquivClass (V, BoolEqqRel V 1) t
in(Vaxyeoexeuny€euv= BoolRel r xy)
S (3Jzy
exEuAYEUV A BoolRel T x y)))
totpre_rep_independence_lemma
FY Vr
o TotalOver V r A PreExtensional V r
= Vst
eseV AateV
= (let u = EquivClass (V, BoolEqRel V 1) s
and v = EquivClass (V, BoolEqRel V r) t
in(Vxysxeunyeuv= BoolRel rxy)
S (Fzy
ez €uAnYyEUV A BoolRel v x y)))
totpre_rep_independence_lemma?2
FY Vor
o TotalOver V r A PreFExtensional V r
= Vstuwv
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eseV
AteV
AuelV
AveV
A BoolEqRel V r s u
A BoolEgRel V r t v
= (BoolRel v s t < BoolRel 1 u v))
rep_independence_lemma?2
Y Vor
o TotalOver V r
= Vstuwv
eseV
AteV
AuelV
AveV
A BoolEqqRel V r s u
A BoolEgqRel V r t v
= (BoolRel v s t < BoolRel 1 u v))
preext_ext_lemma
FY Vor
o TotalOver V r A PreFxtensional V r
= extensional (MSfromSFF (V, r))
eq_-eq_eqq_lemma
FY Vor
o TotalOver V r A PreEztensional V r
= Vazy
ezeV AayelV
= (BEqRel V (BoolRel 1) z y
< BFEqqRel V (BoolRel r) x y))
msfromsff_eq_-lemma
FY Vor
o TotalOver V r A PreFxtensional V r
= MSfromSFF (V, r) = MSfromSFF2 (V, r)
preext_ext_lemma?2
FY Vor
o TotalOver V r A PreEztensional V r
= extensional (MSfromSFF2 (V, r))
extsem_sf_thm
VY Ve V C SetReps = FExtSem V Sf
compext_lemmal
YV
e IV € SetReps
= Vrzcy
ezeV AayeV
= (CompEzt V rz y

& (3 at
o — QuerDefinedL V xt
A IsUb

(PwS V $<4y)

{Extension r z; Extension r y}

wt)))
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compext_lemmalb
FVV
e V C Syntax
= WVrzy
sezeV AayelV
= (CompEzt V r z y

& (3 at
o — QuerDefinedL V uxt
A IsUb

(PwS V $<4y)
{Extension r z; Extension r y}
)
compext_lemma?2
FVV
e I/ € SetReps
= (V8 z y
ezxeV AayeV
= (CompFExt V $€, 1 y

& (3 at
e — QuerDefinedL V uxt
A IsLub

(PwS V $<4y)
{Extension $e, x; Extension $€, y}
zt)))
compext_lemma2b
VYV
o V C Syntax
= (VS z y
ezeV AayelV
= (CompEzt V %€, z y

& (3wt
o — QuerDefinedL V uxt
A IsLub

(PwS V $<4y)
{Extension $€, x; Extension $€, y}
)
compess_lemmal
FYV
o V C SetReps
= Vrzy
ezxeV AyeV
= (CompEss V r z vy

& (Fes
e — QuerDefinedL V es
A IsUb

(PwS V $<4y)
{Essence r x; Essence r y}

es)))

compess_lemmalb
YV
o V C Syntax
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= Vrzcy
exeV AayeV
= (CompEss V r x y
< (Fes
o — QuerDefinedL V es
A IsUb
(PwS V $<4y)
{Essence r x; Essence v y}

es)))
compess_lemma?2
VYV
o V C SetReps
= (Ve, z y

ezeVAayelV
= (CompFEss V $e, z y
& (Fes
e — QuerDefinedL V es
A IsLub
(PwS V $<4y)
{Essence $€, x; Essence $€, y}

es)))

compess_lemma?2b
FYV
e IV C© Syntax
= (VS zy
ezxeV AayeV
= (CompFEss V $€, z y
& (Fes
e — QuerDefinedL V es
A IsLub
(PwS V $<4y)
{Essence $e, x; Essence $e, y}

es)))
ExtUb_lemmal VY (V, %) zy

o IV € SetReps

A — OverDefined V $e,
AzeV
ANyevV
A CompExt V $e, x y
= — QuerDefinedl. V (ExtUb (V, $€,) x y)
A (Y2
e zeV

= (2 €y z) <4y ExtUb (V, $ey) z y 2
A (2 €y y) <ty ExtUb (V, $€,) z y 2)
ExtLub_lemmal
FVY(V,8%) zy
o V < SetReps
A — OverDefined V $e,
Az eV
AyeV
A CompExt 'V $€, = y
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= — OverDefinedL V (ExtLub (V, $€,) = y)
AV 2z
e zeV
= (2 €, z) <4y ExtLub (V, $€,) z y 2
A (2 €y y) <ty ExtLub (V, $€,) z y 2)
ExtLub2_lemmal
Y (V,8%,) zy
o V C Syntax
A = QuerDefined V $€,
AzeV
ANyevVv
A CompEzt V $e, z y
= — QuerDefinedL V (ExtLub2 (V, $€,) = y)

A (Y2
e zeV
= (z €, z) <4y ExtLub2 (V, $e,) z y 2
A (2 €y y)
<¢y ExtLub2 (V, $ey) z y 2)
EssUb_lemmal VY (V, %) zy

e IV C SetReps

A — OverDefined V $e,
AzeV
ANyev
A CompEss V $e, = y
= — QuerDefinedL V (EssUb (V, $€,) z y)
AV 2z
e zeV

= (z €y 2) <4y EssUb (V, $e,) z y 2
A (y €y 2) <4y EssUb (V, $e,) z y z)
EssLub_lemmal
FY(V, 8%, zy
o V C SetReps
A — QuerDefined V $e,
AzeV
AyeV
A CompEss V $e, = y
= — QuerDefinedL V (EssLub (V, $€,) z y)
A (V2
e zeV
= (z €, 2) <4y EssLub (V, $€,) z y z

A (Y €y 2) <ty EssLub (V, $ey) z y z)
EssLub_lemmalb

VY (V, %) zy

o V C Syntax
A — OverDefined V $e,
AzeV
ANyevV
A CompEss V $€, x y

= — OwverDefinedL V (EssLub2 (V, $€,) = y)

A (VY 2z
e 2eV
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= (z €y 2) <4y EssLub2 (V, $e,) z y 2
A (y €y 2)
<4y EssLub2 (V, $e,) ¢ y 2)
PmrEq_MsFExtend_lemmal
FY(V,r)zy
o V C Syntaxr = PmrEq V r (MsExtend (V, r) z y)
PmrEq_MsFExtend_lemma?2
FY(V,r)zy
o V € Syntar = PmrEq V (MsExtend (V, r) z y) r
PmrEq_MsExtend2_lemma?2
FY(V,r)zy
o V C Syntar = PmrEq V (MsEztend2 (V, r) z y) r
EvalForm_M sExtend_lemmal
VY (V, %) zy 2
o VC Syntax AyeV AzeV
= FwvalForm
(BvalCf _ftv, $<y, V, MsExtend (V, r) z y)
z
(Param_- y)
= FvalForm
FEvalCf _ftv, $<4y, V, 1)
z
(Param_-J y)
FEvalForm_M sExtend2_lemmal
Y (V, %) zyz
o VC Syntax AyeV AzeV
= FwvalForm
(EvalCf _ftv, $<y, V, MsExtend2 (V, r) z y)
z
(Param_- y)
= FvalForm
(BvalCf _ftv, $<y, V, 1)
z
(Param_- y)
FEvalForm_M sExtend_lemma?2
Y (V, %) zy 2
o VC Syntax Az eV AzeV
= FvalForm
(EvalCf _ftv, $<y, V, MsExtend (V, r) z y)
z
(Param_- )
= FvalForm
FEvalCf _ftv, $<4¢y, V, 1)
z
(Param_- )
FEvalForm_MsExtend2_lemma?2
VY (V, %) zyz
o VC Syntax Az eV AzeV
= FwvalForm
(EvalCf _ftv, $<y, V, MsExtend2 (V, r) z y)
z
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(Param_- )
= FvalForm
EvalCf _ftv, $<4y, V, 1)
z
(Param_J )
EvalForm_M sExtend2_lemma3
FY(V,$€) zyvw
sV Syntax hxeVAayeV aveVAawelV
= FwvalForm
(BvalCf _ftv, $<y, V, MsExtend2 (V, r) z y)
v
(Param_-J w)
= FvalForm
(BvalCf_ftv, $<4y, V, 1)
v
(Param_J w)
Sf_-MsExtend2_lemmal
FY(V,$€) zyvw
sV Syntax hxeVAayeV aveVAawelV
= Sf V (MsExtend2 (V, $€,) z y) v w
=Sf V %, v w
MsFEzxtend2_J,_ Lub_.lemmal
FY(V,r)zyz
e IV C© Syntax
A CompExt V rxzy
AzeV
ANyevV
ANzeV
= MsEztend2 (V, r) z y z O,y
= Lub
$<yy
{MsExtend2 (V, r) z y z x;
MsExtend2 (V, r) xz y z y}
MsEzxtend2_ &, Lub_lemma2
FY(V,r)zyz
o V C Syntax
A CompEss V rzy
Az eV
ANyeV
ANzelV
= MsExtend2 (V, r) zy Jg 2
= Lub
$<iy
{MsExtend2 (V, r) z y = z;
MsEztend2 (V, r) z y y z}
MsEzxtend2_x_<i4-Jg-lemmal
FY(V,r)zyz
o V c Syntax
A CompEss V rxy
ANzeV
ANyevV
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ANzeV
= MsExtend2 (V, r)z y x z
<4y MsExtend2 (V, r) z y Jg 2
MsExtend2_x_<i4-Jg-lemmalb
FY(V,r)zyz
o V C Syntax
A Compatible V r x y
ANzeV
ANyevV
AnzeVu{ds}
= MsExtend2 (V, r)z y x z
<4y MsExtend2 (V, r) z y Jg 2
MsEzxtend2_y_<is-Jg-lemmal
FY(V,r)zyz
o V C Syntax
A CompEss V rxy
ANzeV
ANyevVv
ANzeEV
= MsExtend2 (V, r)x y y 2z
<4y MsExtend2 (V, r) zy &g 2
MsEzxtend2_y_<is-Jg-lemmalb
FY(V,r)zyz
e IV € Syntax
A Compatible V r x y
AzeV
ANyevV
AnzeVu{d}
= MsExtend2 (V, r)x y y 2z
<4y MsExtend2 (V, r) zy &g 2
MsEzxtend2_x_<i4-Jg-lemma?2
FY(V,r)zyz
o V C Syntax
A CompExt 'V raxy
AzeV
ANyevV
ANzeV
= MsExtend2 (V,r)z y z
<4y MsExtend2 (V,r) zy z &,
MsEzxtend2_y_<is-Jg-lemma2
FY(V,r)zyz
o V C Syntax
A CompExt 'V raxy
AzeV
ANyevV
ANzeV
= MsExtend2 (V,r)z y z y
<4y MsExtend2 (V, r) zy z &,
MsEzxtend2_x_<i4-Jg-lemma2b
FY(V,r)zyz
o V C Syntax
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CompEss V r x y
CompExt V r xz y
xeV
yeV
ze V. u{d,}
= MsExtend2 (V,r)z y z x

<ty MsExtend2 (V,r) z y z &,

MsEzxtend2_y_<is-Jg-lemma2b
FY(V,r)zyz
o V C Syntax

A CompEss V r xy
A CompExt 'V raxy
ANzeV
A
A

> > > > >

yeV
ze V. u{dy}
= MsExtend2 (V,r)z y z y
<4y MsExtend2 (V,r) zy z &,
M sExtend_—OverDefined_lemma
FY(V, %) zy
o V C Syntax
A — OverDefined V $e,
A CompFEss V $€, x y
A CompEzt V $e, z y
= — QuerDefined V (MsExtend (V, $€,) z y)
MsFExtend2_—OverDefined_lemma
FVY(V,8%) zy
o V C Syntax
A = OverDefined V $€,
A CompFEss V $€, x y
A CompEzt V $€, z y
= — OQverDefined V (MsExtend2 (V, $€,) z y)
M sExtend-—OwverDefined_lemma?2
FVY(V,8%) zy
o V C SetReps
AzeV
ANyevV
A — OverDefined V $e,
A CompFEss V $€, x y
A CompExt 'V $e, x y
= (Vo
eveV = — MsExtend (V, $e,) z y v Jy = fT)
M sExtend2_—QverDe fined_lemma?2
FY(V,$€) zy
o V C Syntax
AzeV
AyeV
A — OverDefined V $e,
A CompEss V $e, = y
A CompExt 'V $e, z y
= (Vv
e ve V = — MsEstend2 (V, $e,) z y v Jg = fT)
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MsFExtend_-—OverDefined_lemma3
FVY(V, 8% zy
o V C SetReps
ANzeV
yeV
— QverDefined V $e,
CompEss V $€, = y
CompExt 'V $e, = y
= (Vo
eveV = — MsExtend (V, $e,) z y &g v = fT)
MsFExtend2_—OverDefined_lemma3
VY (V, %) zy
e I/ € Syntax
AxelV
AyeV
A = QuerDefined V $e,
A CompEss V $e, = y
A CompExt 'V $€, = y
= (Vv
e ve V = — MsEstend2 (V, $e,) z y &g v = fT)
M sExtend-—OwverDefined_lemma4
VY (V,8%) zy
o V C SetReps
ANzeV
ANyevV
A — OverDefined V $e,
~ Compatible V $€, = y
= — QuerDefined
(Vv {dy})
(MsEztend (V, $€y) z y)
M sExtend2_—QverDefined_lemma4d
VY (V, %) zy
o V C Syntax
AzeV
AyeV
A — OverDefined V $e,
A Compatible V $€, = y
= — OverDefined
(V. u{ds})
(MsExtend?2 (V, $€,) = y)
ConWkStrictS f_lemma

VYV Ve V € SetReps = ConWkStrict 'V Sf
ConCoWkStrictS f_lemma

VY Ve V € Syntax = ConCoWkStrict V Sf
ODE_SF_lemma VYV $e,
e I/ € SetReps
A QuverDefinedFEss

(V. u{ds})

Vv

(SF (VU {@,)) $e,)

= QuerDefined (V U {J4}) $€,

AN
AN
A
A
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ODE_SF_lemma?2
VYV $e,
o V C SetReps
A OverDefinedEss (V o {Jg}) V (Sf V $ey)

= QuerDefined (V U {J4}) $e,
ODE_SF_MsExtend2_lemma

FYVray
o V C SetReps
AzeV
AyevV
A Compatible V r x y
A QuerDefinedFEss

(Vu {@g})
V

(Sf (V u {d4}) (MsEztend2 (V, r) z y))
= QwverDefined V r
ODE_SF_MsExtend2_lemma?2
FYVray
o V C SetReps
AzeV
AyevV
A Compatible V r x y
A QverDefinedFEss
(Vv {dy})
Vv
(Sf V (MsEztend2 (V, r) x y))
= QwverDefined V r
ExsSRO_MsExtend2_lemmal

FYVray
o V C Syntax A x €V Aye V A Compatible V r x y
= ExsSRO (V, MsEztend2 (V, r) z y) z &,

A ExsSRO (V, MsExtend2 (V, 1)z y) y Jy
ExsSRO_MsFExtend2_lemma?2

FYVrazy
o V C Syntax Az €V Aye V A Compatible V r x y

= ExsSRO (V u {J,}, MsExtend2 (V, r) z y) © &,
A EzsSRO

(V 0 {T,}, MsExtend2 (V, r) z y)
)

Dy
Compatibility_lemmal

FY V8, zy
e V C Syntax Az €V Aye V A Compatible V $€, z y

= FEssSRO
(V, Sf V (MsEztend2 (V, $€,) © y))
T
oy

A FEssSRO

(V, Sf V (MsExtend2 (V, $€,) x y))
)
Dy
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Compatibility_lemma?2
YV $e, zy
o V C SetReps
ANzeV
ANyevV
A Compatible V $e, = y
A = QOuverDefined V $€,
= CompFEss V (Sf V $e,) z y
CompExtSem_Sf_thm
VYV Ve V € SetReps = CompEztSem V Sf
sfchain_induction_thm
FY Vo
e I/ € SetReps
A Ve
o x € SfChain V
A (V yo ye SfChain V Ay <exz = py)
= p (Sf V 2))
AV
o ¢ € SfChain V
AT
= Lub
$<e
{y
ly € SfChain V
ANY Sex
A=z <e y}
A(Vy
e ye SfChain V Ay <exz A —x < ¥y
= py)
= p z)
= (V ze z € SfChain V = p x)
sfchain_mono_-thm
FY V zexe SfChain V =z < Sf V x
sfchain_linear_lemma
VYV Ve LinearOrder (SfChain V, $<¢)
sfsubchain_linear_lemma
VYV V Xe X © SfChain V = LinearOrder (X, $<¢)
sfchain_—overdefined_lemma
VYV
e IV € SetReps
= (V ze z € SfChain V = — OwverDefined V 1)
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