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1 Introduction

This document was started after discussions with Peter Homeier at a workshop on Interactive The-
orem Proving in 2009. It is intended for explorations into the formalisation of the semantics of Pure
Type Systems and of Hol-Omega [1] using a well-founded theory of well-founded sets [2].

The connections betweem the Pure Type Systems and HOL-Omega are very tenuous indeed. For
me they are both examples of systems which in some way or to some extent seek to mitigate the
problems which arise in trying to work formally with a well-founded ontology.

This can be done either by dropping the constraint to a well-founded ontology, or by adopting various
pragmatic paliatives. The Pure Type Systems include systems which have no well-founded semantics,
notably Coquand’s Calculus of Constructions. For this reason they are worth study to increase one’s
armoury of methods for constructing consistent logical systems without the draconian constraint
to well-foundedness. HOL-Omega on the other hand, represents one of the many different ways of
mitigating the problems arising from well-foundedness without actually disposing of it. HOL is itself
such a system, its polymorphism probably representing the least one can do in the object language.
Though HOL’s polymorphism is of the very simplest kind, it is very effective. It is hard to improve
upon and attempts to improve on it usually yield much more complex logical systems whose merits
in the respects we consider are not beyond debate. HOL-Omega is such a system.

It may be worth mentioning what are the principle problems which this kind of development is in-
tended to address. For me, they relate to formalisation “in tha large”, i.e. in support for abstraction,
modularity and reuse of specifications and proofs. The formalisation of abstract theories, notably of
category theory, is also, whether or not thought of in the context of modularity, a test for this kind
of foundational development.

The attempt to deal with these problems by foundational innovation is itself controversial. This
is primarily I think because of the difficulties involved, the risk of ending up with a system which
provides poor support for mainstream mathematics (such as analysis) done in the established manner,
and because these matters can be addressed without resort to foundational innovations (and are
usually addressed in such ways).

My own interest has primarily been in the foundational route, no doubt because I just like thinking
about this problem. But I have also an interest in approaches, at least to the ‘specification in
the large’ side of things, which are foundationally neutral, and allow interworking between logical
systems.

So far as this document is concerned, it has so far gone nowhere, for I quickly realised (though not
until after I had started the document) that the higher order theory of well-founded sets which I had
intended to use for the purpose [2] fell short of the demands I would put upon it and would have to
be upgraded. So that is where movement is taking place at present.



2 Pure Type Systems

3 HOL-Omega

SML

open_theory "misc2";
force_new_theory "holw";
force_new_pc ""holw";

merge_pcs [" savedthm_cs_3_proof"] "' holw";

set_merge_pcs ["misc21", " holw"];

4 Syntax

The formalisation of the syntax has no particular interest. It is essentially the definition of a recursive
datatype. If our proof tool supported datatype definitions then I would have used them, since it does
not the easiest way to get the required dayatype is by using set theory. Note however, that I do not
necessarily need to make a new type, and will only prove those theorems which I actually need.

The manual construction of the three mutually recursive datatypes in our higher order set theory is
done by defining the constructors and taking the intersection of all sets closed under the constructors.

4.1 Constructors and Discriminators

4.1.1 Kinds

HOL Constant

MEKindTy : GS — GS

Vte MkKindTy t = (Naty 0) —g4 t

HOL Constant

IsKindTy : GS — BOOL

Vke IsKindTy k < dte k = MEKindTy t

HOL Constant

MEkKindVar : GS — GS

Vne MkKindVar n = (Naty 1) 4 n

HOL Constant

IsKindVar : GS — BOOL

Vke IsKindVar k < dne k = MkKindVar n



HOL Constant

MEKindArr : GS x GS — GS

Vire MkKindArr lr = (Naty 2) 4 (MkPairg Ir)

HOL Constant

IsKindArr : GS — BOOL

Vke IsKindArr k < Jte k = MEKindArr t

HOL Constant

IsKind : GS — BOOL

Vke IsKind k < IsKindTy k VvV IsKindVar k VvV IsKindArr k

4.1.2 Types

HOL Constant

METypeVar : GS x GS x GS — GS

Vnkre MkTypeVar nkr = (Naty 3) w4 (MkTriple, nkr)

HOL Constant

IsTypeVar : GS — BOOL

Vte IsTypeVar t < dpe t = MkTypeVar p

HOL Constant

MEkTypeCon : GS x GS x GS — GS

Vnkre MkTypeCon nkr = (Naty 4) —4 (MkTriple, nkr)

HOL Constant

IsTypeCon : GS§ — BOOL

Vte IsTypeCon t < dpe t = MkTypeCon p

HOL Constant

METypeApp : GS x GS — GS

Vfae MkTypeApp fa = (Naty 5) —4 (MkPair, fa)



HOL Constant

IsTypeApp : GS — BOOL

Vae IsTypeApp a < dpe a = METypeApp p

HOL Constant

MEkTypeAbs : GS x GS — GS

Vvbe MkTypeAbs vb = (Naty 6) —4 (MkPair, vb)

HOL Constant

IsTypeAbs : GS — BOOL

Vae IsTypeAbs a < dpe a = MkTypeAbs p

HOL Constant

METypeUniv : GS x GS — GS

Vobe MkTypeUniv vb = (Naty 7) —4 (MkPairy vb)

HOL Constant

IsTypeUniv : GS — BOOL

Vte IsTypeUniv t < dpe t = MkTypeUniv p

HOL Constant

IsType : GS — BOOL

Vie IsType t < IsTypeVar t V IsTypeCon t V IsTypeApp t V IsTypeAbs t V IsTypeUniv t

4.1.3 Terms

HOL Constant

MkTermVar : GS x GS — GS

Vnte MkTermVar nt = (Naty, 8) 4 (MkPair, nt)

HOL Constant

IsTermVar : GS — BOOL

Vte IsTermVar t < dpe t = MkTermVar p



HOL Constant

MEkTermCon : GS x GS — GS

|
|
‘ Vnte MkTermCon nt = (Naty 9) —4 (MkPairy nt)

HOL Constant

IsTermCon : GS — BOOL

Vie IsTermCon t < dpe t = MkTermCon p

HOL Constant

MkEkTermApp : GS x GS — GS

Vfae MkTermApp fa = (Nat, 10) 4 (MkPair, fa)

HOL Constant

IsTermApp : GS — BOOL

Yae IsTermApp a < dpe a = MkTermApp p

HOL Constant

MEkTermAbs : GS x GS — GS

Vobe MkTermAbs vb = (Naty 11) —4 (MkPairg vb)

HOL Constant

IsTermAbs : GS — BOOL

Vae IsTermAbs a < dpe a = MkTermAbs p

HOL Constant

METermAppType : GS x GS — GS

Vfae MkTermAppType fa = (Naty, 12) —4 (MkPair, fa)

HOL Constant

IsTermAppType : GS — BOOL

Yae IsTermAppType a < dpe a = MkTermAppType p

HOL Constant

MkTermAbsType : GS x GS — GS

Vvbe MkTermAbsType vb = (Naty, 138) —4 (MkPair, vb)



HOL Constant

IsTermAbsType : GS — BOOL

Vae IsTermAbsType a < Ipe a = MkTermAbsType p

HOL Constant

IsTerm : GS — BOOL

\
|
‘ Vie IsTerm t < IsTermVar t V IsTermCon t vV IsTermApp t V IsTermAbs t V IsTermAppType t V

4.2 The Inductive Definition of Syntax

This is accomplished by defining the required closure condition (closure under the above constructors
for arguments of the right kind) and then taking the intersection of all sets which satisfy the closure
condition.

The closure condition is:



HOL Constant

HolwSynClosed: GS SET — BOOL

YV se HolwSynClosed s <
(Vte t € s A IsType t =

MEKindTy t € s)

A (Vpe MkKindVar p € s)

A (Vk1 k2e k1 € s N k2 € s A IsKind kI A IsKind k2 =
MkKindArr (k1, k2) € s)

A (Vn k re k € s A IsKind k =
MkTypeVar (Naty n, k, Naty ) € s)

A (Vn k re k € s A\ IsKind k =
MkTypeCon (Naty n, k, Naty ) € s)

A (Vf ae f € s N a € s N IsType f N IsType a =
MkTypeApp (f, a) € s)

A (Vv be v € s ANbes A IsTypeVar v A IsType b =
MkTypeAbs (v, b) € s)

A (Vv be v € s ANb € s A IsTypeVar v A IsType b =
MkTypeUniv (v, b) € s)

A (Vn te t € s N\ IsType t =
MkTermVar (Natg n, t) € s)

A (Vn te t € s N\ IsType t =
MkTermCon (Naty n, t) € s)

A (Vf ae f € s N a € s N IsTerm f A IsTerm a =
MkTermApp (f, a) € s)

A (Vv be v € s ANb e s A IsTermVar v A IsTerm b =
MkTermAbs (v, b) € s)

A (Vf ae f € s N a € s N IsTerm f A IsType a =
MkTermAppType (f, a) € s)

A (Vv be v € s ANb € s A IsTypeVar v A IsTerm b =
MkTermAbsType (v, b) € s)

The well-formed syntax is then the smallest set closed under these constructions (which might be a
“class”).

HOL Constant

HolwSyntax : GS SET

HolwSyntar = N{z | HolwSynClosed z}



5 Proof Contexts

SML

(x add_pc_thms ""holw" []; *)

(* add_pc_thms ""holw" []; *)
commit_pc "' holw";

force_new_pc "holw";
merge_pcs ["misc2", " holw"] "holw";

commit_pc "holw";

force_new_pc "holwl";
merge_pcs ["misc21", " holw"] "holwl";

commit_pc "“holwl";

SML

‘set_ﬂag ("subgoal _package _quiet", false);
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6 The Theory holw

6.1 Parents

misc?

6.2 Constants

MEkKindTy GS — GS
IsKindTy GS — BOOL
MEKindVar GS — GS
IsKindVar GS — BOOL
MEKindArr GS x GS — GS
IsKindArr GS — BOOL
IsKind GS — BOOL
METypeVar GS x GS x GS — GS
IsTypeVar GS — BOOL
METypeCon GS x GS x GS — GS
IsTypeCon GS — BOOL
METypeApp GS x GS — GS
IsTypeApp GS — BOOL
METypeAbs GS x GS — GS
IsTypeAbs GS — BOOL
METypeUniv GS x GS — GS
IsTypeUniv GS — BOOL
IsType GS — BOOL
METermVar GS x GS — GS
IsTermVar GS — BOOL
METermCon GS x GS — GS
IsTermCon GS — BOOL
METermApp GS x GS — GS
IsTermApp GS — BOOL
METermAbs GS x GS — GS
IsTermAbs GS — BOOL
MEkTermAppType

GS x GS — GS
IsTermAppType

GS — BOOL
METermAbsType

GS x GS — GS
IsTermAbsType

GS — BOOL
IsTerm GS — BOOL
HolwSynClosed

GS P — BOOL
HolwSyntax GS P
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6.3 Definitions

MEKindTy FV te MkKindTy t = Naty 0 4 t
IsKindTy FV ke IsKindTy k < (3 te k = MkKindTy t)
MEKindVar =V ne MkKindVar n = Naty 1 4 n
IsKindVar FV ke IsKindVar k < (3 ne k = MkKindVar n)
MEKindArr FV lre MkKindArr Ir = Naty, 2 —4 MkPair, Ir
IsKindArr FV ke IsKindArr k < (3 te k = MkKindArr t)
IsKind VY k
o I[sKind k & IsKindTy k Vv IsKindVar k V IsKindArr k
MEkTypeVar + V nkre MkTypeVar nkr = Naty, 3 vy MkTriple, nkr
IsTypeVar FV te IsTypeVar t < (3 pe t = MkTypeVar p)
METypeCon VYV nkre MkTypeCon nkr = Naty 4 4 MkTriple, nkr
IsTypeCon FV te IsTypeCon t < (3 pe t = MkTypeCon p)
MEkTypeApp +V fae MkTypeApp fa = Naty 5 —, MkPair, fa
IsTypeApp FV ae IsTypeApp a < (3 pe a = MkTypeApp p)
MEkTypeAbs VYV vbe MkTypeAbs vb = Nat, 6 —, MkPair, vb
IsTypeAbs FV ae IsTypeAbs a < (3 pe a = MkTypeAbs p)
MEkTypeUniv + V vbe MkTypeUniv vb = Nat, 7 4 MkPair, vb
IsTypeUniv + V te IsTypeUniv t < (3 pe t = MkTypeUniv p)
IsType FVit
o IsType
& IsTypeVar t
V IsTypeCon t
vV IsTypeApp t
V IsTypeAbs t
V IsTypeUniv t
MEkTermVar +V nte MkTermVar nt = Naty, 8 4, MkPair, nt
IsTermVar FV te IsTermVar t < (3 pe t = MkTermVar p)
MEkTermCon  V nte MkTermCon nt = Naty, 9 4, MkPair, nt
IsTermCon +V te IsTermCon t < (3 pe t = MkTermCon p)
METermApp + V fae MkTermApp fa = Nat, 10 4 MkPairy fa
IsTermApp FV ae IsTermApp a < (3 pe a = MkTermApp p)
MEkTermAbs + V vbe MkTermAbs vb = Nat, 11 —, MkPair, vb
IsTermAbs FV ae IsTermAbs a < (3 pe a = MkTermAbs p)
METermAppType
FV fae MkTermAppType fa = Nat, 12 —, MkPair, fa
IsTermAppType
FV ae IsTermAppType a < (3 pe a = MkTermAppType p)
METermAbsType
FV vbe MkTermAbsType vb = Naty 13 4, MkPair, vb
IsTermAbsType
FV ae IsTermAbsType a < (3 pe a = MkTermAbsType p)
IsTerm FVYt
e [sTerm t
& IsTermVar t
V IsTermCon t
V IsTermApp t
V IsTermAbs t
V IsTermAppType t
V IsTermAbsType t
HolwSynClosed
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FVs
e HolwSynClosed s
& (Vtet € s A IsType t = MEkKindTy t € s)

A (VY pe MkKindVar p € s)

A (Y k1 k2

ekl € s Nk2 € s N IsKind k1 N IsKind k2
= MkKindArr (k1, k2) € s)

ANNnkr

o k€ s A IsKind k
= MkTypeVar (Naty n, k, Nat, r) € s)

ANNVnkr

o ke s A IsKind k
= MkTypeCon (Naty n, k, Naty r) € s)

NNV foa

efecsANacs A IsType f N IsType a
= MkTypeApp (f, a) € s)

ANV ob

eveESsADbEs AN IsTypeVar v A IsType b
= MkTypeAbs (v, b) € s)

ANNMuob

eveEsANbes A IsTypeVar v N IsType b
= MkTypeUniv (v, b) € s)

ANV nt

et e s A IsType t
= MkTermVar (Naty n, t) € s)

ANV nt

et e s A IsType t
= MkTermCon (Naty n, t) € s)

ANNVfoa

efcsANac€sAlIsTerm f A IsTerm a
= MkTermApp (f, a) € s)

ANV ob

ev EsANbes A IsTeemVar v A IsTerm b
= MkTermAbs (v, b) € s)

NS oa

efesANacsAIsTerm f N IsType a
= MkTermAppType (f, a) € s)

ANNuob

evesANbes A IsTypeVar v N IsTerm b
= MkTermAbsType (v, b) € s)

HolwSyntax + HolwSyntar = () {z|HolwSynClosed z}
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