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1 Introduction

Since this is a modification of a previous formalisation of higher order set theory [?], I omit the
preminary discussions for which the reader may refer to the previous document, and confine this
introduction to the modifications which I have made in this version.

This is simply the admission of urelements of arbitrary type, so that we introduce here instead of a
simple type, a type constructor, which will be called “’a GSU’.

SML

open_theory "rbjmisc";
force_new_theory "gsu—ax";
new_parent " U_orders";
new_parent "“wf_relp";

new_parent "“wf_recp";

force_new_pc "'gsu—az";
merge_pcs [" savedthm_cs_3_proof"] " gsu—az";
set_merge_pcs ["basic_hol", "’

new_type ("GSU", 1);

gsu—az"|;

1.1 Urelements

The novelty is urelements. Since the theory is not conservative over plain HOL, it must be introduced
using axioms.

The axiom which introduces the urelements asserts that there is an injection from type ™ :’a™ into
type " ’a GSU™.
SML

val Urelement_Aziom = new_axiom([" Urelement_Aziom"], "3f'a — 'a GSUe OneOne f7);

Having asserted the existence of such an injection we now introduce a constant with that character-
istic:
HOL Constant

Urelement : 'a — 'a GSU

OneOne Urelement

The range of this injection is the extension of the set of urelements, but we can’t say this until we
have introduced membership.

HOL Constant

Vze UeVal x = eye Urelement y = x

‘UeVal_Urelement_lemma =+ V ze UeVal (Urelement =) = x

I will use the term Set, exclusively for bona-fide sets, i.e. values outside the range of this function.



The following predicate is true just of the urelements.

HOL Constant

Ue :'a GSU — BOOL

Vze Ue x < dye x = Urelement y

‘Urelement_Ue_lemma = V ze Ue z = Urelement (UeVal z) =z

And this one of sets.

HOL Constant

Set, : 'a GSU — BOOL

Yre Set, r < — dye z = Urelement y

UeSet,_lemmal = Vxe Ue z < — Set, =
Urelement_Ue_-lemma2 = - YV ze — Set, © = Urelement (UeVal z) = z

1.2 Membership

Membership is a relation over the type. We can’t define this constant (in this context) so it is
introduced as a new constant (about which nothing is asserted except its name and type) and its
properties are introduced axiomatically.

SML

‘new-const ("ey", “'a GSU — 'a GSU — BOOL");

‘declare_inﬁx (230,"€,");

Since we have urelements, which are not bona-fide sets, it will be convenient to insist that only sets
have members:
SML

val Set,_aziom = new_axiom (["Set,-aziom"|, "Vz ye z €, y = Set, y);

I will possibly be making use of two different treatments of well-foundedness (from the theories U
orders, and wf_relp) and it may be helpful to establish the connection between them.

The following theorem does the trick:

‘UWellFounded_well_founded_thm =
‘ FV $<<e UWellFounded $<< < well_founded $<<

The axioms of extensionality and well-foundedness may be thought of as telling us what kind of thing
a set is (later axioms tell us which sets are to be found in our domain of discourse).

This is a principle point of departure from the theory without urelements. Here I have to chose
between preserving extensionality (which can by done using Quine’s trick of identifying a urelement
with its unit set), or preserving well-foundedness of the membership relation (by insisting that
urelements have no members).!

T could also fudge it by saying nothing about the membership of urelements, but that seems the least attractive
option since both extensionality and well-foundedness would have to be qualified.



When I first addressed this issue, I was mistakenly under the impression that this was just a question
of an aribitrary choice of what to say about the membership of urelements, and under this illusion
I tried having two different membership relations one well-founded and the other extensional. One
could have two different membership relations which differed only what the members of the urele-
ments are, but the adoption of the unqualified axiom of extensionality (which is the point of Quine’s
trick) is nevertheless substantive, for otherwise, even though a urelement would be its own sole
member, it would nevertheless be distinct from its own unit set and extensionality would fail. It
therefore seems that an unqualified extensionality is incompatible with the closure of the universe
under the formation of unit sets, for if Quine’s trick is used to admit extensionality, the “unit set”
of a urelement will not be a set at all (or else the urelement is also a set).

This consideration persuaded me against urelements being unit sets, and I will therefore have to put
up with extensionality being conditional.

1.2.1 Extensionality

The most fundamental property of membership (or is it of sets?) is extensionality, which tells us
what kind of thing a set is. The axiom tells us that if two sets have the same elements then they are

in fact the same set.
SML

‘val gsu_ext_axiom = new_azxiom (["gsu_ext_aziom"],
"Vs t:'a GSUe Set, s A Set, t = (s =t < Vee e €, s < e €, t)7);

This may be thought of as extensionality of sets themselves or as extensionality of equality over sets.
Though sets are extensional, we do not have an unconditionally extensional equality over the domain
of discourse, because we have urelements.

‘gsu_emt_thm =

‘ VY ste Sety, s= Set, t = (s=t< (Veoee, s ee€yt))

The following (rather crude) conversion is useful in the application of extensionality:

SML
fun gsu_ext_conv tm =
let fun aux thms =
let val (lhs, rhs) = dest_eq tm;
val extar_thm = list_V_elim [lhs, rhs| gsu_ext_thm;
val [antl, ant2, con| = strip-= (concl extax_thm);
val althml = conv_rule (LEFT_C (TRY _C (rewrite_conv thms))) (disch_rule antl (as:
val a2thm1 = conv_rule (LEFT_C (TRY _C (rewrite_conv thms))) (disch_rule ant2 (as:
val althm?2 = try (fn x => =_elim x t_thm) althml,
val a2thm?2 = try (fn x => =_elim x t_thm) a2thml,
val althm8 = try undisch_rule althm?2;
val a2thm8 = try undisch_rule a2thm?2;
val con_thml = =_elim extax_thm althm3
val con_thm2 = =_elim con_thml1 a2thm3
in pure_rewrite_conv [con_thm2] tm
end

in auz ||

end handle - => fail_conv tm;



The corresponding rule and tactics are:

SML
‘val gsu_ext_rule = conv_rule gsu_ext_conv;

‘Ual gsu_ext_tac = conv_tac gsu-_ext_conv;

Those only work for equations at the top level, the following tactic is provided for equations lower
down. It expects to be supplied the term to which it will be applied.

SML

val gsu_ext_tac2 = fn tm => rewrite_tac [gsu-ext_conv tm];

For facility of reasoning in this theory it is best if as few theorems as possible are conditional upon
whether the variables in them have values which are sets rather than urelements. This is achieved
firstly by having no members for urelements (which are therefore extensionally equivalent to the
empty set). Because of this it is important in introducing new operations which are intended to
deliver sets that the result is not specified purely by extension, it is important that the result be
known to be a set rather than an urelement even when its extension is empty. We also ensure that all
operators over sets are extensional, i.e. the result depends only upon the extension of the arguments,
not upon anything else (the only other thing it could depend on would be whether the arguments
are sets or urelements). It would be natural for example to make the Subset relation false if either
operand was a urelement, but this would lengthen proofs.

It follows from the definitions of Urelement, Ue and Set,, that nothing is both a set and a urelement,
and that urelements are equal iff the values from which they were obtained under Ue are equal.

It is convenient to have a function which gives the extension of a 'aGSU set as a SET of 'aGSUs.

HOL Constant

X, :'a GSU - 'a GSU SET

|
|
‘VSOXUSZ{t|t€uS}

Since equality is not strictly extensional, it is useful to define an extensional equality (equivalence).

SML

‘declare-inﬁz(?OO, "=,");

HOL Constant

$ = :'a GSU - 'a GSU — BOOL

Vstes=,t< X, s=X,t

Xu-thm = FVstese X, t=s5¢€,t
eqy-refl_thm = VY ses=,s

eqqy_sym_thm = FVstes=,t=1=,5
eqy_trans_thm = FVstues=ytAt=ypu=1=,u

equ-ext.thm =V stes=,1t< (Vue ue, s ue,t)

—eq,-—eq_-thm = FVste-s=,1t=—-5s5=t



1.2.2 Well-Foundedness

Wellfoundedness is asserted using the definition in the theory “U_orders”, which is conventional in
asserting that each non-empty set has a minimal element.

SML

‘val gsu_wf_axiom = new_azxiom (["gsu_wf_axiom"|, " UWellFounded $€,);

‘gsu_wf_thml = — well_founded $e,

‘gsu_wf_min_thm = VY ze (3 ye ye, )

‘ = (Fzeze,z A (FJveveEy 2 AvEy T))
‘gsu_wftc_thm = + well_founded (tc $€,,)

SML

‘ declare_infix (230, "€, ");

HOL Constant

$c.” :'a GSU — 'a GSU — BOOL

$ec,t = tc $e,

gsu_wftc_thm2 =+ well_founded $€,*

tee,_iner_thm = FVYzyez €, y=1x6€, "y

tce,_cases thm = FVzyexe, "y (ze,yv Fzeze,™ 2 ze,y)
tccy-trans_.thm = +—Vstuese,"tAate, T u=s5¢c,7u

tee,_decomp thm = -V zyex€,m yn —x€, y=(Fzex€, " 2 A 26Ey 1Y)

tce,_decomp_thmb = FYzyez e, " yn—ze,y= Fzeze, 2 nzet y)

The following operator restricts a function over sets to a domain determined by some set. It was
originally introduced to use in definitions by transfinite recursion, and a recursion principle is later
proven for that purpose, but I then had some better ideas on how to define functions.

SML
‘ declare_infiz (300, "<€*,");

HOL Constant

$<€ty :'a GSU — ('a GSU - 'b) - ("a GSU — 'b)

Vs fe s <€ty f = Ave if x €, s then f x else eyeT

The resulting induction principle (sometimes called Noetherian induction?) is useful.

‘gsu_wf_ind_thm = FVpe(Vze (Vyseye,z=py) =pz)= (Vzepun)
‘gsu-cv-ind_thm = FVpe (Ve (VystcSe, yz=py) =pz)= (Vzepuz)
‘gsu-cv-ind_thm2 = Vpe (Vae Vysye,t 2 =py)=pz)= (Vzepn)

But we can get induction tactics directly from the well-foundedness theorems:
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SML
val 'a GSU_INDUCTION_T = WF_INDUCTION_T gsu_wf_thml;
val gsu_induction_tac = wf_induction_tac gsu_wf_thml;
val 'a GSU_INDUCTION_T2 = WF_INDUCTION_T gsu_wftc_thm2;
val gsu_induction_tac2 = wf_induction_tac gsu_wftc_thm2;

wf_ull = -V z’a GSUe -z €, x
wf ul2 =+ Vzy'a GSUe = (x €, y A y €y )
wful3 =+Vzyza GSUe = (€, y AYyEy 2z A 2Ey )

1.3 The Ontology Axiom

The remaining axioms are intended to ensure that the sets are a large and well-rounded part of the
cumulative heirarchy. This is to be accomplished by defining a Galaxy as a set satisfying certain
closure properties and then asserting that every set is a member of some Galaxy. It is convenient to
introduce new constants and axioms for each of the Galactic closure properties before asserting the
existence of the Galaxies.

Here we define the Subset relation and assert the existence of powersets and unions.

1.3.1 Subsets

A Subset s of t is a set all of whose members are also members of t.
SML

declare_infiz (250,"<,");
declare_infix (230,"cy");

HOL Constant

$c. :'a GSU — 'a GSU — BOOL

Vs te s, t < Veece, s=>ceg,t

HOL Constant

$cy :'a GSU — 'a GSU — BOOL

Vstesc,tesC,tA 1S, s

Cu-eq_thm = Y A Be Set, AA Set, B=>(A=B< A<, BAnBc, A
Cu-refl_thm = Y Ae AC, A

EyCoy-def = HVYeABece, ANAc, B=¢cec, B

Cu-trans_thm = FYABCe A<, BABc, C=Ac, C

Cy-trans_thm = FVvABCeAc,BABc, C=Ac, C

not_c, thm = -V ze ~z c, x

HOL Constant

Cu-closed : 'a GSU — BOOL

Vse C,_closed s & Ve feee, s A f Sy e=fe,s

11



1.3.2 The Ontology Axiom

We now specify with a single axiom the closure requirements which ensure that our universe is
adequately populated. The ontology axiom states that every set is a member of some galaxy which
is transitive and closed under formation of powersets and unions and under replacement.

The formulation of replacement only makes membership of a galaxy dependent on the range being
contained in the galaxy, it asserts unconditionally the sethood of the image of a set under a functional
relation.

Because we have urelements and the ontology axiom introduces sets by their extension, special
provision is necessary to ensure the existence of the empty set. In the corresponding theory without
urelements the existence of the empty set is obtained from the ontology axiom using the clause
which corresponds to the axiom of replacement, but this axiom only establishes that something has
no members, leaving open the possibility that there is an urelement but there is no empty set. We
therefore assert that the image of a something through a functional relation is a set.

In some other places it is necessary to insist on certain objects being sets. Thus, power sets never
contain urelements, and this must be made explicit. This would not have been necessary had we
defined the subset relation as holding only between sets, which might possibly have been better.

It is not necessary to assert sethood in any other case, however, I have found it expedient to mention
sethood in a couple of places where it is strictly redundant. This is because to get the consistency
proof for the specifications of the constants used for these constructors I would otherwise need to
know that the empty set exists, so that I can insist on them yielding it whenever the result has an
empty extension. However, I can’t prove the existence of the empty set until I have the separation
axiom. Well I could, but...
SML
val UOntology_axiom =

new_aziom (["UOntology_axiom"],

T Vs'a GSUe
dge s €y g
A
Vie t €, ¢
= 1S, g

A (Ipe (Vve v €y, p < Sety, v A v Sy t) A pEy g A Sety p)
A (Jue (Yve v e, u & Jwe v €, W A W E, t) A uEy g A Sety u)
A (Vrle ManyOne rl =
(re (Yve ve, reJwewe, t ATl wo)
A(rcug=reyyg)
A Sety 1))

);
T originally thought that in this version of set theory with urelements, iteration of the type constructor
would always create larger universes. However, I don’t see anything which tells us that there is a

set containing all the urelements, and it is therefore possible that the urelements have the same
cardinality as the sets.

1.4 PowerSets and Union

Here we define the powerset and union operators.
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1.4.1 PowerSets

HOL Constant

P,:'a GSU — 'a GSU

Vse Set, (Py s) A Vt'a GSUe t €, P, s < Set, t At Sy s

Pyuthm =V stete, Py, s=(Sety, t At <y s)
s€Pys-thm = VY se Set, s = se, P, s
stcePys thm = — V se Set, s = s €, P, s
SetyPy,-thm = ¥V se Set, (P, s)
eqP,_thm =
Vs te Set, s A Set, t
= (s=P,t) s Vreze, s Sety © AT Sy t))

1.4.2 Union

HOL Constant

Uu: 'a GSU — 'a GSU

Vse Sety, (Ju s) A Viet ey |Ju s © Jeot e, e A eey s

Uu-thm =V stete, |Jus< Teote, encee,s)

teey-Ju-thm =V stete, | J,so (Teote,Tenee,s)

EulJu-thm = Vs t'a GSUe Set, t At ey, s =1<y Jus

EulJu-thm2 = Vstete,|Jus=Teote, enceeys)

EulJu-thm3 = Vste(Jeoete,enece,s)=te, Jus

Uu-ext.thm = -V 2z ye (Juz=y) < (Sety, y n Vzeze, yes (Fweze, wawe, 1))
Sety| Ju-thm = -V se Sety, (| Ju $)

1.5 Relational Replacement

The constant Rellm,, is defined for relational replacement.

HOL Constant

RelImy: ('a GSU — 'a GSU — BOOL) — 'a GSU — 'a GSU

Vrl se Set, (Rellm, 1l s) A (ManyOne rl = (Vte t €, Rellm, rl s < Jee e €, s A 1l € t))

Setyrellmu-thm = Y rel se Set, (Rellm, rel s)

Rellm,_thm =
=V rl se ManyOne 1l = (V te t €, Rellm, rl s = (3 es e €, s A 1l e 1))
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1.6 Separation

Separation is introduced by conservative extension.

The specification of Sep, which follows is introduced after proving that it is satisfied by a term
involving the use of Rellm,,.

This higher order formulation of separation is accomplished by defining a new constant which takes
a property of sets p and a set s and returns the Subset of s consisting of those elements which satisfy

p.

HOL Constant

Sepy, : 'a GSU — ('a GSU — BOOL) — 'a GSU

Vs pe (Veee €, (Sepy s p) < e €y s A pe) A Sety (Sepy s p)

Sepy_thm = Vs p esc €, (Sep, s p) © e €y S A D e
Set,_Sep,-thm = - Vs pe Set, (Sep, s p)

Sepy_Cu-thm = Vs pe Set, s = Sepy, s p Sy S
Sep,_sub_thm = HFYspeeee, Sepy, s p = €€y s
Sepy_€y Py -thm = VYV s pe Set, s = Sepy, s pe, Py s
Sep,_S_thm = HVstet<, s= Sep, s (CombC $e, t) =t

1.7 Galaxies

A Galaxy is a transitive set closed under powerset formation, union and replacement. The Ontology
axioms ensures that every set is a member of some galaxy. Here we define a galaxy constructor and
establish some of its properties.

1.7.1 Definition of Galaxy

First we define the property of being a galaxy.

HOL Constant

galaxy,: 'a GSU — BOOL

Vse
galazy, s < (Jze = €, $)
AVie t e, s
=1 Sy s
AP, tey s
AlUu teys
A (Vrle ManyOne 7l
= Rellm, rl t <, s
= Rellm, rl t €, s)

galaxies, 3 thm =
- Vse dge s €, g A galaxy, g
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1.7.2 Definition of Gx

Gz, is a function which maps each set onto the smallest galaxy of which it is a member.

HOL Constant

Gzy: 'a GSU — 'a GSU

Vs te t €, Gz, s < Yge galary, g A S €y g = t €y g

Each set is in its smallest enclosing galaxy, which is of course a galaxy and is contained in any other
galaxy of which that set is a member:

t_in_Gx,_t_thm = HViete, Gr, t

tccy Gxy-thm = FVitete,” Gz, t

Set,_Gx,_thm = -V ze Set, (Gz, )

Gxy_Sy_galaxy, = - Vs ge galaxy, g A s €y g = (Gry 8) Sy g
galaxy, Gx, = - Vse galazy, (Gz, s)

1.7.3 Galaxy Closure

The galaxy axiom asserts that a Galaxy is a transitive set closed under construction of powersets,
distributed union and replacement. Galaxies are also closed under most other ways of constructing
sets, and we need to demonstrate these facts systematically as the theory is developed.

HOL Constant

Transitive, : 'a GSU — BOOL

Vse Transitive, s < Vee e €, s = e T, 8

‘galawiesu_transitive_thm = | Vse galaxy, s = Transitive, s

GuTrans-thm = VY ge galaxy, g = (V s tese, g Ate, s= 1€, g)
GClose P, thm = |V ge galaxy, g = (V se s €, g = Py, s €, g)

GClosey| J-thm = -V ge galazy, g = (V se s €, g = Ju S €u 9)

GCloseysepu-thm = -V ge galazy, g = (Vse s €, g = VYpe Sep, s p €, g)
GClose,-S_thm = | VY ge galaxy, g = (V se s€, g = (Vte Set, t At Sy s = 1€y, g))

GClose,_fc_clauses =
Vg
* galaxy, g
= (Vs
°es5€yyg
=P, s€, 9
AJu S€uyg
A (Y pe Sepy s p €y g)
A (Y te Sety t At Sy s= 1€, g))
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tce, lemma = HVseeee, ™ s= (Vte Transitive, t A s Sy t = € €y t)
GClose, _tce, _thm = Vs ge galazy, g = s €,7 g = 5s€, g
GClosey tcey thm2 = VYVt s ge galavy, g At €y g A seET t=5s5€, g

Gx,_mono_thm = HVstesC,t= Gr, s S, Gz, t
Gx,,_mono_thm2 = Vs tese, t = Gy s Sy Gy t

t_ Cu Gry t.thm = Vitetc, G, t

Gz, _mono_thm3 = FVYstesc,t=s<, Gr, t
Gx,_mono_thm4 = FVste Sety s AsCyt=s€, Gr,t
Gxy-trans_.thm = | VY se Transitive, (Gz, s)

Gz, trans.thm2 = VYV ste se, t = se, Gz, t

Gz, trans.thm3 = ~Vstuese, t Ate, Gy, u= s €, Gr, u
Gz, trans.thmd = —Vstuese, "t Arte, Gry u= s €, Gz, u
Gz, _trans.thmb5 = Vstuese,"t=s5¢, Gr, t

1.7.4 The Empty Set

We can now prove that there is an empty set.

So we define " (¥, 7 as the empty set:

HOL Constant

D 2 'a GSU

S@tu @u A Vse = s S @u

and the empty set is a member of every galaxy:

Du-thm = VY se = se, Ju

tccy- Du-thm = VY aze —ze,” Ty

Xy -thm = FYze ~2e X, Ty
eq-Buy-—CEu-thm = VY zex =, Fy=(Vye - ye, )
eq_Jy-—tcey _thm = FYazexz =, Fy=(Vye —ye," 1)
eqyu_-eq_JFy thm = FVYae Sety, a A =y Ty = a =y
Sety,_ Bu-thm = ~ Sety, Tu

GOuc = =V ge galary, 9 = Ju €u g
Gulu-thm = VY se &5, Sy s

Uu@u—thm = [ Uu Bu = Bu
Eyx-not_empty_thm = FYmneme, n=—-n=,
Du-€u-galaxy, thm = VYV ze galaxy, © = Ty €y x
Bu-€u-Gxy_thm = VY ze &, €y Gry x
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It is sometimes useful to force a value to a set having the same extension. The following function is
the identity over sets and maps all urelements to the empty set.

HOL Constant

sety :'a GSU — 'a GSU

Ve set, x = if Set, x then z else

Set, _set,_thm =

-V se Set, (sety s)
sety_eq,-thm =

-V se set, s =, s
set,_eq,_thm2 =

Vs ue ueg, sety, < uE€E, s
sety_fc_thm =

H V se Set, s = set, s = s

1.8 Functional Replacement

The more convenient form of replacement which takes a function rather than a relation (and hence
needs no “ManyOne” caveat) is introduced here.

1.8.1 Introduction

Though a functional formulation of replacement is most convenient for most applications, it has a
number of small disadvantages which have persuaded me to stay closer to the traditional formulation
of replacement in terms of relations. The more convenient functional version will then be introduced
by definition (so if you don’t know what I'm talking about, look forward to compare the two versions).

For the record the disadvantages of the functional one (if used as an axiom) are:

1. It can’t be used to prove the existence of the empty set.

2. When used to define separation it requires the axiom of choice.

Now we prove a more convenient version of replacement which takes a HOL function rather than a
relation as its argument. It states that the image of any set under a function is also a set.

"Imagep, f s is the image of s through f.

HOL Constant

Imagep, : ((a GSU — 'a GSU) — 'a GSU — 'a GSU

\
|
‘Vf se Set,(Imagep, f s) A Vxe x €, Imagep, [ s < Jee e €y s Az =f e

This is what computer scientists might call Map.
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‘ Imagep,_ - thm =

‘ I_Vf. Imagepuf@uzgu
‘tceu_Imagepu_thm =
‘ Y fszexze,” Imagep, f s < QyosyecusAn(z=Ffyvaze,  fy))

Replacement is used later for definitions by transfinite induction.

‘Imagepu_comp_thm =
| F Vs f ge Imagep, | (Imagep, g 5) = Imagep, (f o0 g) s

1.8.2 Galaxy Closure

We now show that galaxies are closed under I'magep,,.

‘GImagepuc =  Vge galaxy, g = Vse s €, ¢
‘ = VYfe Imagep, [ s S, g = Imagep, [ s €, g

1.9 Pair and Unit sets

Pair, is defined using replacement, and Unit, using Pair,,.

Pair, can be defined as the image of some two element set under a function defined by a conditional.
A suitable two element set can be constructed from the empty set using the powerset construction a
couple of times. However, having proven that this can be done (details omitted), we can introduce
the pair constructor by conservative extension as follows. (the ProofPower tool shows that it has
accepted my proof by putting this extension into the ”definitions” section of the theory listing).

HOL Constant

Pairy :'a GSU — 'a GSU — 'a GSU

Vs t'a GSUe Set, (Pair, s t) A Vei'a GSUe ¢ €, Pair, st < e=3sv e=1

Pair,_€,_-thm = HVaxyexre, Paury,zy A yey, Pairy, vy
Pair, _tcc,.thm = + V s te s €, Pair, st n t e, Pair, st
Pair,_eq_thm = —VYstuwve Pair, st = Pair, u v

Ss=uAt=vVvs=vAt=u

GCloseypairu = F Vge galaxy, g = Vs te s €, g AL Ey g

= Pair, st e, g

HOL Constant

Unit, : 'a GSU — 'a GSU

Vse Unit, s = Pair, s s

The following theorem tells you what the members of a unit sets are.
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‘Unitu_thm = FVseeeeg, Unt, s e =s
‘Unz'tu_thm2 = Vze z €, Unit, x
‘Unitu_tceu_thm = | Vze z e, Unit, x

The following theorem tells you when two unit sets are equal.

‘Unitu_eq_thm = Vs te Unit, s = Unit, t & s =t

1.9.1 Galaxy Closure
‘GC’losqunitu =  Vge galary, g = Vse s €, g = Unit, s €, g

The following theorems tell you when Pair,, are really Units.

‘Unitu_Pairu_eq_thm = +Vstue Unit, s = Pair, t u<s=1tAs=u
‘Pairu_Unitu_eq_thm = +Vstue Pairy, st =Unit, u<s=unAnt=u

1.10 Union and Intersection

Binary union and distributed and binary intersection are defined.

1.10.1 Binary Union

HOL Constant

$u, :'a GSU — 'a GSU — 'a GSU

Vs te Sety, (s Uy t) A Veo e€y (S Uy t) © e€y sV eeg,t

CuUyu-thm = HYABeAc, Au, BABc, Au, B

UyCoy-defl = FYABCeAc, CAnBc, C=>Avu, Bg, C
UuCn-def2 = FYVABCDeAc, CABc, D=>Avu,Bc, Cu, D
Uy Du-clauses = VYV Ae Sety A= A uy, By =A AN Ty Uy A=A
Uy-comm_thm = HYABeAu, B=DBu, A

Uu-Tu-S€ty thm = V Ae A U, &, = sety A A Jy uy A = sety, A
tccy-y-thm =+-V2z ABeze,m Au, Besze,m Avze,™ B

1.10.2 Galaxy Closure
GCloseyuy =  Vge galaxy, g = Vs te s €, g ANt Ey g= 5 Uy t€Eyyg

1.10.3 Distributed Intersection

Distributed intersection doesn’t really make sense for the empty set, but under this definition it maps
the empty set onto itself.
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HOL Constant

(Yu:'a GSU — 'a GSU

Vse [y s = Sepy (Uu ) (\ze Ve t €, s = x €, 1)

Sety Ju-thm = V ze Set, ((|u )
(NuSu-thm = |V s ee x €, s
= (e€y[lus e Vye ye, s = e€y, y)
Cu[Yu-thm = + VYA Be A€, B
= VCe (VDe D€, B= C <, D)
= Ccy()uB
ﬂugu_thm = [ mu Qu = @u

1.10.4 Binary Intersection

Binary intersection could be defined in terms of distributed intersection, but its easier not to.

SML

‘ declare_infix (240, "ny");

HOL Constant

$ny :'a GSU — 'a GSU — 'a GSU

Vs te s ny t = Sepy, s (A\xe z €, t)

‘Setumu_thm =LV s te Sety (s Ny t)

1.10.5 Galaxy Closure

GClosey(\u = + Vge galazy, g = Vse s €, g = (u S €u g

GCloseyny = + Vge galaxy, g = Vs te s€, g At €y g= 5Ny teEyg
Nu-thm = HVsteoeece, snyts eey sneg,t
Nu-thm = HVstee e€,8N,t<S €e€,S8AEE,L
Cunu-thm = +VABe An, By, AnAn, Bc, B

NyCy-defl = HVYABCeAc, CABc, C=An, Bc, C
NuCy-def2 = HVYABCDeAc, C AB<y D= (Any B)<, (C ny D)
NyCy-defd = HFVYABCeCcy, ANCcy,B=0C¢c, Any B

1.10.6 Consequences of Well-Foundedness

not_x_e, x_thm = F — (3 ze z ¢, )
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1.11 Galaxy Closure Clauses

GClose,-fc_clauses2 =

Vg

* galaxyy g
= (Vstese, gnte, g= Pair, ste, g)
AV sesey g= Unity, s €y g)
ANVstese, gnte, g=8suytleEyyg)
A(VseseE,g=)usEsYg)
ANVsteseE, gnante, g=8ny,tEyyg)

tcc,_clauses = — Y se s €, Unit, s
A Vite t e,m Pair, st
A s €,1 Pair, s t

1.12 Transitive Closure and Closed Image

The transitive closure of a set is the set of objects which relate to it under the transitive closure of
the membership relation.

HOL Constant

TrCl, : 'a GSU — 'a GSU

Vse TrCl, s = Sepy, (Gzy s) (Aze xz €, s)

Set, TrCl,,_thm =

-V se Set, (TrCl, s)
TrCl,_sup_thm =

HVsesc, TrCl, s
TrCly_-sup_-thm2 =

F V s te Transitive, t A s S, t = TrCl, s S, t
Transitive, TrCl,_thm =

-V se Transitive, (TrCl, s)
TrCl,_ext_thm =

Y sazoaxe, TrCl, s < (V te Transitive, t A s S, t = T €, t)
TrCl,_ext_thm2 =

FVstese, TrCl, t = se,  t
tce, TrCl,_thm =

HVstese, TrCl, t & se€,b t
Tran_set_TrCl_thm =

~V se Set, s A Transitive, s = TrCl, s = s
Tran_set_tce,_thm =

-V se Set, s A Transitive, s = (V ze z €,7 s = z €, s)

Tran_tce,_thm =

VY se Transitive, s = (V ze z €,7 s = x €, 3)
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1.12.1 Closed Image

When I first introduced the following operator I expected it to be more widely applicable than turns
out to be the case. It is now likely to be phased out in favour of the following limit construction.

Transitive closure is useful later in combination with functional replacement for defining operators
over ordinals. To facilitate such definitions a closed image function is defined, which delivers the
transitive closure of a set obtained by functional replacement.

Think of ClIm,, as the (transitively) CLosed IMage.
HOL Constant

ClIm, : ('a GSU - "a GSU) - "'a GSU — "a GSU

Vf awe Clim,, f o = TrCl,(Imagep, [ «)

The first thing we need to “prove” is that it yields a set, and then its membership conditions.

Set, ClIm,_thm =

VY f ae Set, (ClIm, [ «)
Eu-ClIm,_thm =

FYfaexze, Cllmy, fae Fyeye,an(z=Ffyvae,  fuy))
tce, ClIm, _thm =

FYfazeze,” Clim, fae Qyeye,an(z=Ffyvaze,  [y))

This will be used for definitions by transfinite induction, in which case the “base” case will correspond
to images of the empty set, so these are not interesting. When empty images are excluded there is
an analogy for composition of these maps with ordinary functional composition, which results in an
associative law. If this is proven at this level it subsequently yields more specific associative laws,
e.g. for ordinal addition and multiplication.

ClImy_J,-thm =

VY fse Sety s = (Cllmy [ s =Ty < s =)
ClImy_J,_-thm2 =

FYfse Climyfs=Tu<s=y Tu
ClImy_J,-thm3 =

-V fo ClImy [ Ty = Fu
ClIm,_ext_thm =

FVYfstes=yt=Cllmy,fs=Clm,ft
ClIm, _mono_thm =

Y fstesc,t= Clim, f s <, Clim, [ t

Whereas the associative behaviour extends to arbitrary functions under functional replacement, in
this special kind of replacement it extends only to functions which are well-behaved in relation to
transitive closure. We therefore define the notion of “closure compatibility” for which property we
use the name ClCo, as follows.

HOL Constant

ClCo, : (a GSU — 'a GSU) - BOOL

Vfe ClCo, f & Vx yez€,m y=faoze, ™ fuy
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‘ClCou_ClImu_thm =
‘ VY s fge ClCoy f = Climy f (ClImy g s) = ClImy (f 0g) s

1.12.2 Limits

In defining operations over ordinals it will be useful to take the limit of a family of sets. When we
come to the ordinals that will be a family of ordinals, but the limit operation can be defined more
generally simply as the union of the family. This pre-ordinal development is placed here since it is
another way of applying the replacement principle.

HOL Constant

Limit, : ('a GSU — 'a GSU) — 'a GSU — 'a GSU

Vf ae Limit, [ o = Ju(Imagep, f «)

The first thing we need to “prove” is that it yields a set, and then its membership conditions.

Set,_Limit,,_thm =

VY f «ae Set, (Limit, [ «)
Eu-Limait,_thm =

FYfaeze, Limit, fa<s (Fyeye, a Az ey fy)
tee,-Limait,_thm =

FYfazexe, Limity, faes Jyeye, anze,™ fy)

1.13 Recursion Theorems

To facilitate definition by transfinite induction induction theorems are required which permit various
kinds of inductive definition to be proven consistent automatically.

Certain practices in the presentation of inductive definitions facilitate such proofs. In general, rather
than referring directly in the body of such a definition to the function being defined, it is desirable
to refer to restricted version of the function obtained by restricting the function to some domain
related to the argument of the function by a relationship which is well-founded.

The simplest case of this is to restrict the function to the transitive closure of the set it is applied to.
The two other cases are the use of functional replacement, i.e. the image of a set under a function,
and the closed image, i.e. the transitive closure of the image of a set under a function.

To get a recursion theorem we prove first that the functional used in the theorem respects the ordering
by membership.

<tce,_respects_e,_thm =
VY oafe (N f xe af (z <€ty f) ) respects $€,

Imagep, _respects_c,_thm =
VY afe (A f ze af (Imagep, f x) x) respects $e,

ClI'm,_respects_€,_thm =
=V afe (A f ze af (ClIm, f z) x) respects $e,
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The automatic existence proof facility is geared to working with functions over recursive datatypes
with constructor functions, and though we don’t really want a constructor for this application, it
won’t work without one. So we use Combl, which is an identity function, as a dummy constructor
to trigger the consistency proof.

<Qtce,_recursiton_thm =
VY afe 3 feV ze f (Combl z) = af (z <€ty f) z

Imagep,_recursion_thm =
VY afe 3 feV ze f (Combl z) = af (Imagep, f x) x

ClIm,_recursion_thm =
VY afe 3 fe ¥V ze f (Combl z) = af (ClIm, f x) x

Now we plug in the recursion theorems for use in automatic consistency proofs. Each is put in a
distinct proof context, that particular context is used for consistency proofs of definitions using that
recursion principle. Because of the hack using Combl they cannot all be put in the same proof
context.

SML

force_new_pc "' gsu—recl";

n/

force_new_pc " gsu—rec2";

n/

force_new_pc " gsu—rec3";

n/

add_3_cd_thms [Imagep,, _recursion_thm| "' gsu—recl";

add_3_cd_thms [<Qtce,_recursion_thm] " gsu—rec2";

add_3_cd_thms [ClIm,_recursion_thm] "' gsu—rec3";

1.14 Set Clauses
For the application of the principle of extensionality we need to know that the expressions on either
side of the equality are sets.

The following theorem is useful in automating the proofs.

1.15 Proof Context

To simplify Subsequent proofs a new ”proof context” is created enabling automatic use of the results
now available.

1.15.1 Principles

The only principle I know of which assists with elementary proofs in set theory is the principle
that set theoretic conjectures can be reduced to the predicate calculus by using extensional rules for
relations and for operators.

Too hasty a reduction can be overkill and may convert a simple conjecture into an unintelligible
morass. We have sometimes in the past used made available two proof contexts, an aggressive
extensional one, and a milder non-extensional one. However, the extensional rules for the operators
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are fairly harmless, expansion is triggered by the extensional rules for the relations (equality and
Subset), so a proof context containing the former together with a suitable theorem for the latter
gives good control.

1.15.2 Theorems Used Recklessly

This is pretty much guesswork, only time will tell whether this is the best collection.

SML

val gsu_azx_thms = [
Bu-thm,
get_spec TP,
Uu-def,
Imagep,_thm,
Imagep - By-thm,
tce,_Imagep, _thm,
Pair,_eq_thm,
Pair,_def,
Unity_eq_thm,
Unit,, _thm,
Pair,_Unit,_eq_thm,
Unit,,_ Pair,_eq_thm,
Sep, _thm,
Uy-def,
Ny-thm

I;

val gsu_opext_clauses =
(all_V_intro
o list_A_intro
o (map all_¥_elim))

gsu_azx_thms;

save_thm (" gsu_opext_clauses", gsu_opext_clauses);

1.15.3 Theorems Used Cautiously

The following theorems are too aggressive for general use in the proof context but are needed when
attempting automatic proof. When an extensional proof is appropriate it can be initiated by a
cautious (i.e. a ”"once”) rewrite using the following clauses, after which the extensional rules in the
proof context will be triggered.

[This used to be just two extensionality theorems, but one is no longer so its a unit list.]
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SML
val gsu_relext_clauses =
(all_V_intro
o list_A_intro
o (map all_VY_elim))
[Su-def, eqy_ext_thm];
save_thm ("gsu_relext_clauses", gsu_relext_clauses);

There are a number of important theorems, such as well-foundedness and galaxy closure which have
not been mentioned in this context. The character of these theorems makes them unsuitable for the
proof context, their application requires thought.

1.15.4 Automatic Proof

The basic proof automation is augmented by adding a preliminary rewrite with the relational exten-
sionality clauses.

fun gsu_ax_prove_conv thl =

THEN_TRY _C gsu_ext_conv

‘ TRY _C (pure_rewrite_conv [gsu_relext_ clauses))
‘ THEN _C (basic_prove_conv thl);

1.15.5 Proof Context ’gsu-ax

SML

val nost,_thms = |
galaxy,_ Gz,
t_in_Gx,_t_thm,
Setuimagepu-thm,
Imagep,_ . _thm,
Set, P, _thm,
Sety| Ju-thm,
Setureltmu-thm,
Set,_Sep,_thm,
Setyunitu-thm,
Sety( Vu-thm,
SetyNy_thm,
Sety_eqqy_thm,
Sety_eqqy,_thm2,
Set,_TrCl,_thm,
€y ClIm,,_thm,
tcgy - Clim,, _thm,
TrCl,_ext_thm2,
tce,_TrCl,_thm,

teEy_Uy_thm,

26



teey - Ju-thm

I;

add_rw_thms (gsu-az_thms Q nost,_thms) " gsu—az";

add_sc_thms (gsu_ax_thms @ nost,_thms) "'gsu—az";

n/

add_st_thms gsu_ax_thms "'gsu—az";

n/

set_pr_conv gsu_ax_prove_conv "'gsu—ax";

set_pr_tac

(conv_tac o gsu_az_prove_conv)

! .
" gsu—ax",

n/

commit_pc "' gsu—ax";

Using the proof context ”’gsu-ax” elementary results in gsu are now provable automatically on
demand. For this reason it is not necessary to prove in advance of needing them results such as the
associativity of intersection, since they can be proven when required by an expression of the form
”prove rule[] term” which proves term and returns it as a theorem. If the required proof context for
doing this is not in place the form “ merge_pcs_rule ["basic_hol", 'gsu — ax"] (prove_rule []) term”
may be used. Since this is a little cuambersome we define the function gsu_ax_rule and illustrate its
use as follows:

SML

val gsu_ax_rule =
(merge_pcs_rulel
["basic_hol", " gsu—az"]
prove_rule) [];

val gsu_ax_conv =
MERGE_PCS_C1
["basic_hol", " gsu—az"]
prove_conv;

val gsu_azr_tac =

conv_tac o gsu_axr-conv;

)

1.15.6 Examples

The following are examples of the elementary results which are now proven automatically:
SML
gsu_azx_rule T

a Ny (b Ny c)

= (a Ny b) Ny C—IQ
gsu_ax_rule T

a Ny (b Ny c)

=(a Ny b) Ny ¢
gsu_azx_rule "a Ny b Sy b
(% gsu_az_rule "y Uy b = b7 %)
gsu_azx_rule T

a Sy bAccy,d
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‘ = 0Ny ¢Sy by d
‘gsu-ax_rule FSepy b p Sy b
‘gsu_aﬂc-mle "acy, b=

‘ Imagep, f a S, Imagep, f b

2 Products and Sums

A new ”gsu-fun” theory is created as a child of ”"gsu-ax”. The theory will contain the definitions of
ordered pairs, cartesian product, relations and functions, dependent products (functions), dependent
sums (disjoint unions) and related material for general use.

SML
open_theory "gsu—az";

force_new_theory "gsu—fun";

n/

force_new_pc " gsu—fun";

merge_pcs [" savedthm_cs_3_proof"] " gsu—fun";
n/

set_merge_pcs ["basic_hol", " gsu—azx", " gsu—fun"];

2.1 Ordered Pairs

SML

‘ declare_infix (240,"—,");

I first attempted to define ordered pairs in a more abstract way than by explicit use of the Wiener-
Kuratovski representation, but this gace me problems so I eventually switched to the explicit defini-
tion.

This influences the development of the theory, since the first thing I do is to replicate the previously
used defining properties.

HOL Constant

$—y :'a GSU — 'a GSU — 'a GSU

Vs te (s —y t) = Pair, (Unit, s) (Pair, s t)

Setyt—qy-thm = VY s te Sety (s —y t)

>y _eq_thm = FVYstuve(s—yut=uryv)=(s=unt=uv)
Pair,_ €, r>y-thm = - Vs te Pair, st €, s =y t

Pairy €4 Gxy >y thm =+ VYV s te Pair, st €, Gry (s —y t)

>y -Spec_thm = F(Vstuve (sroyt=umryv)=(s=unt=0))

A (V s te Pair, st €, s —y, t)
A (V s te Pairy s t €, Gry (s oy t))
>y €y Gxy_Pair, thm =+ VY s te s —, t €, Gz, (Pair, s t)

=y Gu-thm ==V ye =2 -, y =T,
—~Juu-thm =V x ye = Jy =T >y Y

GCloseyr—y-thm = VY ge galaxy, g = (Vs te se, g Ante, g= 8y teyg)
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‘tceu_b—m_left_thm =F Vs tese, s, t
‘tceu_l—m_right_thm = FVstete, s, t

2.1.1 MkPair and MkTriple
It proves convenient to have constructors which take HOL pairs and triples as parameters.

HOL Constant

MEkPair, :'a GSU x 'a GSU — 'a GSU

Vire MkPair, Ir = (Fst Ir) —, (Snd Ir)

HOL Constant

METriple, : 'a GSU x 'a GSU x 'a GSU — 'a GSU

Vte MkTriple, t = (Fst t) v, (MkPair, (Snd t))

2.2 Relations

HOL Constant

Rel,, : 'a GSU — BOOL

Vre Rel, x © VYye ye, © = s te y = s+, ¢t

\Relu_@u_thm = - Rely, &u

The domain is the set of elements which are related to something under the relationship.

HOL Constant

Dom,, :'a GSU — 'a GSU

Vze Dom, x = Sep, (Gz, z) (Awe Fve w >, v €, x)

Setupomu-thm = -V re Set, (Dom, )

Domy_Fy-thm = = Domy, Tu = B

Dom,_thm = Y ryeye, Domy r< (3 x0 y —y x €y r)
Dom,_Gxy thm = VY re Dom, r €, Gx, T

GClose,_-Dom, _thm = | Y ge galaxy, g = (V re r €, g = Dom, 1 €, g)

‘tceu_Domu_thm =rVzexze,m Dom, y=1x€," vy

HOL Constant

Ran, : 'a GSU — 'a GSU

Vze Ran, = = Sep, (Gz, z) (Awe Jve v —, w €, )
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SetyRrRanu-thm = -V se Set, (Ran, s)

Ran,_J,-thm = F Rang, Ju = B

Ran,_thm = FVryeyey, Rany r < Jzex —y y ey
GClose,_Ran, thm = -V ge galaxy, g = (V re r €, g = Rany, 1 €, g)
tcey,-Ran,_thm = FVYazyexze,” Rang, y = x €, y

The following function maps a HOL function over the range of a GSU function, returning in effect
the composition of the two functions. Its primary use is likely to be with sequences, for which it can
be used to systematically transform all the elements of the sequence, but its definitiom is not specific

to sequences so it is included here.

HOL Constant

RanMap,: a GSU — 'a GSU) - 'a GSU — 'a GSU

\
|
‘ Vf se RanMap, f s = Imagep, (Aee Fst, e —, f (Snd, e€)) s

RanMap does preserves the domain of a relation.

‘Domu_RanMapu_thm =+ V f re Rel, r = Dom, (RanMap,, f r) = Dom, r

HOL Constant

Field,: 'a GSU — 'a GSU

Vse Field, s = (Dom, s) Uy (Ran, s)

Field, & thm = + Field, &, = Ju

tce,_Field, thm = +— VY ze z €, Field, y = z €, y

2.3 Domain and Range Restrictions

SML

‘declare_mﬁx (300, "<,");
‘declare_inﬁx (300, ">,");
‘declare_mﬁx (300, "<q,");
‘declare_mﬁx (300, "B&y");

)

HOL Constant

$<u: 'a GSU — 'a GSU — 'a GSU

|
‘ Vs re s <, r = Sep, 7 (Ape Fsty, p €, $)
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HOL Constant

$>.:'a GSU — 'a GSU — 'a GSU

Vs re r >, s = Sep, 7 (Ape Snd, p €, s)

HOL Constant

$<€,: 'a GSU — 'a GSU — 'a GSU

Vs re s <, r = Sep, r (A\pe — Fsty, p €, s)

HOL Constant

$>u: 'a GSU — 'a GSU — 'a GSU

Vs re r >, s = Sep, r (Ape = Snd, p €, s)
2.4 Dependent Types

Any relation may be regarded as a dependent sum type. When so regarded, each ordered pair in the
relation consist with a type-index and a value whose type is that associated with the type.

The indexed set of types, relative to which every pair in the relation is well-typed may be retrieved

from the relation as follows.
HOL Constant

Rel2DepType, : 'a GSU — 'a GSU

Vre Rel2DepType, r = Sep,

(Gzy 1)
(Aee 3i t'a GSUe
e =1+, t

A1 €y Domy r

A (vj.jeut<:>i'_>ujeu T))
SetyRel2DepTypeu-thm = 1 V re Set, (Rel2DepType, )
Any similar indexed collection of sets, determines a set of ordered pairs and a set of functions

according to the following definitions.

The dependent sums are as follows:

HOL Constant

DepSum,, : 'a GSU — 'a GSU

Vte DepSum, t = Sep,
(Gzy t)
(Aee i t2 v'a GSUe
e =11+, U
AV Ey t2
ATy t2 €y 1)
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‘Setupepsumu_thm = F V te DepSum,, t
‘ = Sepy,

‘ (Gzy 1)

‘ NeoeJit2 vee=10ry, v AUE,IL2 AL l2€c,tl)

2.5 Dependent Sums and Cartesian Products

SML

‘ declare_binder "X ,";

HOL Constant

$3y : (la GSU - 'a GSU) - 'a GSU — 'a GSU

Vf se $5, 1 s = U (
Imagep,  (Aee Imagep, (A\zxe e —, z) (f €))
$

SML

‘ declare_infix(240," x ,");

HOL Constant

$xy :'a GSU — 'a GSU — 'a GSU

Vs te s xy t = Ju (
Imagep,
(Asee (Imagep, (Atee se +—, te) t))

s)

‘Setuxu_thm =F VY s te Sety, (s X, t)

fous-thm =
HYstpepe, s Xyt= Fsty, proy, Sndy p=1p

VEy Xu-thm =
HVYpstepe, s Xyt = Fsty p€y s A Sndy, pe€yt

P uCuXu-thm =
FYlrstelm, 1€, s xyt < (le, s ATEL)

2.5.1 Relation Space

This is the set of all relations over some domain and codomain, i.e. the power set of the cartesian
product.
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SML

‘ declare_infix(240,"—,");

HOL Constant

$<>, :'a GSU — 'a GSU — 'a GSU

Vs te s <>y t = Pyu(s x4 t)

4, CuXu-thm = FVstrere,s<,t<s Sety, 7 AT Sy (8 Xy 1)
GuCueru-thm = - Vs te (Jy, €y s &y t

2.5.2 Another Pair-Projection Inverse Theorem

Couched in terms of membership of relation spaces.

SML
set_goal ([], "Vp r s te
PELT A
T Ey § <y t =
Fsty(p) w>u Sndu(p) = p7);
a (prove_tac|
get_spec "S>,
Cu-def]);
o (REPEAT
(asm_fe_taclfr>us. thim])):
val froys_thml =
save_pop_thm "fro,s_thmi";

2.5.3 Member of Relation Theorem

SML
set_goal ([],"Vp r s te
DELT A
TEy S Oyt =
Fst,(p) €y s A
Sndy(p) €u t7);
a (prove_tac|
get_spec "$e, 7,
Cy-def]);
a (asm_fe_tacl]);
a (fe_tac[ve, X -thm]);
a (asm_fe_tac[]);
a (fe_tac|vey x-thm]);
val €,>4_thm =

save_pop_thm "€, <>, _thm",
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2.5.4 Relational Composition
SML

‘declare_mﬁz (250,"0,");

HOL Constant

$0, :'a GSU — 'a GSU — 'a GSU

Vfoge f oug =
Imagep,
(Ape (Fsty(Fsty p) =y Sndy(Sndy p)))
(Sepu (9 Xu f) Ape g 7 50 p = (q >y 7) Py (1 >y 8))

Oy-thm =
FYfgrexey, fo, g
dgrse gy, TELGgAT oy SE,S
AT = (s
0y-thm2 =
EYfgzye oy yeufouyg
S (Fzex >y 26,9 A 2zZyy€Eyf)

04— associative_thm =
vagh'(foug)ouh:fougouh

0y-Rel,_thm =
VYV r se Rel, r A Rely, s = Rely (1 04 8)

‘Setuou_thm =F VYV r se Sety, (r oy $)

2.5.5 Relation Subset of Cartesian Product

‘Relu_gu_cp_thm =
‘ VYV ze Rely, © < (I s tex Sy s Xy t)

2.6 Functions

Definition of partial and total functions and the corresponding function spaces.

2.6.1 fun

HOL Constant

Fun, : 'a GSU — BOOL

Vre Fun, v < Rel, © A
Vst ue s>, u€y x

NSy, tE, T

= u=1
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2.6.2 lemmas

Funy_ O, thm =

— Fun, O,
Oy-Fun,_thm =

VY f ge Fun, f A Fun, g = Funy (f 04 g)
Ran,_o,_thm =

=V f ge Rany, (f o4 9) Sy Ran, f
Domy_o,_thm =

Y f ge Dom, (f 04 g) Su Domy g
Domy_0,_-thm2 =

VY f ge Ran, g S, Dom, f = Dom, (f 0y g) = Dom, g
Fun,_RanMap,_thm =

VY f ge Fun, g = Fun, (RanMap, [ g)

2.6.3 Partial Function Space

This is the set of all partial functions (i.e. many one mappings) over some domain and codomain.

SML

‘ declare_infix (240, "-»,");

HOL Constant

$, :'a GSU — 'a GSU — 'a GSU

|
‘Vs te s =, t = Sepy (s &y t) Funy,

2.6.4 Partial Function Space Non-Empty

First the theorem that the empty set is a partial function over any domain and codomain.

‘@ueuﬁ—)u_thm = Vs te J, €y sy t
‘H—Hu_thm =L Vstedfefe,s-,t

2.6.5 Function Space

This is the set of all total functions over some domain and codomain.
SML

‘ declare_infix (240, "—,");

HOL Constant

$—>, :'a GSU — 'a GSU — 'a GSU

\

|
‘Vstos—mt:Sepu(s—v—)ut)
‘ Are s C,, (Domy, 1)
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2.6.6 Function Space Non-Empty

First, for the special case of function spaces with empty domain we prove the theorem that the empty
set is a member: Then that whenever the codomain is non-empty the function space is non-empty.

GuCuldu—u-thm =
Vs te Jy €y By —u t

J—,_thm =
FVYste(Jaexze, t)= (I foefe,s oyt

HOL Constant

—,_closed : 'a GSU — BOOL

Vse —,_closed s & Vd ce d €, s A c€, s=>d >y, CEy S

2.7 Functional Abstraction

Functional abstraction is defined as a new variable binding construct yeilding a functional set.

2.7.1 Abstraction

Because of the closeness to lambda abstraction A, is used as the name of a new binder for set theoretic
functional abstraction.

SML

declare_binder "A,";

To define a functional set we need a HOL function over sets together with a set which is to be the
domain of the function. Specification of the range is not needed. The binding therefore yields a
function which maps sets to sets (maps the domain to the function).

The following definition is a placeholder, a more abstract definition might eventually be Substituted.
The function is defined as that Subset of the cartesian product of the set s and its image under the
function f which coincides with the graph of f over s.

HOL Constant

$Ay: (la GSU — "a GSU) > 'a GSU — 'a GSU

Vf s Ay f s = Sepy (5 Xy (Imagepu f 3)) ()‘p' Snd., p = f (FStu p))

2.8 Application and Extensionality

In this section we define function application and show that functions are extensional.
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2.8.1 Application

Application by juxtaposition cannot be overloaded and is used for application of HOL functions.
Application of functional sets is therefore defined as an infix operator whose name is the empty
name Subscripted by “u”.

SML

declare_infix (250,",");

The particular form shown here is innovative in the value specified for applications of functions
to values outside their domain. The merit of the particular value chosen is that it makes true an
extensionality theorem which quantifies over all sets as arguments to the function, which might not
otherwise be the case. Whether this form is useful I don’t know. Generally a result with fewer
conditionals is harder to prove but easier to use, but in this case I'm not so sure of the benefit.

It may be noted that it may also be used to apply a non-functional relation, if what you want it
some arbitrary value (selected by the choice function) to which some object relates.

HOL Constant

$.:'a GSU — 'a GSU — 'a GSU

Vf ze f , x =
if Jye x>y Yy €y f
then eye = —, y €, f
else f

app_thml =
[ Vf zre (313/. Ty Y Ey f)
=z (fuz)€y f

app_thm2 =
EVf z ye Funy [ A (2 >y y Eu f)
:>fu$:y

app_thm3 =
F Vf ze Fun, f A x €, Dom, f
S ax o, fur ey f

Oy-y-thm =
FVf g xze Funy, f A Funy, g A © €, Domy g A Ran, g S, Domy f
= fowgur=fuguz

app_in_Ran_thm =+~ V z 18 Fun, @ A x €, Domy @ = 1  © €, Ran, 1

2.8.2 The “Type” of an Application (1)

The following theorem states that the result of applying a partial function to a value in its domain
is a value in its codomain.
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SML
set_goal([],
"Vf stue fe, syt A
u €y Domy [ =
fouu€y t);
a (prove_tac|
get_spec "8, 7,
Dom,,_def]);
a (all_fc_tac |app-thm2] THEN asm_rewrite_tac|]);
a (all_fe_tac [froys-thm1]);
a (all_fc_tac [€y,<>y-thm]);
a (POP_ASM_T ante_tac THEN asm_rewrite_tac []);
l

val €4_thm = save_pop_thm ",€,_thm";

2.8.3 The “Type” of an Application (2)

The following theorem states that the result of applying a total function to a value in its domain is
a value in its codomain.

2.8.4 Partial functions are total

Every partial function is total over its domain. (there is an ambiguity in the use of the term
”domain” for a partial function. It might mean the left hand operand of some partial function space
construction within which the partial function concerned may be found, or it might mean the set of
values over which the function is defined. Here we are saying that if f is a partial function over A,
then its domain is some Subset of A and f is a total function over that Subset of A.)

‘eu%u:eu—m_thm =
‘ FVYfstuefey,s-yut=fec, Domy f—,

2.9 The Identity Function

HOL Constant

Id, :'a GSU — 'a GSU

Vse Id, s = Sepy
(s Xy 8)
Are Fst, x = Snd, =
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Id,_thml =
FVszexze, Id, s< ye ye, s Az =1y, ¥y

Id,_ap_thm =
FVYszexze, s = (ldys)yz=2z

Id,cy+y-thml =
FVstue sC,tn, u=Id, s€, t -+, u

Id,cy+u-thm2 =
FVstuesC,t= Id, se€, t o, t

tc.Id, thm =V stese, t=se,m Id, t

Id, _clauses =
- Vse Rel,(Id, s) A Fun, (Id, s) A Domy(Id, s) = s A Ran,(Id, s) = s

2.10 Override

Override is an operator over sets which is intended primarily for use with functions. It may be used
to change the value of the function over any part of its domain by overriding it with a function which
is defined only for those values.

SML

‘declare_inﬁx (250,"®,");

HOL Constant

$®, :'a GSU — 'a GSU — 'a GSU

Vs te s @, t = Sepy (s Uy t)
Aze if Fsty, x €, Domy t then x €, t else © €, s

Eu®u-thm =
HFYstzoexe, s® t=_(if Fsty x €, Dom, t then x €, t else z €, $)

>y Eu@y-thm =
FVstzy
e T, YE, SPyut=(x >y yeytv " x €, Domy t A x —y y €y S)

Du-Rel,_thm =
-V s te Rel, s A Rel, t = Rel, (s ®, t)

Bu-Fun,_thm =
VY s te Funy, s A Fun, t = Fun, (s @, t)
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2.11 Proof Contexts

Finalisation of a proof context.

2.11.1 Proof Context

SML
add_pc_thms " gsu—fun" ([
Field,_ S, _thm,
Bu€u+y-thm]);
add_rw_thms [Fun,_ S, thm] " gsu—fun";
add_sc_thms [Fun,_&,-thm] "' gsu—fun";

set_merge_pcs ["basic_hol", "' gsu—azx", " gsu—fun"];
n/

commit_pc "' gsu—fun";

3 Ordinals

A new “gsu-ord” theory is created as a child of “gsu-ax”. The theory will contain the definitions of
ordinals and related material for general use. I began by roughly following ”Set Theory” by Frank
Drake, chapter 2 section 2, but later development was undertaken without access to that book and
was driven by applications.

3.0.2 Motivation

When 1 first started this theory of Ordinals I was motivated by interest and self-education, though
the set theory in the context of which the development was undertaken had been initiated for my
foundational research. The educational interest didn’t get me very far, and this theory languished
scarcely begun for many years. The set theory continued to be used for my foundational research,
which also has progressed very slowly and did not begin to make demands on the theory of ordingals
until late in 2012. Even then, the things I need are very modest, to know for example, that ordinal
addition is associative.

Some of the material required is not specific to set theory and is quite widely applicable (in which
case I actually develop it elsewhere and then just use it here). Well-foundedness and induction over
well-founded relations is the obvious case relevant to this part of Drake. The recursion theorem is
the important more general result which appears in the next section in Drake. “more general” means
“can be developed as a polymorphic theory in HOL and applied outside the context of set theory”.
In fact these things have to be developed in the more general context to be used in the ways they are
required in the development of set theory, since, for example, one wants to do definitions by recursion
over the set membership relation where neither the function defined nor the relevant well-founded
relation are actually sets.

3.0.3 Divergence

I never did follow Drake slavishly, and I no longer have a copy of his book, but now refer to Jech as
necessary. However, the level remains elementary, so this is rarely necessary.

Sometimes the context in which I am doing the work makes some divergence desirable or necessary.
For example, I am doing the work in the context of a slightly eccentric set theory (“Galactic Set
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Theory”) which mainly makes no difference, but has a non-standard formulation of the axiom of
foundation. Mainly this is covered by deriving the standard formulation and its consequences and
using them where this is used by Drake (in proving the trichotomy theorem). However, the machinery
for dealing with well-foundedness makes a difference to how induction principles are best formulated
and derived.

Sometimes I looked at what he had done and I think, “no way am I going to do that”. Not necessarily
big things, for example, I couldn’t use his definition of successor ordinal which he pretty much admits
himself is what I would call a kludge. If I started again I would not use his definition of ordinal
either, I would use an inductive definition (nicer in a higher order theory).

3.0.4 The Theory ord

The new theory is first created, together with a proof context which we will build up as we develop
the theory.

SML

open_theory "gsu—az";

force_new_theory "gsu—ord";

(* mew_parent "wf _recp"; *)

force_new_pc " gsu—ord";

merge_pcs ["'Savedthm_cs_EI_proof“] n/

n/

gsu—ord";

set_merge_pcs ["basic_hol", " gsu—az", "' gsu—ord"];

3.1 Definition of Ordinal

An ordinal is defined as a transitive and connected set. The usual ordering over the ordinals is
defined and also the successor function.

3.1.1 The Definition

The concept of transitive set has already been defined in theory gsu-az. The concepts connected and
ordinal are now defined.

The possible presence of urelements causes complications here, we have to ensure that ordinals are
hereditarily sets. For this is does not suffice to require that every ordinal is a set, for we do not
assert but must prove from the definition that all members of an ordinal are ordinals.

It does suffice to insist that an ordinal is a set and that all its members are sets, so we define that
property here.

HOL Constant

SetO fSets, : 'a GSU — BOOL

Vs 'a GSUe SetOfSets, s < Set, s A Vt'a GSUe t €, s = Set, t
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HOL Constant

Connected,, : 'a GSU — BOOL

Vs a GSUe Connected, s <
Vtu:'a GSUe t €y, s A u€ys=>t€, uvit=uvucy,t

HOL Constant

Ordinal, : 'a GSU — BOOL

Vs 'a GSUe Ordinal, s < SetOfSets, s ~ Transitive, s n Connected, s

Set,_ord,_thm = ~ Vse Ordinal, s = Set, s
gsu_ordinal_ext_thm =  V s te Ordinal, s A Ordinal, t

= (s=te (Veeee, s ey t))
tce,_ord,_thm = VY afBe Ordinal, o A S €,V o= €, o

We now introduce infix ordering relations over ordinals.
SML

declare_infix(240,"<,");

declare_infiz(240,"<,");

HOL Constant

$<u :'a GSU — 'a GSU — BOOL

Vo y'a GSUe x <, y < Ordinal, © A Ordinal, y A T €, y

lt,_€,-thm =
FVYapPea<, = Ordinal, aa A~ Ordinal, B N o €,

Eulty_thm =
F V a fBe Ordinal, oo A Ordinaly, B A a €y B = a <y B

Eu-<_lt,_thm =
VYV « Be Ordinal, o A Ordinal, = (a0 €, f < a <, )

tee, < lt,_thm =
VY a Be Ordinal, o A Ordinal, 8 = (o €,7 B & a <, B)

ordy_€y_Cqy-thm =
-V ae Ordinal, a = (Y fe f e, a = [ C, «)

ord,_c,_trans_thm =
VY ae Ordinal, « = (Y B ye B €, a Ay Ey B = [ €y )
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lty_cou-thm =
FYafoa<,f=ac,p

lt,_trans_thm =

FYafBrea<, B AbB<,vy=a<y7y

HOL Constant

$<u :'a GSU —» 'a GSU — BOOL

Vr y'a GSUe z <, y < Ordinal, © A Ordinal, y A (x €, y v = = y)

<y lty,_thm =
VY «a Be Ordinal, o A Ordinal, = (a <, B a <y B v a=f)

<ulty,_-thm2 =
FYazoyez <, y<s Ordinal, © A Ordinal, y A (z <4 y v & = y)

<u,—gu_thm =

FYaBea<,f=aC,8

<y-trans_thm =

FVYaByea<,AfB<yy=a<syy

<y lty_trans_thm

|_V0457°a<u6/\/8<u’7:>a<u7

lt,_-<u-trans_thm

FYapBryea <, B AB<yy=a <,y

The following definition gives the successor function over the ordinals (this appears later in Drake).

HOL Constant

Sucy :'a GSU — 'a GSU

Vr'a GSUe Suc, x = x v, (Unit, z)

Set,_Sucy,-thm = | VY se Set, (Suc, s)

Cu-Sucy_thm = FV se s <, Sucy, s n Unit, s S, Sucy, s
Eu-Suc,_thm = Ve ye x €, Sucy, Yy © T €, Yy VIT=y
Eu-Suc,_thm2 = —V se s e, Suc, s

3.2 The Empty Set and its Successors

We prove that the empty set is an ordinal, and that the members of an ordinal and the successor of
an ordinal are ordinals.
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3.2.1 The Empty Set is an Ordinal

First we prove that the empty set is an ordinal, which requires only rewriting with the relevant def-
initions. We then give a theorem necessitated by the presence of urelements which are extensionally
equivalent to the empty set, telling us that the only ordinal with empty extension is the empty set.

‘ordu_@u_thm = + Ordinal, &,
‘ordu_eq_@u_thm = FVae Ordinal, o A o =y Ty = o = Ty

3.2.2 The Successor of an Ordinal is an Ordinal

Next we prove that the successor of an ordinal is an ordinal. This is done in two parts, transitivity
and connectedness.

‘tranu_sucu_tranu_thm = b Ve Transitive, x = Transitive, (Suc, )
‘connu_sucu_connu_thm =t Vze Connected, x = Connected, (Suc, x)

These together enable us to prove:

‘ordu_sucu_ordu_thm = |+ VY ze Ordinal, © = Ordinal, (Suc, )

3.2.3 The Ordinal Zero is not a Successor

‘Qu_not_Sucu_thm =F — (3 ae Suc, o = )
‘ﬁ_eq_sucu_thm = VY ae = a= Suc, o
‘gu_sucu_thm = V awe Ordinal, o = o <, Suc, «
‘ltu_sucu_thm = V awe Ordinal, a0 = o <, Suc, «

3.2.4 The members of an Ordinal are Ordinals

We now aim to prove that the members of an ordinal are ordinals. We do this by proving first that
they are connected and then that they are transitive. First however, we show that any Subset of a
connected set is connected.

‘conn_gu_conn = Vze Connected, * = ¥V y'a GSUe y <, z = Connected, y

Now we show that any member of an ordinal is an ordinal.

‘conn_eu_ord =V ze Ordinal, v = V y'a GSUe y €, z = Connected, y

To prove that the members of an ordinal are transitive, well-foundedness is needed. Now we are
ready to prove that the members of an ordinal are transitive.

‘tranu_eu_ord =+ V ze Ordinal, * = V y'a GSUe y €, © = Transitive, y

We also need to prove that the members of an ordinal are all sets of sets.

‘setosets_eu_ord = I V ze Ordinal, © = (V ye y €, © = SetOfSets, y)

Finally we prove that all members of an ordinal are ordinals.
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‘ordu_eu_ordu_thm = V ze Ordinal, z = VYV y'a GSUe y €, z = Ordinal, y
‘ordu_tceu_ordu_thm = VY xze Ordinal, z = (V ye y €,7 z = Ordinal, vy)

I think things might be simpler if we had an extensionality principle expressed in terms of this
ordering, and then characterise addition using the ordering.

‘ordu_ewt_thm =

‘ F VY a Be Ordinal, o A Ordinal, = (a =0 & (Vye v <, a7y <, p))

3.2.5 Galaxies are Closed under Suc
GClose,_Suc,_thm =+ Yge galary, g = VYre © €, g = Sucy = €, ¢

3.3 Ordinals are Linearly Ordered

We prove that the ordinals are linearly ordered by < ,,.

First we prove some lemmas:

tran,_n,_thm = -V z ye Transitive, © A Transitive, y = Transitive, (x Ny, y)
tran,_Uy-thm = VYV z ye Transitive, © A Transitive, y = Transitive, (x Uy y)
Gu-Lu-thm = F V ae Ordinal, a = &, <, «

Du-€q_lty,_thm = VYV ae Ordinal, o« = o = &y v Tu <u @

Du-neq_€y_thm = + V ae Ordinal, a A — o = &y = Jy €y

Du-N€qy_Ey-thm = VY ae Ordinal, a A — a =y By = Ty €y @

conn_nq,_thm =

VYV z y'a GSUe Connected, x n Connected, y = Connected, (x Ny y)
setofsets_n,_thm =

-V z ye SetOfSets, x ~ SetOfSets, y = SetOfSets, (x Ny y)
ord,_ny-thm =

VY z y'a GSUe Ordinal, x A Ordinal, y = Ordinal, (x Ny y)

trichot,_lemma =

VY x ye Ordinal, © A Ordinaly, y A € Sy Yy A 2 X =Yy = 2 Ey Y
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trich_for_ord,_thm =

VY 2 ye Ordinal, © A Ordinal, y = ¢ <, y v I=yvy<4Z
Cou-<y-thm =

VY z ye Ordinal, © A Ordinal, y = (x S, y < x <y Y)
Cu-<u-thml =

FV z ye Ordinaly, © A Ordinal, y A x Sy y = ¢ <y Y
lty-_cyu-thm =

VY a fe Ordinal, o A Ordinal, = (o <, 8 < a cy ()
Cy-_lt,_thm =

=V z ye Ordinal, © A Ordinal, y = (x Cy y © ¢ <4 Y)
Cu-lty_-thml =

VY z ye Ordinal, © A Ordinal, y A x Cy y =z <, ¥y
ord,,_sub,_c,_thm =

FV x ye Ordinal, © A Ordinal, y A * Cy Yy = T €y ¥y

3.4 Successor and Limit Ordinals

Successor and limit ordinals are defined. Natural numbers are defined.

These definitions are not the ones used by Drake, and not only the names but the concepts differ.
My successor predicate does not hold of the empty set. I use the name ”natural number” where he
talks of integers, and generally I’'m chosing longer names.

HOL Constant

Successor,, : 'a GSU — BOOL

Vs Ya GSUe Successor, s < Ite Ordinal, t A s = Sucy t

HOL Constant

LimitOrdinal, : 'a GSU — BOOL

Vs 'a GSUe LimitOrdinal, s < Ordinal, s A~ — Successor, s A — § = &y,

3.5 Induction

Induction theorems over ordinals.

Successor, _ord,_thm =  VYre Successor, x = Ordinal, =

3.5.1 Well-foundedness of the ordinals

First we prove that < ,, is well-founded.

‘wf_ltu_thm = — well_founded $<,,
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Which yeild the following induction tactics:

SML

‘val 'a ORDINAL_ INDUCTION_T = WF_INDUCTION_T wf_lt,_thm;
‘val ordinal_induction_tac = wf_induction_tac wf_lt,_thm;

3.5.2 Continuity

HOL Constant

Continuous,, : ('a GSU — 'a GSU) — BOOL

Vfe Continuous, f < Vre LimitOrdinal, v = f x = Clim, f x

3.5.3 An Ordinal is Zero, a successor or a limit

\ordu_kind_thm =

‘  Vne Ordinal, n = n = J, v Successor, n v LimitOrdinal, n
3.6 Supremum and Strict Supremum

The supremum of a set of ordinals is the smallest ordinal greater than or equal to every ordinal in the
set. With the Von Neumann representation of ordinals this is just the union of the set of ordinals.

SML
declare_infiz (200, "Uby,");
declare_infix (200, "Sub,");

HOL Constant

$Ub, : 'a GSU — 'a GSU — BOOL

Va fe a Ub, & Vye vye, a = v <, 0

HOL Constant

Sup, :'a GSU — 'a GSU

Vae Sup, a = J, «

ord,_limit_thm =
VY ae (VY fe § €, a = Ordinal, §) = Ordinal, (| J, @)

ord,_Sup,_thm =
VY ae (V Be 5 €, a = Ordinal, B) = Ordinal, (Sup, «)

Sup, - lUb,_thm =
VY ae (V fe 5 €, a = Ordinal, f3)
= « Ub, Sup, o

A (V ye Ordinaly, v A o Uby v = Supy, a <y )
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The operand here is intended to be an arbitrary set of ordinals and the result is the smallest ordinal
strictly greater than any in the set.

HOL Constant

$Sub,, : 'a GSU — 'a GSU — BOOL

HOL Constant

Ya fe o Sub, B < Vye vy e, a= v <, B

Ssupy, :'a GSU — 'a GSU

Ssupy-_ord,_thm =

VY ae (V Be €,
Ssupy_€4_thm =

VY ae (V [Ge e,
Ssupy lt, thm =

VY ae (V Be €,
Ssupy_S-thm =

VY ae (V fe €,
Ssup, -TrCl,_thm =

VY ae (V Be e,
TrCl, _ord,_-thm =

VY ae (V Ge €,

(07

«

(07

a

(07

a

VYae Ssup, o = |Ju(Imagep, Suc, o)

= Ordinal, B) = Ordinal, (Ssup, «)

= Ordinal, B) = (V fe f €, a = B €, Ssup, «)
= Ordinal, B) = (V fe B €, a = 8 <y Ssup, «a)
= Ordinal, B) = a Sub, Ssup, «

= Ordinal, B) = Ssup, a = TrCl, «

= Ordinal, B) = Ordinal, (TrCl, «)

I defined this “strict supremum” for use in defining the arithmetic operators over ordinals by trans-
finite recursion. Later I realised that strict supremum is just the same as transitive closure if the
operand is a set of ordinals, and decided that it would be nice to have a new form of the replacement
principle, which resulted in the ClI'm function for defining operations over ordinals. So I think now
that strict supremum will prove to be redundant.

3.7 Rank

We define the rank of a set.

3.7.1 The Consistency Proof

This is a hangover from the days before I started to use automatic proofs based on recursion principles.

Before introducing the definition of rank we undertake the proof necessary to establish that the
definition is conservative. The key lemma in this proof is the proof that the relevant functional
“respects” the membership relation.

‘respectu_lemma =

‘ = (A f ze [Ju (Imagep, (Sucy, o f) x)) respects $e,
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Armed with that lemma we can now prove that the function which we will call “rank” exists (proof
not shown).

HOL Constant

Rank, : 'a GSU — 'a GSU

Vze Rank, x = |Ju, (Imagep, (Suc, o Rank,) z)

3.8 Ordinal Arithmetic

Arithmetic operators are defined by transfinite induction. Some machinery for this has already been
provided, the principle tool being the operator ClIm giving the transitive closure of the image of a
set under a function. In the inductive definitions the base case will be for the ordinal zero and will
be given explicitly, the induction case will be obtained using ClIm to obtain the closure of the set of
values obtained by a function from the predecessors of the ordinal in question (i.e. its members).

If the function used in the definition is “closure compatible” (ClCo) then an associative law for the
operation can be obtained using general properties of the ClIm operator. It is therefore helpful to
begin with some ordinal specific results about the ClIm operator.

3.8.1 Addition

The difficulty of reasoning of course depends much upon the definition chosen. I have tried more
than one!

SML
‘declare_mﬁx (300, "+,");
‘declare_inﬁx (300, "——,");

HOL Constant

$4+., :'a GSU — 'a GSU — 'a GSU

Va e a +y = if B =4 By then set, a else Cllm, ($+, o) B

Set,_plus,_thm =

VYV a Be Set, (a +4 )
ord, _set,_thm =

 V ae Ordinal, o = set, a = «
ord,_eqy_ By-thm =

FV ae Ordinal, o A o =y Ty = a = Ty
ord, _plus, _thm =

Y a fe Ordinal, o A Ordinal, f = Ordinal, (o 4+, 5)
Du-plus, _thm =

=V ae Ordinal, o« = &, +, @ = «
plus,_ F,-thm =

FVYae Sety, a = o+, T, = «
plus,y_J,_thm2 =
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FVYae a4+, O, =y«
plus,y_J,_.thm3 =
FYae a+, G, = set, a
plus,_ - thm4d =
F V ae Ordinal, «a = o +, @, = «
plus,_ur_thm =
FVYazeSety, a At =y By =+, T =0
plus,_ur_thm2 =
FYazer=, J,=a+, 1=y«
plus,_ur_thm3 =
FYazer =, B, = a+, =, set, o
ClCoy_plus,_thm =
=V ae ClCo, ($+, )
plus,_eq_J,_-thm =
FYapeaty =y Fu=a=yTunpf=uBu
Eu-ClIm, _plus,_thm =
FVzxz «ate Ordinal, o A Ordinal, t =
(z €, ClIm,, (3+, ) t
S Hyeye,t Az =04,y Vv Ie,a+yy))

3.8.2 Another Experiment

The number of “cases” of course makes a big difference to the complexity of proofs. I pondered for a
while about whether the conditional on emptyness of one operand in my definition of addition could
be eliminated, and eventually came up with a scheme.

Rather than reworking lots of material with a new definition, I think it will be easy to prove the new
definition equivalent to the old, so that I get to use either.

However, only a qualified equality is obtainable, which is not quite as simple to apply.

‘plusu_def_thm =
‘ Y «a fe Ordinal, = o +, 8 =« U, Clim, ($+, o) B

This does reduce the number of explicit case splits, but the union results in automatic case splits,
and the associativity proof still has 10 cases. Nevertheless, it does seem to be significantly easier
using this characterisation of addition.

The problem with this characterisation is that it does not come out very nicely if you use it in
an extensional proof. It expands into the use of both membership and the transitive closure of
membership, both of which in the present context are really just the ordering relation on the ordinals.

Since we have an extensionality principle expressed in terms of the ordering on the ordinals, it might
be useful to have an extensional characterisation of addition in the same spirit.

To achieve this it is desirable to define the property of (HOL) functions over sets that they map
ordinals to ordinals.
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HOL Constant

$0OrdMap, : ('a GSU — 'a GSU) — BOOL

Vfe OrdMap, f < VYae Ordinal, o = Ordinal, (f «)

We can then prove the following sufficient conditions for ClIm,, to deliver an ordinal:

‘ClImu_ordu_thm =
| -V f as OrdMap, f ~ Ordinal, a = Ordinal, (ClIm, f «)

The required characterisaton of ClIm,, in terms of the ordering is then:

‘ltu_ClImu_thm =
| - VY a f Be Ordinal, o A Ordinal, B A OrdMap, f
‘ = (@ <y ClIm, f B (Fd0d <y B Aa<,fo))

Here are some examples of OrdM aps.

‘OrdMapu_plusu_thm =+ V ae Ordinal, o« = OrdMap, ($+, «)

A further characterisation of ordinal addition in terms of the ordering relation is then obtained. This
is a further candidate for the definition. If it could be used as the definition there would be a saving
in proof effort, so some consideration of whether this pattern of definition is more generally useful
and could be supported by automatic consistency proof might be a good idea.

plus,_def_thm2 =
VY B a~e Ordinal, o A Ordinal, B =
Y<wuatyfevy<yav (Tded<,f Arvy=a-+y90))

plus,_Suc,_thm =
Y a fe Ordinal, o A Ordinal, = o +, Sucy, B = Sucy (a +4 )

This extensionality principle suggests a style of proof based on these inequalities, so it is useful to
have more results about inequalities.

‘plusu_mono_m'ght_thm =

‘ VY a Be Ordinal, o A Ordinal, 8 = o <, o +4 B
‘plusu_mono_right_thm2 =

‘ FYapB~ye Ordinal, v A a <y B= 7 +y @ <y v 44 B

Which help in the proof of associativity of addition:

‘plusu_assoc_thm =
‘ VY vy a pBe Ordinal, o A Ordinal, B ~ Ordinal, ~
‘ :>a+uﬁ+u7:(a+u6)+u7
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3.8.3 Subtraction

The following definition is of reverse subtraction, i.e. the right operand is subtracted from the left
and is taken from the left of that operand so that the following lemma (as yet unproven) obtains:

desideratum

——u-lemma =
Vafea<,=>a+, (f———wa)=70

HOL Constant

$—u :'a GSU = 'a GSU = 'a GSU

T

3.9 Proof Context

In this section we define a proof context for ordinals.

3.9.1 Proof Context

Since almost everything is conditional there are few additional theorems to include:

‘ Sety,_Sucy_thm, S, _Suc,_thm, €,_Suc,_thm, Set,_ord,_thm,
‘ Sety,_plus,_thm, plus,_&,_-thm2, ord,_&.,_thm

SML

n/

‘ commit_pc "'gsu—ord";

4 Natural Numbers

SML
open_theory "gsu—ord";

force_new_theory "gsu—nat";

force_new_pc "

n/

gsu—nat";

nt

merge_pcs [" savedthm_cs_3_proof"] " gsu—nat";

n/

set_merge_pcs ["basic_hol", " gsu—az", "' gsu—ord", "' gsu—nat"];

HOL Constant

natural_number, : 'a GSU — BOOL

Vs 'a GSUe natural_number, s < s = &, v (Successor, s A Vte te, s = t = &, v Successor, t)
4.0.2 Ordering the Natural Numbers
To get an induction principle for the natural numbers we first define a well-founded ordering over

them. Since I don’t plan to use this a lot I use the name < ,,, (less than over the natural numbers
defined in galactic set theory).
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SML

‘ declare_infix(240,"<yun");

HOL Constant

$<un :'a GSU — 'a GSU — BOOL

Vz y'a GSUe z <., y < natural_number, x A natural_number, y A T €, y

Now we try to find a better proof that the one above that this is well-founded. And fail, this is just
a more compact rendition of the same proof.

SML

set_goal([],” well_founded $<,,™);

a (asm_tac gsu_wf_thml);

a (fe_tac [wf _restrict_wf_thm]);

a (SPEC_NTH_ASM_T 1 "Xz y'a GSUe natural_number, r A natural_number, y~ ante_tac
THEN rewrite_tac|]);

a (lemma_tac "$<y, = (A z y'a GSUe (natural_number, x A natural_number, y) A x €, y)"
THEN1 (REPEAT_N 2 (once_rewrite_tac [ext_thm])

THEN prove_tac|get-spec "$<y,,7]));
a (asm_rewrite_tac|]);
val wf_nat,_thm = save_pop_thm "wf_nat,_thm";

This allows us to do well-founded induction over the natural number which the way I have imple-
mented it is ”course-of-values” induction. However, for the sake of form I will prove that induction
principle as an explicit theorem. This is just what you get by expanding the definition of well-
foundedness in the above theorem.

SML

‘val nat,_induct_thm = save_thm ("nat,_induct_thm",

‘ (rewrite_rule [get_spec "well_founded™| wf_nat,_thm));

Note that this theorem can only be used to prove properties which are true of all sets, so you have
to make it conditional (natural_number, n = whatever)l suppose I'd better do another one.
SML
set_goal([], "V pe (V xe natural_number, © A~ (V yo y <yp = p y) = p )

= (V xe natural_number, x = p z)7);
a (asm_tac (rewrite_rule []

(all_V_intro (V-elim "Aze natural_number, © = p x' nat,_induct_thm))));
a (rewrite_tac [all_V_intro (taut_-rule "a A b= c < b = a = c)]);
a (lemma_tac ™V p ze (V yo y <uyn = = p ¥y)

< (V yo y <yn x = natural_number, y = p y)7);

(% sk Goal "1" s )
(rewrite_tac |get_spec "$<yn]);
(REPEAT strip_tac THEN all_asm_fc_tac[]);
(# sk Goal "2" sxx )

a (asm_rewrite_tac|]);

a
a

val nat,_induct_thm2 = save_pop_thm "nat,_induct_thm2";
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I've tried using that principle and it too has disadvantages. Because < ,, is used the induction
hypothesis is more awkward to use (weaker) than it would have been if € , had been used. Unfor-
tunately the proof of an induction theorem using plain set membership is not entirely trivial, so its
proof has to be left til later.

4.1 Theorem 2.8

The set of natural numbers.

4.1.1 Natural Numbers are Ordinals

SML

set_goal ([], "Vne natural_number, n = Ordinal, n7);

a (rewrite_tac [get_spec "natural_number,, get_spec " Successory™);
a (REPEAT strip_-tac THEN_TRY asm_rewrite_tac|ord, -, -thm]);
a (all_fc_tac [ord,_sucy-ord,_thm]);

val ord,_nat,_thm = save_pop_thm "ord,_nat,_thm";

4.1.2 Members of Natural Numbers are Ordinals

SML

‘set-goal ([], "Vne natural_number, n = Yme m €, n = Ordinal, m™);
‘a (REPEAT strip_tac);

‘a (REPEAT (all_fc_tac|ord,-nat,-thm, ord,_€,_ord,_thm]));

‘val Ey_nat,_ord,_thm = save_pop_thm "€,_nat,_ord,_thm";

4.1.3 A Natural Number is not a Limit Ordinal

SML

‘set_goal ([l, "Vne natural_number, n = — LimitOrdinal, n™);

‘a (rewrite_tac [get_spec ™ LimitOrdinal,,”, get_spec "natural_number,]);
‘a (REPEAT strip_tac);

‘val nat,_not_lim_thm = save_pop_thm "nat,_not_lim_thm";

4.1.4 A Natural Number is zero or a Successor

SML
‘set_goal ([], "Vne natural_number, n = Successor, n v n = &,");
‘a (rewrite_tac [get_spec "natural_number,|);

‘a (REPEAT strip_tac);
‘val naty_zero_or_suc,_thm = save_pop_thm "nat,_zero_or_suc,_thm";
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4.1.5 A Natural Number does not contain a Limit Ordinal

SML

set_goal ([], "Vm ne natural_number, n A~ m €, n = — LimitOrdinal, m™);
a (rewrite_tac [get_spec ™ LimitOrdinal,,”, get_spec "natural_number,]);

a (REPEAT strip_tac);

(% sk Goal "1" s )

a (all_fc_tac [€,-not_empty_thm]);

(x sk Goal "2" wxx )

a (all_asm_fc_tacl]);

val €4_naty,_not_lim_thm = save_pop_thm "€,_nat,_not_lim_thm";

4.1.6 All Members of Natural Numbers are Natural Numbers

SML
set_goal ([], "Vne natural_number, n = Yme m €, n = natural_number, m™);
a (rewrite_tac [get_spec "natural_number,|);
a (REPEAT strip_-tac THEN_TRY all_asm_fc_tac [€,-not_empty_thm]);
a (lemma_tac ™ Transitive, n THEN1
(REPEAT (all_fc_tac [get-spec " Ordinal,™, Successor,-ord,_thm])));
a (lemma_tac "t €, n THEN1 (EVERY |all_fc_tac | Transitive,_def],
POP_ASM_T ante_tac, rewrite_tac [gsu_relext_clauses], asm_prove_tac[]]));
a (all_asm_fc_tac[]);

val €y_naty_nat,_thm = save_pop_thm "€,_nat,_nat,_thm";

nat,_in_GJ,_thm =

F Vne natural_number, n = n €, Gz, &,

4.1.7 The Existence of w

This comes from the axiom of infinity, however, in galactic set theory we get that from the existence
of galaxies, so the following proof is a little unusual.
SML
set_goal ([], "dwe Vze z €, w < natural_number, z7);
a (3-tac "Sep, (Gz, ) natural_number,,”
THEN rewrite_tac [gsu_opext_clauses]);
a (rewrite_tac [all_¥Y_intro (taut-rule "(a A b < b) < b = a’)]);
a strip_tac;
a (gen_induction_tacl nat,_induct_thm?2);
a (fe_tac [nat,-zero_or_suc,_thm]);
(# sk Goal "1" sxx )
a (fe_tac |get_spec " Successory™, naty_in- G, _thm]);
(* xxx Goal "2" wxxx *)
a (asm_rewrite_tac []);

val w,_exists_thm = save_pop_thm "w,_exrists_thm",
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4.2 Naming the Natural Numbers

It will be useful to be able to have names for the finite ordinals, which are used as tags in the syntax:

HOL Constant

Nat,: N = 'a GSU

|
\ Nat, 0 = &,

‘ A ¥Yne Nat, (n+1) = Suc, (Nat, n)

We will need to know that these are all distinct ordinals.

Set,_Nat,_lemma =
+ V ne Set, (Nat, n)

ord,_nat,_thm2 =
+ V ne Ordinal, (Nat, n)

not_suc,_nat,_zero_thm =
- Y ne — Suc, (Nat, n) = &,

lt,_sum_thm =
FYzyer <y= (Fzez + z=y)

nat,_mono_thm =
—V z ye Nat, v <, Nat, (z + y)

nat,_one_one_thm =
VY xzye Nat, t = Nat, y =z =y

nat,_one_one_thm?2 =
HVaxye Naty, x = Nat, y &z =y

4.3 Proof Context

In this section we define a proof context for natural numbers.

SML

"gsu—nat" ([nat,-one_one_thm2]);

add_pc_thms
add_rw_thms [Set,_Nat,_lemma] "' gsu—nat";

add_sc_thms [Set,_Nat,_lemma] "' gsu—nat";

set_merge_pcs ["basic_hol", "' gsu—az", " gsu—ord", " gsu—nat"];
n/

commit_pc " gsu—nat";
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5 Sequences

SML
open_theory "gsu—ord";
force_new_theory "gsu—seq";

new_parent " gsu—fun";

force_new_pc " gsu—seq";
merge_pcs [" savedthm_cs_3_proof"] " gsu—seq";

n/

set_merge_pcs ["basic_hol", "' gsu—azx", " gsu—fun", " gsu—ord", " gsu—seq"|;

A sequence is a function whose domain is an ordinal.

HOL Constant

Seqy: 'a GSU — BOOL

Vse Seq, s © Funy s A Ordinal,(Dom,, s)

The domain is also the length of the sequence.

HOL Constant

Length,:'a GSU — 'a GSU

Length, = Dom,

5.0.1 Operations on Sequences

A few operations over sequences are defined here, without proving any of their properties (which will
be done as and when needed).

HOL Constant

Head,: 'a GSU — 'a GSU

Vse Head, s = s 4 Du

HOL Constant

Front,: 'a GSU - 'a GSU — 'a GSU

Va se Front, av s = a <1y, s

HOL Constant

Back,:'a GSU —'a GSU — 'a GSU

Va se Backy, a s = s 0y (Ay Be B +4 a) (Domy s))
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HOL Constant

Tail,: 'a GSU — 'a GSU

Vse Tail, s = Back, (Suc, Jy) s

The symbol @,, will be used for concatenation of sequences.

SML

‘ declare_infix(300,"@Q,");

HOL Constant

Vs te s Q, t =5 Uy ()

$Q@,: 'a GSU — 'a GSU — 'a GSU
\
\
|
|

HOL Constant

UnitSeqy: 'a GSU — 'a GSU

Yee UnitSeq, € = J, >4 €

HOL Constant

SeqConsy:'a GSU — 'a GSU — 'a GSU

Ve so SeqCons, e s = (UnitSeq, e) Q, s

HOL Constant

SeqDisp,: 'a GSU LIST — 'a GSU

SeqDisp., [] = D
A Ve seo SeqDisp, (Cons e s) = SeqCons, e (SeqDisp, $)

5.0.2 Mapping Functions over Sequences

A function can be mapped over a sequence using RanM ap,, so we don’t need to define a sequence
map operator. We probably will need to know that the result of mapping something over a sequence
is another sequence of the same length. We already know that mapping over a relation preserves the
domain of the relation, so this is trivial.

Seqy-RanMap, _thm =V f se Seq, s = Seq, (RanMap, [ s)
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5.0.3 Proof Context

SML
n/

add_pc_thms "' gsu—seq" ([]);

add_rw_thms [] "' gsu—seq";
add_sc_thms [] "' gsu—seq";

set_merge_pcs ["basic_hol", " gsu—azx", " gsu—fun", " gsu—ord", " gsu—seq"];
commit_pc " gsu—seq";
6 Closing

SML

open_theory "gsu—az";
force_new_theory "GSU",
new_parent " gsu—fun";
new_parent "gsu—ord";
new_parent "gsu—nat";
new-_parent "gsu—seq";
force_new_pc "' GSU";
force_new_pc "GSU";

val rewrite_thms = ref ([|:THM list);

merge_pcs [" gsu—azx", " gsu—fun"(x, " gsu—sumprod", "' gsu—fixp", " gsu—Ilists"x),

WGSU"
commit_pc "' GSU";
merge_pcs ["rbjmisc", "' GSU"] "GSU";
commit_pc "GSU™",;
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7 The Theory gsu-ax

7.1 Parents
wf _recp wf _relp U _orders
7.2 Children
GSU gsu—ord  gsu—fun
7.3 Constants
Urelement "a > 'a GSU
UeVal "a GSU — 'a
Ue "a GSU — BOOL
Set,, "a GSU — BOOL
$e. "a GSU — 'a GSU — BOOL
X 'a GSU — 'a GSU P
$=u "a GSU — 'a GSU — BOOL
$e.T 'a GSU — 'a GSU — BOOL
$<ety, 'a GSU — ('a GSU - 'b) - 'a GSU - 'b
$C. 'a GSU — 'a GSU — BOOL
$cu "a GSU — 'a GSU — BOOL
Cu-closed 'a GSU — BOOL
P, 'a GSU — 'a GSU
U 'a GSU — 'a GSU
RelIm,, ("a GSU — 'a GSU — BOOL) — 'a GSU — "a GSU
Sepy, 'a GSU — ('a GSU — BOOL) — 'a GSU
galaxy, "a GSU — BOOL
Gz, 'a GSU — 'a GSU
Transitive, 'a GSU — BOOL
[ "'a GSU
sety, "'a GSU — "a GSU
Imagep,, ('a GSU - "a GSU) — "a GSU — "a GSU
Pair, "'a GSU — "a GSU — 'a GSU
Unit, 'a GSU — 'a GSU
Sy "a GSU — 'a GSU — 'a GSU
Nu 'a GSU —'a GSU
$ny 'a GSU — 'a GSU — 'a GSU
TrCl, "'a GSU — 'a GSU
ClIm,, ('a GSU - "a GSU) — "a GSU — "a GSU
ClCo, ('a GSU - 'a GSU) - BOOL
Limit,, ('a GSU - "a GSU) — "a GSU — "a GSU
7.4 Types
"1 GSU
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7.5 Fixity

Right Infix 200:
Right Infix 230:
Right Infix 240:

Right Infix 300:

7.6 Axioms

Urelement_Axiom
F 3 fe OneOne f
Set,_axiom FVYazyexze, y= Sety y
gsu_ext_axiom
FVst
e Set, s A Set, t
= (s=te (Veeee, s eeyt))
gsu_wf_axiom — UWellFounded $e,
UOntology_axiom
F Vs
edyg
® sy g
AVt
e l€Ey g
= 1<y g
A@3p
e Vuveve, pe Sety v A vy t)
ANDPEyY
A Sety p)
A(Fu
o (Vu
e vE, us (Fweve, wAwE,L))
AUEyY G
A Sety u)
A (Y7l
e ManyOne rl
= @3r
o (Vu
e VE,T
< (Jwewey, t Arlwuw))
A(rS,g=re€,g9)
A Sety 1))

7.7 Definitions

Urelement = OneOne Urelement
UeVal -V xze UeVal z = (e yo Urelement y = x)
Ue VY ze Ue z < (3 yo x = Urelement y)
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Set,, -V ze Set, z < — (3 yo © = Urelement y)

X FVse Xy s={t|t e, s}
=u FVstes=,ts X, s=X,1
et F $e,T = tc $e,
<€ty FVYsf

o s et f

= (Aze if z €,V s then f x else € yo T)

Cu FVYstesCyut<s (Veeee, s=eeyt)
Cu FVstesc,tesC,tA—1Z, s
C,_closed F Vs

o Cy closed s & (Vefoeeec, snfcye=fe,s)
Py Vs
o Sety (P, s)
ANVtete, P, s<s Sety t At Sy S)
U Vs
o Sety (UJu s)
AVtete, Jus e (Teote,encee,s))
Rellm,, HVYorls
e Sety (Rellmy 1l s)
A (ManyOne 7l
= (Vt
o t €, Rellm, 1l s
S (Feoeey, s ATlet)))
Sep, FVsp
e (Veeece, Sep, sp < e€y s ADeE)
A Sety (Sepy s p)
galaxy., Vs
o galaxy, s
< (Fze x €y 3)

AVt

el €, s
= 1S, s
AP, teE, s
AlUuteys
A (Vrl

o ManyOne rl
= Rellm, rl t <, s
= Rellm, 7l t €, s))
Gz, Vst
et e, Gz, s
< (Y ge galaxy, g A s €y g =t Ey g)
Transitive,, - V se Transitive, s < (V ee e €, s = e Sy §)

D = Sety Ju A (V Se 7 5 &y @u)
set,, F VYV ze set, x = (if Sety, x then x else &)
Imagep, FVYfs
o Set, (Imagep, f s)
Az
oz €, Imagep, f s << (Fee ey s nx=Ffce))
Pair, FVst

o Set, (Pairy s t)
A (V ee e€, Pair, st < e=sve=t)
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Unit,  V se Unit, s = Pair, s s
Uu Vst
o Sety (5 Uy t)
AVeoee, su,t<see, sveeEyt)

(MNu Vs

e Nus=3S8epy (Uus) ANzeViete, s=ze,t)
N VY stesny,t= Sep, s (\zexe,t)
TrCl, FV se TrCl, s = Sepy (Gzy 8) (A z0 T €47 8)
ClIm,, VY f ae Cllm, f o = TrCl, (Imagep, [ «)
ClCo, VY feClCoy f Vaxyez e, y=faxe, ™ fy)
Limit,, FV f ae Limit, f o = |Ju (Imagep, f «)

7.8 Theorems

UeSet,_lemmal

FVaze Uex & — Sety x
UW ell Founded_well_ founded_thm

F V $<<e UWellFounded $<< < well_founded $<<
gsu_ext_ thm |V st

e Set, s
= Sety t
= (s=t<o (Vesee, s eeyt))
Xu-thm FVstese X, t< se,t
eqy-refl_thm
Vses=,s

eqy-sym_thm Vstes=,t=1=,s
eqy_trans_thm
FVYstuoes=ytAt=ypu=1=4u
equ-ext thm Vstes=,1t< (Vueue, s uc,t)
—eqy-—eq_thm
FVstens=,t=—s=1
gsu_wf_thml + well_founded $e,
gsu_wftc.thm + well_founded (tc $€,)
gsu_wf_min_thm
FVz
e (Fye yey, 1)
= (Jzeze,z A= (FJveveEy 2 AvEY T))
gsu_wftec_.thm?2
— well_founded $€,™
tce,_tner_thm
FVYZyez €, y=126,T y
tee, _cases_thm
FYazy
eze,tyeze,yv (Jzexze,t 2 A zeEy )
tce, -trans_thm
FVstusse, T tate,Tu=se, u
tce,_decomp_thm
FVYzy
sre, T yAn—-xze,y=>Fzez et 2 A 2zELY)
tce,_decomp_thmb
FYzy
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ezt yA—ze,y=>(TzexEy 2z AzET Y)

gsu_wf_ind_thm

HVpe(Vaze (Vyeye, z=py)=pzx) = (Vzepuz)

gsu_cv_ind_thm

FVop
e (Vze WVyetcSe, yz=py) =pz)=(Vrepuz)

gsu_cv_ind_thm2

HVpe (Vze Vysye,Tz=py) =pz) = (Vzepuz)

wf_ull FVze mze€,
wf_ul2 FYzye = (€, Yy AYEy )
wf_ul3 FYZzyze (T €,y AYE, 2 A 2ZEy )
e.P_recursion_lemma
VY oaf
e 7 f
e Vs
° f s
= CLf
(N f zo if z €, s then f x else € yo T)
f)
s
Cu-eq-thm VY ABRB

o Sety A A Sety B=(A=B< A<, BABGc, A
Cy-refl.thm VYV Ae AC, A
EuCu-def HVeABeee, ANAC, B=ce, B
Cy-trans_thm

FYABCeAc, BABc, C=A¢c,C
Cu-trans_thm

FYVABCeAc, BABc, C=Ac,C

not_c,_thm Ve —2Cy

P, -thm FVstete, P, s< Set, t At <y s
seP,s_thm —V se Set, s = se, P, s
stcePys_thm  — V se Set, s = s €,7 P, s
Set,P,_thm FV se Set, (P, s)
eqP,_thm Vst
e Set, s A Set, t
= (s=P, t
<& (Vzez e, s Sety . A x Sy t))
Ju-thm FVstete, | Juse (Teste,encee,s)
teey | Ju-thm
FVstete, " Juseo (Feote,menee,s)
€ulJu-thm FVstete,s=>1tC,J,s
€ulJu-thm2 FVstete, Jus= (T este,encee,s)
€ulJu-thm3 FVste(Feote,enee,s)=>te, Jus
Sety| Ju-thm VYV se Sety, (| Ju $)
Ju-ext_thm FVYazuy
4 Uu r=1y
< Sety y

AVzeze,ye (Fweze, wawe, x))
SetyRellmu-thm
-V rl se Set, (Rellm, 1l s)
Rellm, _ thm + VY rls
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o ManyOne rl

= (Vt
etey, Rellmy 1l s & (Fee e€y s ATlet))
Sep,_thm FVYspeeee, Sepy sp< e€, S ADpeE

Set,_Sep,_thm
-V s pe Set, (Sepy s p)
Sepy_Su_-thm
Vs pe Set, s = Sepy s p Sy S
Sep,_sub_thm
FVYspeeeec, Sepy sp = €€y s
Sepy_€y_Py_thm
Vs pe Sety, s = Sepy s p €y Py s
Sep, S thm VY ste Set, t At Sy s= Sepy, s (CombC $€, t) =t
galaxies,_1_thm
FV sedgese, g galary, ¢
galaxy,_Set,_thm
- V ge galary, g = Sety ¢
t_in_Gx,_t_thm
HVitete, Gry, t
tecy,-Gxy-thm
HVitete, Gz, t
Set,_-Gx,_thm
-V ze Sety, (Gz, )
Gxy_Cy_galaxy,
Vs ge galaxy, g A s€y g = Gzy S Sy ¢
galaxy,_ Gz,
F V se galazy, (Gz, s)
galazxies, _transitive_thm
F V se galaxy, s = Transitive, s
GCloseysepu-thm
Vg
o galazy, g
= (V se s €, g = (V pe Sep, s p €y g))
GClose,_fc_clauses
FVYyg
e galazy, g
= (Vs
®SEyg
=P, s€, 9
AlUuseEny
A (V pe Sepy 5 p €y g)
A (Vte Sety, t At Sy s= 1€y, Q)
GClose, _tce,_thm
VY s ge galary, g = s €, g = 5€, g
GClose, _tce,_thm?2
VY tsgegalary, g At €y g A SELT t=85€Ey g
Gx,-mono_thm
Vst
o Sety s A Sety t AsCyt= Gry s Sy Gry t
Gx,y_mono_thm?2
FVstese, t = Gz, s Sy Gry t
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Gx,_trans_thm
F V se Transitive, (Gz, s)
t_ Cu Gy t_thm
HVietc, Gr,t
Gz, _mono_thm3
FVstesC,t=s<, Gr, t
Gz, _mono_thm4
HVste Sety s AnsCyt=s€, Gr,t
Gz, _trans_thm?2
FVstese, t=se, Gr, t
Gz, _trans_thm3
FVstuese, t Ante, Gr, u= s €, Gx, u
Gz, _trans_thm4
FVYstuese,mtante, Gz, u= s¢e, Gz, u
Gx,_trans_thmb
FVstuese,"t=s¢€e, Gx, t
tcey_ Ju-thm
Vaze —ze,t @,
XJu_-thm FYze m2e X, Ty
eq_Ju_—Ey_thm
FYzez =, Fy=(Vye—ye, )
eq_Jy_—tce,_thm
FYazex =, Fy= (Vye—ye, 1)
eqy-eq-Jy-thm
FVae Sety a A aa =y Ty = a =y
Guc =V ge galaxy, g = Bu €u g
GuSu-thm =V se Jy, Sy s
Eyx-not_empty_thm
FVYmneme, n=—-n= g,
T-Eu-galaxy, thm
VYV ze galaxy, * = By €y T
D€y Gxq_thm
Ve 5, €, Gry x
Set,_set,_thm
-V se Set, (sety s)
set,_eq,_thm
-V se sety, s =, §
set,_eq,_thm?2
Vs ue ue, sety, $< ue€E, s
set,_fc.thm |+ V se Set, s = set, s = s
Imagep,_ .- thm
VY fe Imagep, [ Bu = Du
tce,_Imagep,_thm
FYfsz
ez €, Imagep, f s
s @Qyeyensan(@=Ffyvae fy)
Imagep,_comp_thm
FVYsfyg
o Imagep, f (Imagep, g s) = Imagep, (f o g) s
GImagep,c FVYg
e galaxy, ¢
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= (Vs
® SEy g
= (V f
o Imagep, f s Su g = Imagep, f s €y g))
Pair,_c,_thm
FVYazyeze, Pairy, x y Ay €, Pair, z gy
Pair, _tce,_thm
Vs tese, ™ Pair, st A te," Pair, st
Pair,_eq_thm
FVstuw
e Pair, s t = Pair, u v
Ss=unt=vVvs=0vAt=u
GCloseypairu
FVyg
e galazy. g
= (Vstese, gnte, g= Pair, ste, g)
Unit,_thm?2 VY zeze, Unit, x
Unit,_tce,_-thm
VY ze z e, Unit,
GCloseyynitu
F VY ge galaxy, g = (V se s €, g = Unit, s €, g)
CulVu-thm FVABeAc, Au, BABc, Au, B
UuCSq-defl FYABCeAc, CAnBc, C=>Avu, Bg, C

UnCu-def2 FYABCDeAc, CABc, D=>=Av,Bc, Cu, D

UuTJwu-clauses

VYV Ae Sety, A= A vy Tu=A A Fy uy, A=A
Uy-comm_thm VY A Be A u, B=B u, A
Uny-Du-set,_thm

VYV Ae A Uy Oy = sety A ANy Uy A = sety A
tcEy_Uy-thm

FVzABezxe,TAu,Bezxze,"Avae,™ B
GClosey uy Vg

* galazy. g
= (Vstese, gAnte, g=85uUyteEyyg)
(u-thm FYzse
eze,s=> (e (Jlus<e (Vysyey s = e€yy))
(NuSw_-thm FVstese, t=(|utSys
Cuf Ju-thm VY AB
e Ae, B

= (VCe(VDeDe, B=Cc, D)y=CC<,(|uB
ﬂu@u—thm = ﬂu @u = @u
GClosey[ u -V ge galaxy, g = (V s® s €, g = (Ju S €u 9)
GClosey,ny, FVyg

* galazy. g
= (Vstese, gAnte, g=8sn,teyyg)
Nu-thm FVsteoeeec, snyut<s e€, s Aeeg,t

Cuny-thm FVYABeAn, Bc, AnAn, BS, B
NuCu-defl FYABCeAc, CABc, C=An, Bc, C

NyCou-def2 FYABCDeAc, CAnBcy, D=An, B, Cny D

Ny Cey-def3 FYABCeCcCy, ANCCES, B=>Cc, AN, B
not_x_c,_x_thm
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F— (3 ze ze, )
GClose,_fc_clauses2
FVyg
e galazy. g
= (Vstese, gnte, g= Pair, ste,g)
A (V se s€y g= Unit, s €y, g)
ANV steseE, gnante, g=8uUyte€Eyyg)
A(VseseEy,g=()usEyY)
ANV stese, gnte, g=8ny,t€Eyyg)
tce, -clauses
Vs
e s €, Unity s
A (V te t €, Pairy st A s €, Pairy s t)
Set,, . TrCl,_thm
-V se Set, (TrCl, s)
TrCl,_sup_thm
HVsesc, TrCl, s
TrCl,_sup_thm?2
F V s te Transitive, t A s S, t = TrCl, s S, t
Transitive, TrCl,_thm
- V se Transitive, (TrCl, s)
TrCl, _ext_-thm
HVsa
ez e, TrCl, s
< (V te Transitive, t A s Sy t = T €y t)
TrCl,_ext_thm?2
FVsteseg, TrCl, t & se," t
tce, . TrCl,_thm
HVstese,” TrCl, t & s €, "t
Tran_set_TrCl_thm
~ V se Set, s A Transitive, s = TrCl, s = s
Tran_set_tce,_thm
Vs
o Set, s A Transitive, s
= Vaez e, s=uze,s)
Tran_tce,_thm
- V se Transitive, s = (V¥ ze z €,7 s = x €, 9)
Set,_ClIm,_thm
VY f ae Set, (ClIm, f «a)
Eu-ClIm, _thm
FYfax
ez e, Cllm, f «
e @yeyewan@=Ffyvaee s fy)
tee,-ClIm,_thm
FYfax
ez €, Cllm, [ «
e @yeyewan(@=Ffyvaee s fy)
ClImy_J.-thm
VY fse Sety s = (Cllmy [ s =Ty < s=T,)
ClImy_, thm2
FVYfseClim,fs=CTu<s=y Du
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ClIm_J, thm3
FV fe Climy f Gu = Ju
ClImg,_ext_thm
FYfstes=,t=Clim, fs=Cllm, [t
ClIm,_mono_thm
FYfstesc,t= Clim, f s <, Clim, f t
ClCo,_ClIm,_thm
FVYsfg
e ClCoy f = Cllm, f (Cllm, g s) = ClImy (f 0 g) s
Set,_Limit,_thm
VY f «ae Set, (Limit, f «)
Eu-Limit, _thm
FYfax
ex e, Limit, fas Fyeye, anze,fy)
tee, - Limit,_thm
FYfazx
ez e, Limity, fas Tysyecy, anze, fy)
<tce,_respects_e,_thm
-V oafe (A f xe af (z <€ty f) ) respects $€,
<tce, _recurston_thm
HV afed feV ze f (Combl z) = af (z <€ty f) z
Imagep, _respects_c,_thm
VY afe (A f ze af (Imagep, [ x) x) respects $e,
Imagep, _recursion_thm
VY afe 3 fe ¥V ze f (Combl z) = af (Imagep, [ z)
ClIm,_respects_c,_thm
VYV afe (A f ze af (ClIm, [ z) x) respects $e,
ClIm, _recursion_thm
VY oafe 3 feV ze f (Combl z) = af (ClIm, f x) x
Set, _clauses
FYzyrpf
o Sety, (Py )
A Sety (Uu )
Set,, (Rellm,, r x)
Sety, (Sepy x p)
Sety, (Gzy T)
Sety Bu
Sety (Imagepu [ y)
Set,, (Pairy, x y)
Sety, (Unity, )
Sety, (z Uy Y)
Sety ((u )
Sety (x Ny y)
(TrCl, )
(Climy, f )

Set,
Sety,

> > > > > > > > > > > >

gsu_opext_clauses
FVYszftuvep

e —5€, Pu
A (Sety (Py s)
ANVtete, P, s< Sety t At Sy $))

A (Sety (Uu 9)
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gsu_relext_clauses

AVt

ete,Juse (Teote, enecg,s)))

A (z €y Imagep, [ s < (Fees ey, s Az =fe))
A Imagepy [ Du = D

A (z €, Imagep, [ s

S @ysyeusanlz=fyvae  [y))
A (Pairy, s t = Pairy, u v
Ss=uAt=vvs=uvAt=u)

A (Sety (Pair, s t)

A (Veeee, Pair, st < e=s5v e=t))
(Unit, s = Unity, t & s = t)

(e €y, Unity, s & e = s)

(Pair, st = Unity, v < s = u A t = u)
(Unit, s = Pair, t u < s =t A s = u)
(e €y Sepy, s p < €€y S ADeE)

A (Sety (s Uy t)
AVeoee, su,t<s ee, sV eegy,t)
A(e€ysnmyute e€y s necyt)

> > > > >

Vst
e(scyte Vesee, s=ee,t))

A(s=ptes NVusue, s uce,t))
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8 The Theory gsu-fun
8.1 Parents

gsu—azx
8.2 Children

GSU gsu—seq

8.3 Constants

GSU —'a GSU — 'a GSU

$—u "a
Snd, "'a GSU — "a GSU
Fst,, "'a GSU — 'a GSU
MEPair, 'a GSU x'a GSU — 'a GSU
METriple, "a GSU x 'a GSU x 'a GSU — 'a GSU
Rel,, 'a GSU — BOOL
Dom,, "'a GSU — "a GSU
Ran,, 'a GSU — 'a GSU
RanMap,, ('a GSU - 'a GSU) - 'a GSU — "a GSU
Field,, 'a GSU — 'a GSU
$<tu 'a GSU — 'a GSU — 'a GSU
$>u "'a GSU — 'a GSU — 'a GSU
$<y "a GSU — 'a GSU — 'a GSU
S0 "'a GSU — 'a GSU — 'a GSU
Rel2DepType,,
"a GSU — 'a GSU
DepSum,, "a GSU — "a GSU
$3. ('a GSU - 'a GSU) - 'a GSU — "a GSU
$xo 'a GSU — 'a GSU — 'a GSU
S 'a GSU — 'a GSU — 'a GSU
$o., 'a GSU — 'a GSU — 'a GSU
Fun, 'a GSU — BOOL
$-pu "'a GSU — 'a GSU — 'a GSU
$—u "a GSU — 'a GSU — 'a GSU
—-closed 'a GSU — BOOL
$Au ('la GSU - 'a GSU) - 'a GSU — 'a GSU
$ 'a GSU — 'a GSU — 'a GSU
Id, 'a GSU — 'a GSU
$Pw 'a GSU — 'a GSU — 'a GSU
8.4 Fixity
Binder: Yu A

Right Infix 240:

Right Infix 250:

Oy, u Du
Right Infix 300:
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8.5 Definitions

—au

Fst,

Snd,
MEkPair,
METriple,
Rel,,

Dom,,

Ran,,

RanMap,

Field,

<u

D>

<u

Bu
Rel2DepType,,

DepSum,,

u
Oy,

Vs tes—y, t= Pair, (Unit, s) (Pairy, s t)

FVste Fsty (s =y t)=5A8nd, (s>, t)=1
~ V lre MkPair, Ir = Fst lr —, Snd Ir
-V te MkTriple, t = Fst t —, MkPair, (Snd t)
Y xze Rely, v & Vye ye, o= (3 stey=sryt)
VY
e Dom, z = Sep, (G, x) (A we I ve w >, v €, T)
VY
e Ran, x = Sepy (Gzy ) (N we I ve v >, w €,y )
FYfs
o RanMap,, [ s

= Imagep, (A ee Fst, e —, [ (Snd, e)) s
 V se Field, s = Dom, s v, Ran, s
Y sres<y,r=Sep, r (\pe Fsty p €, s)
FYsrerD,s=Sep,r (\peSnd, pey,s)
Y sres<,r=Sep, r (\pe— Fsty, pe€,s)
FYsrere,s=Sep, r (\pe— Snd, pe€y s)

o~~~

FVr
o Rel2DepType, T

e c=11>, 1
A 1 €y Domy T
AN(Vjejeyt iy, jeE,T))
Vit
o DepSum,, t
= Sepy
(Gzy t)
(\e
e 1 t2 v
@ =101, UAUVE, L2 ATy t2 Et)
FVfs
hd $Euf S
:Uu
(Imagep,
(X ee Imagep, (\ zo e —, ) (f ¢e))
s)
Vst
® 5 Xyt
:UU
(Fmageps
(X see Imagep, (A tee se —, te) t)
5)
VY stesoy,t="P, (s xyt)
Y fg
e fouy

72



= Imagep,
(\ pe Fsty (Fsty p) vy Snd, (Sndy p))

(Sepu,
(9 xu f)
Apedgrsep={(qroy7r)oy T iy8))
Fun,, HVa
o Fun, x
< Rel, «
AV stu
© S, UE,T ASHy,LE, T = u=1)
Sy VYV stes -, t= Sep, (s &4 t) Funy,
—u FVYstes—y,t=Sep, (s +yt) (Ares S, Dom, r)
—u-closed HVs

o —,_closed s
S (Vdcoedey, snce,s=d—y cEyS)
Au FYfs
e S\, f s
= Sepy
(5 Xu Imagepufs)
(A pe Sndy p = f (Fsty p))
.fux
:(Z'ley'x'_)uyeuf
then € yo © >, y €4 f

else f)
Id, Vs
o Id, s = Sepy (s x4 8) (A xe Fsty, x = Snd, )
Du Vst
o 5@, t
= Sepy
(s Uy t)
Az
o if Fst, x €, Dom, t
then x €, t

else T €, $)

8.6 Theorems

Sety—y-thm =V s te Set, (s —, t)
—._eq_thm FVstuvesoyut=ur—r, v s=unt=w
Pair,_€,y_+>,-thm

Vs te Pair, st €, s+, t
Pairy €4 -Gxy_r—>qy_thm

VY s te Pairy st €, Gr, (s vy 1)
—u-CEu-Gxqy_Pair,_thm

VY s tes—y,te, Gz, (Pair, s t)
oy Du-thm Y zye -z, y=J,
“Bu—ru-thm Yz ye =y =104y
GCloseyr—,-thm

FVyg

e galazy, g
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= (Vstese, gAnte, g=8sy,teyyg)
tcey oy left_thm
FVstese,m syt
tcey oy _right_thm
FVstete,  sm—,t
—,_te_thm VY azoyetec$e, z (x—y y) A tc Sy y (x4 y)
Rel,,_ ., -thm
— Rel, &,
SetubDomu-thm
-V re Set, (Dom, 1)
Dom_.-thm
= Domy, By = Du
Dom,,_thm FYryeye, Domy r< (Fxe yr—y x€,T)
Dom,_Gx,_thm
VYV re Dom, r €, Gxy T
GClose,_Dom,_thm
- VY ge galaxy, g = (V re r €, g = Dom, 1 €, g)
tee,-Dom,, _thm
VY2 yexze,m Dom, y= 1€, Ty
Setyranu-thm
-V se Set, (Ran, s)
Ran,_,-thm
F Rany, Ju = Tu
Ran,_thm HYryeye€, Ran, r < (3 z0 x>y y €, 1)
GClose,_Ran,_thm
F VY ge galaxy, g = (V re r €, g = Ran, r €, g)
tce,-Ran,_thm
HVaxyexe,” Ran, y = z €, b y
Dom,_RanMap,_thm
— VY f re Rel, r = Dom, (RanMap, f r) = Dom, r
Setyrieldu-thm
-V re Set, (Field, r)
Field,_ &, thm
 Field, O, = Du
tce,,_Field,_thm
Va2 oyexze, Field, y= z€,7 vy
SetuRel2DepTypeu—thm
- V re Set, (Rel2DepType,, r)
SetuDepSumu—thm
-V re Set, (DepSum.,, r)
Setyxy-thm =V s te Set, (s xy t)
X y_Spec FVste
e e E, S Xyt
S @lrele,sare, tane=1ryr)
fous-thm FVYstpepe, s Xyt= Fsty, pr>y, Sndy p=1p
VEY Xu-thm FVpst
e pE,S Xyt= Fsty pey s A Sndy, peEyt
F>uEu Xu-thm
FVYIlrstelio, re,sx,tsle,sAnre,t
—uCuXu-thm
FVstrere, so,t<s Set, 7 AT Sy 8§ Xy t
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GuCuru-thm
FVste J,Ey s eyt
fous-thml FVYprst
O PELT ATE, Syt = Fsty proy, Sndy, p=p
Euu-thm FVprst
O DELT AT EY S &yt
= Fsty, p €y 8 A Sndy, p €y t

Oyu_thm FYfgx
sze, foyyg
S (3qrs
® (1, T EYGAT Iy SELT AT = qr>ys)
0y_thm?2 FYfgaxuy

e Ty YEyfoug
S (Tzex >y 264 gAZy YEyf)

0,_Rel,,_thm

VYV r se Rel, r A Rely, s = Rely, (1 04 8)
o, -assoctative_thm

vagh.(foug)ouh:fougouh
Rel,, S, _cp_-thm

VYV ze Rely t © (I stex Sy s Xy t)
Funy,_ J._-thm

= Fun, O,
oy-Fun,_thm

VY f ge Fun, f A Fun, g = Funy (f 04 9)
Ran,_o,_thm

VY f ge Rany (f 0y g) Sy Rany f
Dom,_o,_thm

Y f ge Domy (f 04 g) €4 Domy g
Domy,_o,_thm?2

FYfg

e Ran, g Sy Dom, f = Domy (f 04 g) = Domy g

Fun,_RanMap,_thm

VY f ge Fun, g = Fun, (RanMap, [ g)
GuCu+ru-thm

FVste J,Ey syt
I+, _thm FVstedfefe,s-,t
Bu€uBu—u-thm

Vs te Jy €y Tu—ut

J—u-thm FVYite (Faexe,t)=(Vsedfefe,s—oy,t)
app_thml FY faze (3 ye x>y yEyf)=auf yx€yf
app_thm2 FYfzyoe Funy f Az gy f=fux=y
app_thm3 FVYfaxe Funy f Az €y Domy f = x>y fux€yf
Oy_u-thm FYfgax
o Fun, f
A Fun, g

A T €y Domy g
A Ran, g S, Dom, f
= (fowgur=Ffugur
app_in_Ran_thm
Yz ie Fun, ¢t A z €, Domy i = ¢ , © €, Ran, 1
wEu-thm FYfstu
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efe, syt Anuec, Domy f=f,ueyt
wEu-thml FYfstuoefe,s oyt Auc,s=f,uec,t
EuPu=Eu—>u-thm
FYfstuoefe,sp,t=fec, Dom, [ oyt
Id,_thml FVYszexe, Id, s (Jyeye, s Az =1y>yy)
Id,_ap_thm FVszexe,s=1Id,s,z==2x
Id, ey yu-thml
FVstuesCy,tn,u=Id, s€, 1t Py u
Id,cy—+y-thm2
FVstue sCy,t=1Id, se, t p,t
Id,_clauses Vs
e Rel, (Id, s)
A Fun, (Id, s)
A Domy, (Id, s) =, s
A Rany, (Idy s) =y s
Eu@u-thm FVstzx
er e, sP, t
< (if Fsty, © €, Domy t
then x €, t
else T €, 8)
= Eu@u-thm
FVYstzy
e L >y, YEy S Dy t
STy YEyt v mx €y Domy t A x>y y €y s
@u-Rel, _thm
-V s te Rel, s A Rel, t = Rel, (s @y t)
®u-Fun,_thm
VY s te Funy, s A Fung, t = Funy (s @y t)
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9 The Theory gsu-ord

9.1 Parents

9.2 Children

gsu—azx

GSU gsu—seq  gsu—mnat

9.3 Constants

SetOfSets,
Connected,,
Ordinal,
$<u

$<u

Suc,
Successor,,

LimitOrdinal,

Continuous,
$Ub,,

Supy

$Sub,,

Ssup,,

Rank,,

$+u
OrdMap,
$——u

9.4 Fixity

Right Infix 200:
Right Infix 240:

Right Infix 300:

'a GSU — BOOL
'a GSU — BOOL
"a GSU — BOOL
'a GSU — 'a GSU — BOOL
'a GSU — 'a GSU — BOOL
"a GSU — 'a GSU
'a GSU — BOOL

a GSU — BOOL

/

("a GSU - 'a GSU) - BOOL
'a GSU — 'a GSU — BOOL
"a GSU — 'a GSU

'a GSU — 'a GSU — BOOL
"a GSU — 'a GSU

"a GSU — 'a GSU

"a GSU — 'a GSU — "a GSU
("a GSU - "a GSU) - BOOL
/

a GSU —'a GSU — 'a GSU

Sub,Ub,
<u <u
+u T Tu
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9.5 Definitions

SetOfSets,,

Connected,

Ordinal,

Suc,
Successor,,
LimitOrdinal,

Continuous,

Ub,
Supy
Sub,
Ssup,,
Rank,,
tu

OrdMap,,

Vs
e SetOfSets, s < Sety, s A (V te t €, s = Set, t)
Vs
o Connected, s
s Vitu
@l ELSAUE,S=TLE,uVE=uVuEyTt)
Vs
e Ordinal, s
< SetOfSets, s A Transitive,, s A Connected, s
FVYaxoyez <,y< Ordinal, x A Ordinal, y A © €, y
FVYzy
e <y Yy
< Ordinal, © A Ordinal, y A (x €4, y v T = y)
FV xze Suc, © =z u, Unit, =
-V se Successor, s < (3 te Ordinal, t A s = Sucy t)

Vs
o LimitOrdinal, s
< Ordinal, s A — Successor, s A — s = Jy,
FVf
e Continuous, f
< (Y ze LimitOrdinal, v = f x = Cllm, f x)
FYapfeaUb, < (Vyevye, a=v<, B)
VYV ae Sup, o = Jy
HYaBeaSu, B (Vyevye, a=v<,p0)
F V ae Ssup, o = |Ju (Imagep, Suc, «)
- V ze Rank, z = |Ju (Imagep, (Suc, o Rank,) z)
FYalp$
e+, [
then set, «

else ClImy ($4. @) B)

VY f
e OrdMap,, f < (Y ae Ordinal, o = Ordinal, (f «))
=T

9.6 Theorems

Set,_ord,_thm

- V se Ordinal, s = Set, s

gsu_ordinal_ext_thm

tee,-ord,_thm

Eu-lty,_thm
lt,_€,-thm
Eu-_lt,_thm

Vst
e Ordinal, s A Ordinal, t
= (s=t<o Vesee, s eeyt))

VY a fBe Ordinal, a A B €, aa = B €,

F V a e Ordinal, a A Ordinal, B AN a €y b= a <, B
FVapfea<y, B = Ordinal, o A Ordinal, B A o €y
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FYapg
e Ordinal, o A Ordinal, B = (w €y B < a <y )
tee, < lt,_thm
FYalp
e Ordinal, o A Ordinal, = (a €,7 B & a <, B)
ord, _€4-Cqyu-thm
+ VY ae Ordinal, o = (V fe €, a = B C, )
ord, _€,_-trans_thm
FVYa
e Ordinal, o« = (V fye B e, a AvE, P =7€E, @)
lty_cu_thm FYafea<,8=>ac,pf
lt, _trans_thm
FYafBryea<y B AB<yy=a<y,7y
<y lt,_thm FYap
e Ordinal, a n Ordinal, B
=(a<,Bea<yBva=p)
<y lty, - thm?2

FYazy
o <y Y
< Ordinal, © A Ordinaly, y A (x <, y v z = y)
<u-Cu-thm FYafea<,Bf=>ac,p

Ly-trans_thm

|—V045V°Oé§uﬁ/\5§u7=>a<u7
Ly lty_trans_thm

FVYafBryea<y,BAf<ur=a<yy
lt, <u-trans_thm

FYafBrea<,B8AB<yy=a<yy
Set,_Suc,_thm

-V se Set, (Sucy s)
Cu_-Sucy_thm

FV se s C, Suc, s A Unit, s S, Sucy, s
Eu-Suc,_thm

FYzyexze, Suc, Yy €,y vV I=y
Eu-Sucy,_-thm?2

FV se s e, Sucy, s
ord,_J,_thm

~ Ordinal, &,
ord,_eq_J,_thm

FV ae Ordinal, o A o = oy = o = Jy
tran,_suc,_tran,_thm

YV ze Transitive, © = Transitive, (Suc, x)
COMTyy_SUCy _CONN, _thm

- V ze Connected, x = Connected, (Suc, x)
ord,_suc,_ord,_thm

- V ze Ordinal, © = Ordinal, (Suc, )
Gu-not_Suc,_thm

F— (3 ae Sucy, a = Jy)
—_eq_suc,_thm

Y ae = a= Suc, o
Lu-suc,_thm

— V ae Ordinal, o = a <, Suc, «
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lt,_suc,_thm
VYV ae Ordinal, o« = o <, Suc, o
conn_S,_conn
- V ze Connected, x = (V¥ yo y S, © = Connected, vy)
conn_€,_ord + VYV ze Ordinal, © = (V ye y €, z = Connected, y)
tran,_c,-ord
-V ze Ordinal, © = (V ye y €, © = Transitive, y)
setofsets_c,_ord
-V ze Ordinal, © = (V ye y €, © = SetOfSets, vy)
ord, _€,-ord,_thm
F V ze Ordinal, © = (V ye y €, x = Ordinal, y)
ord,, _tcc, _ord,_thm
+ V ze Ordinal, z = (V ye y €,7 z = Ordinal, vy)
ord, _ext_thm
FYalp
e Ordinal, o A~ Ordinal, B
:>(a25<:>(v7.7<ua<:>7<uﬂ))
GClose,_Suc,_thm
-V ge galaxy, g = (V ze x €, g = Suc, T €, g)
tran,_n,_-thm
FVYzy
e Transitive, © A Transitive, y
= Transitive, (x Ny y)
tran,_u,_-thm
FVYzy
o Transitive, x A Transitive, y
= Transitive, (x Uy y)
Du-<y-thm F V ae Ordinal, o« = &, <y «
Du-eq_lt,_thm
F Vae Ordinal, o = o = &y v Ty <4 @
Du-neq_e,_thm
FV ae Ordinal, o A — o = Jy = By €y
Du-N€Gqy_Eq_thm
FV ae Ordinal, o« A — « =y Oy = Ty €y
conn_n,_thm + VY zy
o Connected, x A Connected, y
= Connected, (x Ny y)
setofsets_n,_thm
FVYzy
e SetOfSets, © ~ SetOfSets, y
= SetOfSets, (x Ny Y)
ord,_n,_thm
FVYzy
e Ordinal, x A Ordinal, y = Ordinal, (x Ny y)
trichot,_lemma
FYzy
o Ordinal, * A Ordinal, y A T Sy Yy A 2 =y
= I Ey Yy
trich_for_ord,_thm
FVYzy
e Ordinal, © A~ Ordinal, y
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ST <, YVvVI=yvy<yuym
Cu-<u-thm FYaxuy
e Ordinal, x A Ordinal, y = (z Sy y © ¢ <y V)
Cu-<u-thml FVxz ye Ordinal, © A Ordinal, y A z S,y = 1 <y ¥y
Ity =_c,_thm
FYalp
e Ordinal, o A Ordinal, B = (o <, f < a cy B)
Cu-<_lt,_thm
FYzy
e Ordinal, x A Ordinal, y = (x Cy y < = <4 Y)
ord,_sub, _c,_thm
FV x ye Ordinal, © A Ordinaly, y A © Cy Yy = T Ey ¥y
Culty_thml
FVx ye Ordinal, £ A Ordinaly, y A € Cy Yy = T <4 Y
Successor,_ord,_thm
- V ze Successor, x = Ordinal, x
wf_lt, thm — well_founded $<,
ord,_kind_thm
FVn
e Ordinal, n
= n = g, v Successor, n v LimitOrdinal, n
ord,_limit_thm
VY ae (VY fe f e, = Ordinal, ) = Ordinal, ((J, @)
ord,_Sup,_thm
FVa
e (V e B8 €, a = Ordinal, B) = Ordinal, (Sup, )
Sup, _lUb,_thm
FVa
o (V Be B €, a = Ordinal, j)
= « Ub, Sup,
A (Ve Ordinaly, v A o Uby v = Supy a <y )
Ssup,_ord,_thm
FVYa
e (V Bo 5 €, a = Ordinal, B) = Ordinal, (Ssup, «)
Ssupy_€_thm
FVa
e (V e B €, a = Ordinal, J)
= (V e B €, a = [ €, Ssup, «)
Ssup,_lt,_thm
FVYa
e (V e 5 €, a = Ordinal, B)
= (V fe B €, a = [ <, Ssup, «)
Ssup,_-S,-thm
VY ae (V fe 8 €, a = Ordinal, f) = « Sub, Ssup, «
Ssup, -TrCl,_thm
FVYa
e (V o 5 €, a = Ordinal, B) = Ssup, a = TrCl, «
TrCl,_ord,_thm
FVYa
e (V e 8 €, a = Ordinal, B) = Ordinal, (TrCl, «)
Set, _plus,_thm
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FV a pe Sety, (a +4 B)
ord, _set,_thm
F V ae Ordinal, o = set, a = «
ordy_eq._J,_thm
VYV ae Ordinal, o A o =y Ty = o = Ty
ord, _plus,_thm
FYalp
e Ordinal, o A Ordinal, 8 = Ordinal, (o +, f3)
plusy_Ju_-thm
FVae Sety a = o+, Oy =«
plusy_ B thm?2
FVYae a4+, T, =y«
plus,_ur_thm
FVYaze Sety a A x =y Ty = a4+, =0
plus,_ur_thm?2
FYazer =y, By =>a+, T =y
plus,_ur_thm3
FYazer =, OBy =>a+, x = set, «
plus,_F,-thm3
FVYae a4+, O, = sety, a
plus,_F,-thmd
— V ae Ordinal, o« = o +, . = «
Nney_ Du-_set,_thm
FYze m 2=, J, = sety, =1
Du-plus,_thm
F V ae Ordinal, @« = &, +4 @ = «
ClCoy_plus,_thm
FV ae ClCo, ($+, @)
plus,_eq_F,_thm
FVapBea+, =y Tu=a=y Ty AB=y Dy
Eu-ClIm,_plus,_thm
FVzat
e Ordinal, o A Ordinal, t
= (z €y ClIm, ($+, a) t
< (3Jy
cyeutA(@ =04,y Ve atyy)))
plus,_def_thm
FYalp$
e Ordinal, B = a +4 f = a U, ClIm, (34, @) B
ClIm,,_ord,_thm
FVYfa
e OrdMap, f ~ Ordinal, o = Ordinal, (Cllm, [ «)
Iit, ClIm,_thm
FYafp
e Ordinal, a A Ordinal, B8 A OrdMap, f
= (@ <y ClIm, f B (F000 <y B A a<yfd))
OrdMap,_plus,_thm
— V ae Ordinal, o = OrdMap, ($+, )
plus, _def_thm?2
FYBay
e Ordinal, o A Ordinal, [
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= (7 <y a4y S
Sy <yav(died <y, Ay=a-+yd))
plus,_Suc,_thm
FYalp
e Ordinal, o A~ Ordinal, B
= a 4, Sucy B = Sucy (a +4 B)
plus,,_mono_right_thm
F V a Be Ordinal, a A Ordinal, 6 = a <, a +4 B
plus,,_mono_right_thm?2
FVYapB~ye Ordinaly, v A a <y =79 +y a <4 7 +u B
plus,_assoc_thm
FVYyapB
e Ordinal, a A Ordinal, 8 A Ordinal, ~
:>a+u/8+u7:(a+u/8) +u Y
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10 The Theory gsu-nat
10.1 Parents
gsu—ord

10.2 Children

GSU

10.3 Constants

natural_number,
"a GSU — BOOL

$<un "a GSU — 'a GSU — BOOL
Nat,, N - 'a GSU
10.4 Fixity

Right Infix 240:

<un

10.5 Definitions

natural_number,,
F Vs
e natural_number,, s
< s =y
v Successor,, s
An(Vtete, s=t=, v Successor, t)
<un FYaxuy
* T <yny
< natural_number, x
A natural_number, y
AT ELY
Nat,, — Nat, 0 =
A (Y ne Nat, (n + 1) = Suc, (Naty n))
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10.6 Theorems

wf_nat,_thm  well_founded $<,,
nat,_induct_thm
FVYse(Vze (Vyey<y,z=sy) =sz)=(Vzresuz)
nat,_induct_thm?2
HVYop
o (Vuz
e natural_number, x A (¥ yo y <yn T = p y)
= p )
= (V ze natural_number, © = p z)
ord,_nat,_thm
- V ne natural_number, n = Ordinal, n
€u-nat,_ord,_thm
FVn
e natural_number, n = (¥ me m €, n = Ordinal, m)
nat,_not_lim_thm
~ V ne natural_number, n = — LimitOrdinal, n
nat,_zero_or_suc,_thm
- V ne natural_number, n = Successor, n v n = &,
Eu-nat, _not_lim_thm
FVmmn
e natural_number, n A m €, n = — LimitOrdinal, m
Eu-nat,_nat,_thm
FVn
o natural_number, n
= (V me m €, n = natural_number, m)
nat,_in_GJ,_thm
F V ne natural_number, n = n €, Gr, Ty
Wy-exists_thm
F J we V ze z €, w < natural_number, z
ord,_nat,_thm?2
+ V ne Ordinal, (Nat, n)
not_suc,_nat,_zero_thm
-V ne — Suc, (Nat, n) = &y
lty sum thm FVzyezr<y= (Jzez+2z=y)
nat,,-mono_thm
VY z ye Nat, © <, Nat, (z + y)
nat,_one_one_thm
—VYaxye Nat, x = Nat, y =z =y
nat,_one_one_thm?2
Vaxzye Nat, v = Nat, y <z =y
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11 The Theory gsu-seq
11.1 Parents
gsu—fun  gsu—ord

11.2 Children

GSU

11.3 Constants

Seqy "a GSU — BOOL

Length,, "a GSU — 'a GSU

Head, "'a GSU — "a GSU

Front, "'a GSU — 'a GSU — 'a GSU
Back,, 'a GSU — 'a GSU — 'a GSU
Tazl,, "'a GSU — 'a GSU

$Q@, "a GSU —'a GSU — "a GSU
UnitSeq, "a GSU — 'a GSU
SeqCons,, "a GSU — 'a GSU — "a GSU
SeqDisp,, "a GSU LIST — 'a GSU
11.4 Fixity

Right Infix 300:
Q,

11.5 Definitions

Seqq, -V se Seq, s < Fun, s A Ordinal, (Dom, s)
Length,, F Length, = Dom,
Head,  V se Head, s = s Dy
Front, FVYase Front, a s = a <, s
Back, VY « se Back, a s = s 0y (Ay Be B +4 a) (Dom,, s)
Tazil, -V se Tail, s = Backy (Sucy &y) s
Q,, FVstes@Q,t=s5u,t
UnitSeq, F V ee UnitSeqy, e = (Jy oy €
SeqCons,, Ve se SeqCons, e s = UnitSeq, e Q, s
SeqDisp,  SeqDispy [ = Du
An(Ves

e SeqDisp, (Cons e s) = SeqCons,, e (SeqDisp, s))

11.6 Theorems

Seq,_RanMap,_thm
F VY f se Seq, s = Seq, (RanMap, f s)
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12 The Theory GSU

12.1 Parents

gsu—seq  gsu—nat  gsu—ord  gsu—fun  gsu—az

12.2 Children

misc3
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13 INDEX

'‘a GSU_INDUCTION_T .........ccccovvo... 11
'‘a GSU_INDUCTION_T2..........cccoo.... 11
'‘a ORDINAL_INDUCTION_.T .............. 47
TGSU— QT+ oot 6
ol e e e 49, 77,78
e e 52, 77, 78
——udemma ... 52
ol o e 42,77, 78
QT+ e 53, 84
g e e e 9, 6062
O 58, 86
Y e e 32,71, 72
[ E 7 20, 60, 63
NuBu-thm oo 20, 67
(Nu-thm ... 67
NwSwthm oo 20, 67
U oo 13, 60, 62
UuDu-thm ..o 16
Uu-extthm ... 13, 64
Uu-thm ..o 13, 64
0 Y7 20, 60, 61, 63
CucthIN oo 20, 67
Ny S udefl oo 20, 67
Ny S u-def2 oo 20, 67
Ny Su-defd oo 20, 67
R 60, 61, 63
UuDu-Clauses. ..., 19, 67
Uy-Du-Sety thm ....... ... ... .. ....... 19, 67
Ug_comm_thm ........ ... .. ... .. i, 19, 67
Uu Sudefl oo 19, 67
U Su-def2 oo 19, 67
A E T e 10, 60-62
Qtc € y_recursion_thm ......... ... ... ... 24, 69
<tc € ,_respects_ € ,_thm ................ 23, 69
g+ e e e e 30, 71, 72
1 P 16, 60, 62
B € uBu = wthIN e oo 36, 75
B € w0 uthi e oo 33, 75
Bu € uuthm . ..o o 35, 75
Gu- € u-Gry_thm ... ... ... ... ... .. ... 16, 66
Du- € w-galaxy,,thm .................... 16, 66
Due Suthm oo 45, 80
Gu—eqlty thm ... .0 ... 45, 80
Du-neq_ € ,_thm ........................ 45, 80
DuNeQu_ € y_thm ......... ..., 45, 80
Du-not_Suc,_thm ....................... 44, 79
DBu-plusythm ... . ... ... . .. ... 49, 82
Duthm ... 16
B S uclthIM oo 16, 66
o g thm oo 36, 75
Ty thm oo 35, 75
€l v v e 7, 60, 61
€wlUucthm ... 13, 64
€ lUuthm2. ... . 13, 64
e Uu-thm3. ..o oo 13, 64

€ o . ClImy_plus, thm.................... 50, 82
€ ClImy_thm ....... ... .. ... ......... 22, 68
€ u-Limity thm ......... ... ... .......... 23, 69
EuSUcy_thm ....... ... ... ... . ... 43, 79
EuSUCyu_thm2 ... ... ... ... .. 43, 79
Eu-e bty thm ... ... ... .. .. ....... 42, 78
Eudtythm ... 42,78
€ y_naty_nat,_thm ......... ... ... ... ........ 85
€ y_naty_not_lim_thm........................ 85
Eynaty_ord,_thm ......... ... ... ... ........ 85
€ y-not_empty_thm ...................... 16, 66
Eueuthm .o 75
Eu@aucthm ..o 39, 76
EuwCu-def .o 11, 64
EuPu= Ey—yuthm...... .. . ... ....... 76
E ot 10, 60-62
€ JP_recursion_lemma ........ ... ... .. .. ... 64
A e 71, 73
O e e 71, 72
Sy Sy Xy thm oo 33, 74
Kol oo 43, 77, 78
Sy CSuthm oo 43, 79
Sultuthm .o 43,79
Soudtythm2 ..o 43, 79
Soltytrans_thm . ...................... 43, 79
S uSUCy_thm ..o 44, 79
Soytrans_thm ... ... . . 43, 79
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